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As it is delivered by Mr. JAMES BERNOULLI, in his excellent 
| Treatiſe on the Doctrine of Chances; intitled, Ars Cunfectandi, and 
by the celebrated Dr. JOHN WALLIS, of Oxford, in a Tract 

intitled from the Subject, and 9 at che end of his Treatiſe 
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THE PREFACE. 0 
In page *, las 2 from the bottom, inſtead of I read place 


IN THE BOOK: 


In page. 5» « = 20, inſtead of indicunt, read inducunt. 
In page 7, line 13 from the bottom, inſtead of 4 read Aer 
In page 21, line 6, inſtead of 3)2 (2: 2, read 3)3(2: 2. rin? 
And in the fame page 21, line 11, inſtead of 3)2 (4: 3, read Satay 3. 
In page 23, line 6 from the — of tabula, read tabulg. 


In page 25, line 16, inſtead? of , read —.—. 


In page 27, line 53, after the word « primamꝰꝰ dels the figure of 1. 
And in the ſame page N the 3d from the bottom, inſtead of 


SIE: ben . 4 1 | 
1.2 1 2 $o 
In page 28, line 10, after the word. ce tebeuiatuplum, inſert t a comma. 


And in che ſame page 28, line 15, e dead I. 


ea 
In page 30, the bottom line, inſtead of — Inn, read + inn | 
In page 32, in the laſt li line but one of the line that are Pendel to the 


fide of the page, inflead of — s, read — e, 
In page 50, line 2 from the bottom, inſert. the mark aſter the word £ 
« Mathematicks, ?? | 

In page 69, line 21, inſtead of of rows, read or rows. 
In page 72, in the note at bottom, inſtead of a, read Aller- 


nat ion. . 


In page 73, line 6, inſtead of 252, abs; 9 210, 330. 

In page $7, dele the figure of 1 at the end of the firſt line. 
In page 101, line z, inflead of 71, read 74. 

In page 102, line 12, inſtead of 71, read 74. 


In page 103, line 12, inſtead of 2 3 4 
———— 
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In page 197, the top line, inſtead of 8 read = 


K Re ADA. 


me On —_ 
n. 1 — 1. 2— 2. 1 3 


In page 112, line 16, inſtead of 


——— „read 
—— ar e 2 3 * 4 | 
. ft — I, onthe IS. , 
"EET ets 
And in the ſame page 112, line 17, inflead of 
3. 1. 2. 2 1 —4 u. 2 — l. 2 2. 23. 1—4 
nn bag 1 a 
In page 117, line 11 from the bottom, inſtead of Ba. ws read 
"Ach + 


In page 144, line 7 from the bottom, inſtead of — A road 3 
F In page I51, in the honor line, inſtead of _ — — As, read + — Ax, 


In page 158, line 3, inſtead of 21x5 * 36x5, —_ 3 * + 28.5 *. 367. 


In page 183, lines 6, 7, and 8, the figure of 2 is not clear in the powers 


121 EXE, and 122 


of 12 in the numerators of the fractions . 
4 


| In page 184, "line 5 from the bottom, inſtead of 15 feat jigs 


In page 196, line 8 from the bottom, inflead of = 1 ** 


88. 
In page g line 3, inſtead of 


. — 1 t] DPS 
nw 


n— 1 1=—2 


1B. fax Bo N =o Be" 2 


rad l B nx n= he 4 4 7 x. 
1 el 


'Bx 3h, Kc. 
Aud 3 in the ſame Fat cory A _—_— . 


. &, 3 


+7571 x Og” Ts tp 3, oy" 


And again in the ſame page 218, line 5, inſtead of + #—2 De“ , ac, 
read + 12 x DE 4, &c. 


| In page 221, line 5 from the bottom, at LL —.—, read 


2. 3-456 


4 2 n= X n—2 
2.3.4.5. 2 
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And 


E R R A TN | wii” 
And in ge 221, line 2 from the bottom, inſtead of . 
9 CL "is #—1X x=2 X53 + 
"2134-50 | 2 2+354-5-0 
. 
1 X n—I X 22 N X n—1 X — 0 


23˙ * Plat, 2-3+4-5-0 et e d ag 
In page 239. Une 11, inſtead of 4, rend . 5 5 


In page 264, line 6 from the bottom, inſtead of TÞ-1) +1), OT 
5. In page 298, line 6, inſtead of vc, read bbc. 


In 302, line 10 from the bottom, the firſt f after 10, which 
Ar. Koni be a 3, is not clear. il 


In page 340, line 16 from the bottom, inſtead of 391, read 191. 

In page 341, line 15 from the bottom, inſtead of 3, 67, read 31, 67. 

In page 350, line 11, inſtead of 92 76, read 29 x 67. 

In page 369, line 9 from the bottom, column 17, inſtead of p, read 7. 
In page 371, line 6 from the bottom, column 14, inftead of 19, read 37. 
In page 374, line 11 from the bottom, column 10, inſtead of 73, read 1 
In page 435, line g from the bottom, inſtead of 3, read 3 


4m*n3 


I 6, line 13 from the bo inſtead of ————, read 
n page 449, 3 | ttom, 1 ag o = 
TWP © = | 

mm + un 


& In pages 470, 471, 472, and 473, che title at the top of AA ar 1s 


wrong. It ſhould be, Of the Extraction of the N by Mr. 
Lagny's Method of Appraximation. 
In page 472, lines 8 and 9 from the bottom, inſtead ' of 3-264, read 
0.3204. | 
fn page 88, lie, after the ltr , infor the rt mark of. been, | 
to wit (. 


83 —=cCXa 45 — C X 4 
In page of her inftead of z, read IE” 


„Kc, In page 511, Une 4 from the bottom, inſtead of — Ca z2, read 
+ Ca? 

me ie» frm th hoon, inted af + Ge"? 
wt Io m2, 


bs gr 2h, Tu 16 tA n read . 


re 


In 
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Page $4 « nom de xa” 
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T is well known to perſons acquainted with the hiſtory 

of the Mathematicks, that Sir Iſaac Newton's celebrated 
Theorem concerning the powers of a binomial quantity, 
ſuch as a + 5, was communicated by him to the world, in 
the latter part of the laſt century, without a demonſtration. 
And many other writers on Algebra fince Sir Iſaac's death, 
and, amongſt the reſt, the famous Profeſſor Saunderſon, of 
the Univerſity of Cambridge, have followed his example in 
taking this important Theorem for granted, and delivering 
it to their readers without attempting to demonſtrate it. For 
the chapter on this ſubject in the ſecond volume of the Pro- 
feſſor's Elements of Algebra, in two volumes, quarto, contains 
nothing more than a full and clear deſcription of the Theo- 
rem, with an application of it to a good, number of well-' 
choſen examples, by way of "illuſtration. This negle& of 
demonſtrating ſo important a propoſition has always appeared 
to me very ſtrange; as the great merit and glory of the ma- 
thematical Sciences conſiſts in the certainty of the principles 
on which they are founded, and the clearneſs and regularity 
with which all the ſubfequent concluſions obtained in them 
are deduced from 9 principles. There have 
been, however, other eminent Mathematicians who have 
ſupplied this great omiſſion, and given us juſt and accurate 
demonſtrations of this Theorem in ſome of the more obvi- 
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ous and important caſes of it, though not, perhaps, in all 
its cafes, And of theſe I conſider Mr. James Bernculli (who 
was Profeſſor of Mathematicks at Baſil, or Baſle, in Switzer- 
land, in the latter part of the laſt century,) as one of the 
moſt ſucceſsfull. For, in the gd chapter of the ſecond part 
of his excellent Treatiſe on the Doctrine of Chances, intitled, 
Ars Conjectandi, (which was publiſhed at Baſil in the year 
1713, in a ſmall quarto volume, ſome years after his death,) 
there is a demonſtration of this celebrated Theorem in the 
firſt, or ſimpleſt, caſe of it, (or when m, or the index of the 
power of the binomial quantity @ + 3, is an affirmative 
whole number,) that is deduced from the very nature of 
Multiplication and the properties of the Figurate numbers, 
in the cleareſt and molt accurate manner poſſible. So that 
no demonſtration of it ought to be expeQed, or need be 
defired, that ſhall exceed, or even equal, this in point of 
accuracy and perſpicuity, though ſome others may, perhaps, 
be ſomewhat ſhorter. This demonſtration I was therefore 
deſirous of making more generally known to the Students 
of the Mathematicks ; and with that view I reſolved to re- 
publiſh it, together with ſo much of the concomitant text of 
Mr. Bernoulli's ſaid valuable Treatiſe, as was neceſſary to 
the thorough underſtanding of it, in a volume of a mode- 
rate ſize and price. This was the inducement that gave riſe 
to the preſent publication, | 


To anſwer this purpaſe in the moſt effectual manner, I 
thought it would be beſt to re-publiſh the whole of the three 
firſt chapters of the ſecond Part of the ſaid Treatiſe of Mr. 
James Bernoplli, together with the Preface to the ſaid ſe- 
cond Part; but without the firſt Part of the ſame work, 
becauſe the ſaid firſt part, (though in itſelf important and 
curious, and eſſential, I doubt not, to the full underſtanding 
of the Doctrine of Chences,) is not at all neceſſary to the un- 
derſtanding of the ſecond Part, which treats of the Doctrine 
gf Permutations and Combinations, and begins, in the moſt 
diſtin and elementary manner, with the firſt foundations 
of that doctrine. And further, as there are many perſons 
in England that are fond of the Mathematical ag 
a without 


* 
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without having much acquaintance with the Latin language, 
I have, in order to render the contents of theſe three valu- 
able chapters acceſſible ta ſuch perſons, tranſlated theſe 
chapters into Engliſh, and ſubjoined the tranſlation” to the 
original text in Latin; ſo that the reader may chuſe in 
which of the two languages he will peruſe them. And in 
this tranſlation T have exprefſed myſelf in a fuller manner 
than Mr. Bernoulli had adopted 'in the original, becauſe I 
had obſerved. that the great degree of brevity with which 
Mr. Bernoulli had expreſſed himſelf had rendered ſome 
parts of the original rather obſcure. And I have likewiſe 
added a few notes both to the original and the tranſlation, 
where the text ſeemed to me to require them. 


And further, in the latter part of the tranſlation of theſe 
chapters, I have alſo done ſomething more than merely 
tranſlate them. For, as I obſerved that Mr. Bernoulli's 
concluſions concerning the properties of the Figutate num- 
bers, (which he had applied to the demonſtration of the 
binomial theorem in the . firſt, or ſimpleſt, caſe of it, or 
when m, or the index of the power of the binomial: quan- 
tity 2 ++ , was an affirmative wile number,) might eaſily be 
applied to the demonſtration of the binomial theorem in 
another caſe of it, to wit, in. that caſe of it in which n, or 
the index of the binomial quantity @ + 6, is 4 negative 
whole number, | drew up ſome additional articles, that are 
not contained in Mr, Bernoulli's text, for this purpoſe. 
Theſe additional articles, (which contain a demonſtration of 
the binomial theorem in the caſe of integral and negative 


powers, or in the caſe of the quantity a + ] extend from 
page 123 to page 166 ; after which the tranſlation of Mr. 
Bernoulli's text is reſumed, and continues to page 213. 


Theſe three chapters contain a moſt accurate and diſtinct 
explanation of the fundamental parts of the Doctrine of 
Permutations and Combinations, and of the moſt remark- 
able properties of the Figurate numbers, which, it is well 


known, are of the moſt extenſive uſe in various branches 
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of the Mathematicks. And they likewiſe contain an appli- 
cation of the properties of theſe important numbers to the 
ſummation of the ſquares of the natural numbers 1, 2, 3, 4, 
5, 6, 7, 8, 9, 10, 11, 12, &c, continued to 6. 19. ram 
number x, and to the ſummation of the cubes, and of the 
fourth powers, and of the fifth powers, and of all the fol- 
lowing powers, of the fame numbers, (which is a matter of 
much nicety and difficulty, and was formerly a great obje& 
of inquiry to-Mathematicians,) as well as to the demon- 
ſtration of the binomial theorem in the caſe of integral and 
afirmative powers, and (with the articles I have added to 
it in pages 123, &c, to 166,) in the caſe of integral and 
negative powers. All which, together, makes a confiderable 
body of very uſeful mathematical learning. 


Immediately after thefe three chapters of Mr. James Ber- 
noulli's Ars Conjectandi, I have re-publiſhed the tenth Ma- 
thematical Eſſay of tlie late very learned and ingenious 
Mathematician, Mr. Thomas Simpſon, of Woolwich Aca- 
demy, which is a ſolution of the following Problem, to wit, 

« To find the ſum of any ſeries of powers whoſe roots are in 


« orithmetical progreſſion, as m + 4], m+24d|", m + 3 „ 


03: 4%, m + 54, „ v, the letters m, d, and 
& 1, denoting any numbers whatfoever,” This Eſſay of Mr. 
Simpſon had been alluded to in a note to the tranſlation of 
the foregoing extract from Mr. Bernoulli's book, at the bot- 
tom of page 213; and it is ſo nearly connected with the 
ſubject of the latter part of that extract relating to the ſums 
of the powers of the natural numbers 1, 2, 3, 4, 5, 6, 7, 
8, 9, 10, 11, 12, &c, that I thought it would be agree- 
able to the reader to have it laid before him immediately 
after the ſaid extract; and therefore I cauſed it to be re- 
printed in that place, It extends from page 214 to page 
224. me 


The next Tract is one of my own compoſition, and con- 
tains An Iuvęſtigation and Demonſtration of Sir Iſaac Newton's 
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Binomial T, heorem in the caſe. of integral and affirmatrve powers; | 
in which the law of the generation of the numeral co eſficienis 


of the terms of the ſeries which is equal to the gquantily a + *, | 
is diſcovered by a conjecture grounded on the obſervation of the 

law of the ſaid co-efficients in ſome particular examples; but, 
when ſo diſcovered, is ſhewn to be true univerſally in all other- 
integral and affirmative powers whatſoever of the ſaid binomial 
quantity, by a rid and accurate demonſtration. This Tra& 
begins in page 227, and ends in page 268, and contains, as 
I believe, the beſt and moſt ſatisfactory demonſtration . of 
the Binomial Theorem in the caſe of integral and affirma- 
tive powers that has yet been given of it, next to that con- 
tained in the foregoing Extract from Mr. James Bernoulli's 
Treatiſe, intitled Ars Conjectandi. The conjectural inveſti- 
gation of the law of the numeral co-efficients of the terms 


of the ſeries that is equal to @ + J“, given in this Tra; 
is ſuggeſted by Profeſſor Saunderſon, in the ſecond volume . . 
of his Algebra, in the chapter on the Binomial Theorem; 

where (as I before obſerved,) the reader will find a good 
explanation and illuſtration of the ſaid celebrated Theorem 
by a variety. of examples, both in the caſe of fntegral powers 
and in the caſe of roots and other fractional powers, and 
even in the caſe of negative powers and of powers that are 
both fractional and negative; but no demonſtration of it in 
any caſe, not even in that of integral and affirmative powers. 
And the following ſtrict demonſtration, of this Theorem in 
the caſe of integral and affirmative powers, (which begins 
in page 252, and ends with page 264,) is nearly the ſame 
with that which is given by Mr. John Stewart, of Aberdeen, 
in the 6th ſection of his Commentary on Sir Iſaac Newton's 
curious little Tra&, intitled, Analyfis per Afquationes numero 
terminorum infinitas, or Analyſis by Equations of an infinite 
number of Terms. See his edition of Newton's Treatiſe ox 
the e F Curves, and of the ſaid Tract, intitled, 
Analyſis, & c, with his learned comments on both, in one 
volume, quarto, pabliſhed at London in the year 1745, 
Page 471, art. 155. i 299 6h This 
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This Tract, concerning the ſaid conjectural inveſtigatioii 
and ſubſequent general demonſtration of the Binomial Theo- 
rem in the caſe of integral and affirmative powers, contains 
the ſubſtance of two Tracts publiſhed in the year 1792, in 
the ſecond volume of the Collection of Mathematical Tracts, 
in quarto, called, Scriptores Logarithmici, to wit, the 15th 
Tract, which extends from page 153 to page 169, of the 
ſaid ſecond volume, and the 23d, or laſt, Tract in the ſaid 
volume, which extends from page 387 to page 591. 


Next to this Tract on the Inveſtigation and Demonſtra- 
tion of Sir Iſaac Newton's Binomial Theorem, I have re- 
publiſhed a Tract of the learned Dr. John Wallis, of Ox- 
ford, on the ſame Dg&rine of Permutations and Combina- 
tions, which is the Mbje& of the foregoing Extract from 
Mr. James Bernoulli's work above-mentioned. This Tract 
was publiſhed with Dr. Wallis's Algebra in the year 168g, 
under the title of 4 Diſcourſe of Combinations, Alternations, 
and Aliquot Parts, and is mentioned by Mr. James Bernoulli 
in the foregoing Extract of his Ars ConjeFandi, in the Scho- 
lium in pages 29 and 166, as a well-known and valuable 
Treatiſe on the properties of the Figurate numbers. And it 
does indeed contain a great deal of excellent and curious 
matter concerning thoſe numbers, and the other ſubje&s of 
which it treats, but without that accuracy and regularity in 
the manner of deducing the concluſions of it one from an- 
other, which diſtinguiſh the foregoing chapters of Mr. Ber- 
noulli's work. However, on account of its intrinſick merit, 
and its relating to the ſame ſubjects, in a great meaſure, as 
the ſaid Extract from Mr. Bernoulli's book, I thought it 
would be agreeable to my readers to ſee a re- publication of 
it in the ſame volume with the ſaid Extract, and therefore I 
have given it a place in this Collection. It begins in page 
271, and extends to page 351. e 8 Ea 


Much of this Diſcourſe of Dr. Wallis relates to Prime, or 
Incompoſit, numbers, and to curious arithmetical queſtions 
depending on them. 'And in one part of it, to wit, in page 
318, the Doctor ſpeaks of the great convenience of having 
| | at 


P R E F A C E. al 
at hand a Table of, Prime Numbers ſet down in regular 


order, to be referred to when we want to know into whar 
8 prime numbers a given odd number may be reſolved. And 
ri he mentions a very uſeful Table of this kind that had heen 
„, drawn up by a Mr. Thomas Brancker, M. A. and publiſhed 
h by him in the year 1668, in an Appendix to an Engliſh 
e tranſlation, made by him, of Rhonius's Algebra, which had 


id been publiſhed in the German language at Zurich in Swit- 
zerland, in the year 1659, under the title of Agebra Rhonii, 
Germanic?e, This Engliſh tranſlation of Rhonius's Algebra 

4 was publiſhed by Mr. Brancker under the inſpection, and 

by with the aſſiſtance, of Dr. John Pell, an eminent Mathema- 

K. tician in the reign of King Charles the Second, and ſome 

5 conſiderable additions were made to the tranſlation by Dr. 

m Pell himſelf; which has given occaſion to the book's being 

& ſometimes ſpoken of by ſubſequent writers of Mathemaricks, 

is, and amongſt others by Dr. Wallis himſelf in this Diſcourſe, 

154 page 319, by the name of Dr. Pell's Algebra. | . 

1 | 8 | : 
mp This Table of Prime Numbers Dr. Wallis ſet a high 

Me value on, inſomuch that he took the pains to examine it 

it carefully throughout, and to correct the few errors that he 

zus found in it; fo that now, with his corrections, it may be 
of conſidered as very accurate. This Table therefore, together 

Is with the Appendix in, which it is contained, I have here 

Gn, cauſed to be re-printed immediately after the foregoing _ 

er- Diſcourſe of Dr. Wallis, It contains not only all the Prime 


numbers that are leſs than 100, ooo, but all the odd num- 
bers whatſoever that are leſs than that number, (except ſuch 


. odd numbers as end with the figure of 5, and are therefore 
of evidently diviſible by the number z,) and it diſtinguiſhes 
1 the Prime numbers from the other odd numbers, by annex- 
age ing to them the letter p; and it annexes likewiſe to every 


other odd number (that is not a Prime, or Incompoſit, num- 

ber, but is the product of the multiplication of two, or 

or more, leſſer numbers,) the leaſt of the prime numbers into 
3 which it may be reſolved. This Appendix, with the ſaid 
age Table of odd numbers contained in it, extends from page 
ring 353 to page 416. | 39 face 
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The next Tract in this Collection relates to the Rational 


Numbers that will expreſs the Sides of Right-angled Tri- 


angles, and contains two methods of finding as many ſets of 
numbers as we pleaſe that ſhall have this property. The 
firſt of theſe methods begins in page 417, and ends in page 
431, and the ſecond reaches from page 431 to page 448; 
after which 1 have inſerted a Table of the Squares of the 
feveral natural numbers 1, 2, 3, 4, 5» 6, 7, 8, 9, 10, 11, 
12, 13, &c, as far as 100, together with two additional 
columns adjoining to the column of the ſaid ſquares, in the 
former of which I have ſet down the differences of the ſaid 
ſquares, and in the latter the differences of thoſe differences, 
or the ſecond differences of the ſquares themſelves z which 

fecond differences are all equal to each other, and to the 
number 2. This Table begins in' page 449, and is accom- 

anied with ſome remarks which extend to page 457. This 
Tract has a conſiderable reſemblance to ſome parts of the 
foregoing Diſcourſe of Dr. Wallis, and may afford ſome 
amuſement to ſuch readers as are fond of contemplating the 
properties of numbers. | 


The next Tract relates to the Cubes of the natural num- 
bers I, 2, 3, 4, 3, 6, 7, 8, 9, 10, 11, 12, 23, Nc; und 
to the differences of the ſaid cubes, and the differences of 
the ſaid differences, or the ſecond differences of the ſaid 
cubes themſelves, and to the differences of the ſaid ſecond 
differences, or the third differences of the cubes; which 
third differences are all equal to each other, and to the 
number 6. And in pages 460, 461, and 462, I have ex- 
hibited a Table of the Cubes of all the ſaid natural num- 
bers as far as 100, together with the iſt, 2d, and zd differ- 
ences of the ſaid cubes in adjoining columns; after which 
follows an extract from a learned letter of the celebrated 
Mr. Leibnitz to Mr. Oldenburgh, the Secretary of the 
Royal Society of London, dated from London on the 3d 
day of February, 1672-3, relating to the ſubject of the dif- 
ferences of the powers of the natural numbers 1, 2, 3, 4, 
5, 6, 7, 8, 9, 10, 11, 12, 13, &c, and to the ſeveral ſuc- 
ceſſive orders of ſuch differences, and to the ultimate equa- 
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lity of the ſeveral ſacceffive differences in the ſecond; ot 
third, or fourth, or fifth, or other ſubſequent, order of the 


ſaid differences, according to the height of the power to 
he which the ſaid numbers are raiſed, and relating to other 
ge curious properties of numbers. This letter is in Latin, and 
* extends from page 463 to page 469, and is re- printed from 
6 


the celebrated Commercium Epiſtolicum of Mr. John Collins, 
and other eminent Mathematicians of the latter part of the 
laſt century, that was firſt printed by the order of the Royal 
Society in the year 1712, and was afterwards re- printed in 
the year 1722. The remaining part of this Tract, from 
page 469 to page 504, relates to Monſieur de Lagny's Me- 
thod of Extracting the Cube- roots of Numbers by Approxi- 


the mation, and begins with ſhewing the uſefulneſs of the fore- 
m- going Table of Cubes, in finding the firſt near value of the 
his cube root ſought, to one, or two, places of figures, which is 
the Wi to be the baſis of a further approximation to it by Mr. de 
me Lagny's method. The four expreſſions given by Mr. de 
the Lagny for the ſecond near value of the cube-root that is 

ſought, are ſtated in pages 470 and 471 ; and in the following 

pages to page 483, examples are given of the extraction of the 
im. cube- roots of the three numbers 2, 231, and 37,945, and of 
and the long number 696, 536, 483, 318,640, 035, 73, 641, 03), to 
s of a great degree of exactneſs, by means of ſome of the faid ex- 
ſaid Wl preſſions, after the firſt near values of the ſaid cube- roots 
ond to one or two places of figures, have been obtained by the 
uch help of the foregoing table of the cubes of the firſt hundred 
the numbers, Theſe four examples (in which the ſeveral. pro- 
ex- ceſſes are ſtated very much at length,) will, I apprehend, 
. be ſufficient to make the reader familiarly acquainted with 
er- 


the method of uſing the ſaid expreſſions of Mr. de Lagny 
hich in the extraction of the cube-roors of numbers, and at the 
| ſame time to convince him of the great uſefulneſs of theſe 
the Wl expreſſions for effecting that purpoſe ; and they will likewiſe 
ſhew the uſefulneſs of the foregoing Table of Cubes, in ob- 
dif- taining the firſt near values of the cube-roots ſought, to one, 
3, 4» or two, 2 of figures, from which the more accurate 
ſuc- values of them are afterwards derived by means of Mr. de 
qua- Lagny's expreſſions. After theſe four examples of Mr. de 

"5 | Lagny's 
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Laghy's method of Approximation, follows a Scholium (in 
pages 484, 485, and 486,) concerning. the invention of 
theſe expreſſions, and of Mr. Raphſon's and Sir Iſaac New- 
ton's methods of extracting the Cube- roots, and other higher 
roots, of given numbers, and even the roots of affected 
equations of any order, by ſimilar approximations; which 
methods were invented by thoſe eminent Mathematicians be. 
fore the publication of theſe expreſſions of Mr. de Lagny. 
And, then, (in pages 486, 487, 488, &c, to page goo, ) | have 
given very full and accurate inveſtigations of the foregoing 
expreſſions of Mr. de Lagny, which had been only ſtated 
in pages 470 and 471, and illuſtrated by examples in the 
following pages, from page 471 to page 483. And, laſtly, 
in pages 501, 502," 503, 504, I have given a further illuſ- 
tration of the taid expreſſions of Mr. de Lagny, by apply- 
ing ſome of them to the extraction of ſome of the cube- 
roots which had been obtained in the foregoing examples 
by means of others of them; with a view to make a com- 
pariſon between the different expreſſions given for the ſame 
purpoſe by Mr. de Lagny, and to diſcover which of them 
are the moſt exact, or the moſt eaſy to practice, and in 
which caſes it will be moſt adviſeable to reſort to ſome of 
them in preference to tbe others. This Tract (which begins 
in page 459, and ends in page 504,) I conſider as a very 
uſeful one to young ſtudents of Arithmetick and Algebra. 


Having in the foregoing Tract very fully explained, and 
illuſtrated by examples, Mr. de Lagny's method of Extract- 
ing the Cube: roots of given numbers by Approximation, I 
e in the next Tract to ſtate his general method of 

xtracting any higher Roots whatſoever of given numbers 
by ſimilar Approximations. All theſe approximations are 
grounded on the fame principle, and conſiſt in putting ſome 
letter of the alphabet, as a, for the known part of the root 
ſought, (which known part is found by conjecture, or other- 
wife, as the caſe may admit,) and putting ſome other let- 
ter, as 2, for the unknown difference by which x, or the 
true root of the given number (which may be called N,) 
exceeds, or falls ſhort of, the firſt value @, (which is ſup- 
poſed to be knoyn, ) and then ſubſtituting @ + 2, or 4 7 # 

27 — inſtea 
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inſtead of x, in the original equation = Nor = N, 


or, in general, ͤ« N, (whereby the ſaid equation will 


We 

er be transformed into another equation in which z will be 
ed the only unknown quantity,) and, laſtly, in reſolving this 
ch transformed equation (of which z is the root,) as if it was 


only a quadratick equation, or omitting, or expunging from 
it, all the terms that involve any higher power of 2 than 


ve the ſquare. By ſuch a reſolution of this transformed equa- 
ng tion Mr. de Lagny obtains a value of 2 that approaches 
ed nearly to its. true. value: and conſequently, by ſubſtituting 
the this near value of 2, inſtead of 2, in the binomial quantity 
ly, a + 2, or 4 — 2, (which is equal to æ, or the root ſought, 
uſ- or the mth root of the given number N,) he obtains a near 


value of a + 2, or 4 — 2, or a ſecond near value of x, or 


N, which is much nearer to its true value than a, or 
its firſt near value, was. To explain in a full and diſtinct 
manner this method of extracting the mth root of any given 
number N, and to illuſtrate it by a few examples of the 
extraction of ſome high roots of given numbers, by means 


an of the general expreſſions of the values of a + z and a— 2 
: of derived from it, is the object of the preſent Tract. And, 
* as the inveſtigations neceſſary for this purpoſe are very gene- 


ral, and, from that circumſtance, are rather more ſubtle and 
difficult than the inveſtigations in the preceeding Tract, 
(which related only to the extraction of the cube-roots of 


d- given numbers,) I have taken great pains to ſer down all 
51 the ſteps in them in regular order, as clearly and plainly as 
of I could ; which may make them appear longer than might, 


perhaps, have been expected, but will, in fact, enable the 
reader to make himſelf perfect maſter of them in leſs time 
than if they had been compreſſed within a narrower com- 
paſs. The general expreſſions that are thus inveſtigated, are 


her- no leſs than four; to wit, two near values of à + 2, ob- 
let- tained by conſidering the aforeſaid transformed equation 
the (ariſing from the ſubſtitution of @ ＋ , inſtead of x, in the 
25 original equation x = N,) as a quadratick equation, and 


reſolving it, as ſuch, in two different manners, to wit, firſt, 
b 2 imperfectly, 


8 
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imperfectly, and ſecondly, in an accurate manner; and two 
near values of 4 — z obtained in like manner, by conſider- 


ing the other transformed equation, (ariſing from the ſub- 
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ſtitution of à — 2, inſtead of x, in the original equation 
«„ = N,.) as a quadratick equation, and reſolving it, as 
ſuch, in two different manners, to wit, firſt, imperfectly, 
and ſecondly, in an accurate manner, In order to perform 
theſe inveſtigations the more eaſily and diſtinctly, I bave 
divided the ſubject into two caſes, with Problems corre- 


ſponding to them, according as x, or N, is greater, or 
leſs, than its firſt value a, or is equal to 4 + z, or to a — 2. 

The firſt caſe, or that in which x, or N, is equal to 
4 + 2, is conſidered in the firſt Problem; and the ſecond 
caſe, or that in which x, or N, is equal to 2 — 2, is 
conſidered in the ſecond. Problem: and from the Solu- 
tion of the firſt Problem we obtain the two' following 
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expreſſions, to wit, a + and 
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near values of the binomial quantity @ + z, or for ſecond 


near values of x, or V N; and from the Solution of 
the ſecond Problem we obtain the two following expreſ- 


2a Xa” — x 
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near values of the reſidual quantity @ — z, or for ſecond 


near values of x, or /" N. And the Solutions of both 
theſe Problems are iHluſtrated by a few ſuitable examples; 
placed at the end of each ſolution reſpectively, of the ex- 


EE 


traction of different roots of given numbers by meaus of the 
ſaid general expreſſions obtained in the preceeding ſolutions. 
The Solution of the firſt of theſe Problems begins in page 
508, and ends in page 516; and is followed by three ex- 
amples, which begin in page 316 and end in page 525 : 
after which I have inſerted a Scholium containing a com- 
pariſon” between Mr. de Lagny's aforeſaid method of ex- 


* tracting the roots of given numbers, and Mr. Raphſon's 
8 EY of ee ſame thing; which is ſomewhat 
A ſimpler and eafier thay Mr. de Lagny's method, though 
or not quite ſo exact. For the difference between the two 
TA methods conſiſts only in this, that, whereas Mr. de Lagny 
to reſolves the transformed equation ariſing from the ſubſtitution 
nd of a + 2 inſtead of x in the original equation x ® = N, 
35 as if it was a quadratick equation, omitting all the terms of 
"I it that involve any higher power of z than its ſquare, Mr. 
ing Raphſon reſolves the ſame. equation as if it was a mere 
ſimple equation, or omits all the terms of it that involve any 
a higher power of 2 than its ſimple power, or 2 itſelf; which 
N makes -his expreſſion of the near value of @ + 2, or of the 
ſecond near value of x, or V N, derived from the (aid 
for transformed equation, a good deal ſimpler and eafier to 
manage than thoſe of Mr. de Lagny. This Scholium ex- 
4 tends from page 525 to page 529, and is followed by a 
j fourth example of the extraction of the root of a very long 
0 


number by Mr. de Lagny's method, which extends to page 
534. The Solution of the ſecond of the ſaid Problems be- 
gins in page 536, and extends to page 546, and is followed 
by two examples of the extraction of the roots of given 
numbers by means of the general expreſſions obtained in it, 
that extend from page 547 to page 554. And then the 
for Tra& concludes. with fome Obſervations, in pages 555 and 
556, on the ſeveral different methods that may be taken 
ond for the extraction of the roots of numbers. 
wack This Tract, as well as the laſt before it, concerning the 
les: Extraction of the Cube-roots of given Numbers, will, I 
per: Þope, be found to be of great uſe-to the Students of Arith- 
tion metick and Algebra. | The | 
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The laſt Tract in this Collection is intitled, Obſervations 


on Mr. Raphſon s Method of reſolving Aﬀetied Equations of all, 


degrees by Approximation. It begins in page 359, and ends 
in page 590; and its contents may be deſcribed as follows. 
The firſt part of it, as far as page 571, is intended, partly, 
to remove ſome difficulties that occur in reading Mt. Raph- 
ſon's excellent Treatiſe on the Reſolution of all Equations; 
(whether pure or affected,) by Approximation, intitled, 
Analyſis Aquationum Univerfalis,, which difficulties are not 
inherent in the ſubject itſelf, or neceſſarily belonging to his 
method of reſolving equations, but have ariſen merely from 
his having unfortunately adopted the doctrine and language 
of negative roots of equations, by which the Science of Alge- 
bra, or Univerſal Arithmetick, has been diſgraced and ren- 
dered obſcure and difficult, and diſguſting to men of a juſt 
taſte for accurate reaſoning, ever ſince its introduction by 
Harriot and Des Cartes. The firſt part of this Tra& is, I 


 fay, intended, partly, to remove ſome. difficulties of this 


kind, in the ſaid Treatiſe of Mr. Raphſon, and, partly, to 


illuſtrate his method of reſolving high equations in other 


cafes, or where no negative roots are mentioned, by per- 
forming the reſolution of one of the equations given by him 
in his examples, to. wit, of the equation x* + 7x* + 20 
+ 155xx = 10,000, in a very full and diſtin manner, 
with every ſtep of the reſolution, and the reaſonings upon 
which it is grounded, fer forth at length, agreeably to the 


principles laid down by him in the beginning of the ſaid 
Treatiſe, inſtead of reſorting (as he has done in his reſolu- - 


tion of the ſame example, and in thoſe of all his other ex- 
amples,) to the repeated application of a general theorem, 
or canon, that he has deduced from the ſaid principles: be- 
cauſe that way of performing the ſaid reſolution, by means 
of a theorem, or canon, affords much leſs ſatisfaction to the 
mind of the reader, or operator, in the uſe of it, than he 
would receive by performing the reſolution of the equation 
by the immediate application of the principles themſelves, 
as I have done, in the reſolution here given of the ſaid 
equation. And the following part of this Tra& contains a 
compariſon between Mr. Raphſon's method of Reſolving 


Equations 
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Equations by Approximation, and Sir Iſaac Newton's me- 
thod of Reſolving them alſo by Approximation, (which, 
after the firſt proceſs of the approximation, or the diſcovery 
of the ſecond near value of the root of the equation, differs 
a little from Mr. Raphſon's method,) in order to diſcoyer 
which of the two methods deſerves to be reckoned the moſt 
conyenient. This compariſon between theſe two methods 
of reſolving equations by approximation, (the reſult of which 
is, that Mr. Raphſon's method appears to me, upon the 
whole, more convenient than Sir Iſaac Newton's,) reaches 
from page 571 to page 586: and the few remaining pages 
of this Tract, from page 586 to page 590, relate partly to 
the method of trying the exactneſs of the near value of x, 
or the root of the propoſed equation, which has been ob- 
tained by either of the {aid two methods of Approximation, 
and, partly, to the method of finding a, or the firſt near 
value of x, or of the root of the propoſed equation, to a 
moderate degree of exactneſs, in certain difficult cafes, to 
wit, in thoſe caſes in which the propoſed equation either has, 
or (from the changes of the ſigns of its terms from + to 


—, and from — to +},) ſeems to have, more than one real 
and affirmative root. | 


In the next place I have re-publiſhed a uſeful Table of 
Numbers, from a book intitled The Calculator, publiſhed in 
octavo in the year 1747, by the late learned Mr. James 
Dodſon, being a Table of the Square-roots and Cube-roots 
of all the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
11, 12, 13, &c, to 180, carried to ſeven places of figures; 
which may often be the means of ſaving a Student of theſe 
Sciences ſome time and pains in performing the calculations 
that may occur in them. This Table is contained in pages 


591 and 592. 


And in the laſt place I have re-publiſhed a Table of the 
Square - roots of all the natural numbers 1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 11, 12, 13, &c, as far as 1000, and likewiſe 
of the Reciprocals of all the ſaid numbers, or of the "— 
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fractions, from the fourth volume of Dr. Charles Hutton's 
Miſcellanea Mathematica, publiſhed in the year 1775, in four 
little volumes, duodecimo. This Table begins in page 595, 
and ends in page 604, and, with Dr. Hutton's explanatory 
pany of it in pages 605 and 606, concludes the preſent 
yolume. | 
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DOCTRINAM DE PERMUTATIONIBUS ET 
COMBINATIONIBUS, 
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NFINITAM varietatem, que cùm in naturæ operibus, 

tam in actionibus mortalium elucet, quãeque precipuant 
ujus univerſi pulchritudinem conſtituit, non aliunde quam ex 
diverſimodà compoſitione, mixtura & tranſpoſitione partium 
ejus inter ſe originem ducere palàm eſt. Sed, quia multitudo 
rerum ad effectum aliquem producendum concurrentium 
ſæpenumerò tanta eſt tamque varia, ut difficillimum fit re- 
cenſere vias omnes, quibus earundem compoſitio, vel mix- 
tura, fieri, vel non fieri, poteſt, hinc fit ut nullum fit vi- 
tium, in quod homines etiam maximè prudentes & circum- 
ſpecti frequentiùs incidant illo, quod Logici communiter 
appellant ixſuſficientem enumerationem partium ; adeò quidem 
ut non verear dicere, hanc unicam fere ſcaturiginem eſſe in- 
finitorum, eorumque graviſſimorum, errorum, quos in ra- 
tiociniis noſtris circà res tim cognoſcendas tum agendas 
quotidiè committimus. Quarè merito ſuo utiliſſima cenſenda 
eſt ars, combinatoria dicta, quæ huic mentis noſtræ defectui 
medetur, docetque fic * modos oinnes poſſibiles, 


ſecundum 
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ſecundùm quos res plures permiſceri, tranſponi, vel con- 
jungi, invicem poſſunt, ut certi ſimus, nos nullum eorum 
prætermiſiſſe, qui inſtituto noſtro conducere valent. Quan- 
quam enim hoc negotii eatenùs fit conſiderationis Mathema- 
ticæ, quatenus in —— calculo terminatur; ſi tamen 
uſum & neceſſitatem ſpectes, univerſale prorſus eſt & ita 
comparatum, ut ſine illo nec ſapientia Philoſophi, nec Hiſ- 
torici exactitudo, nec Medici dexteritas, aut Politici pru- 
dentia, conſiſtere queat. Argumento fit hoc unicum, quod 
omnis horum labor in cojectando, & omnis conjectura in 
trutinandis cauſarum complexionibus aut combinationibus 
verſatur. Unde quoque nonnulli eximii viri, ac hominatim 
Schootenius, Leibnitius, Walliſius, Preſtetus, materiam hanc 
ſibi tractandam ſumpſere, ne quis exiſtimet nova eſſe hic 
omnia quæ prolaturi ſumus; tametſi quædam non contem- 
nenda de noſtro adjecimus, imprimis demonſtrationem gene- 
ralem & facilem proprietatis numerorum figuratorum, cui 
cætera pleraque innituntur, & quam nemo, quod ſciam, ante 
nos dedit eruitve. Cùm itaque nondum plenum Artis ſyſte- 
ma habeamus, tùm verò, ne illa quæ habemus aliunde pe- 
tere ſit opus, viſum eſt totam Doctrinam ab ovo ordiri, ac, 
ne quid indemonſtratum relinquatur, ex primis fundamentis 
eruere; quod tamen breviter fiet & ſuccin&e, nec nif in 
quantum inſtituti noſtri ratio exigere videtur. Totam Trac- 
tationem ad duo ſumma capita referimus, quorum unum 
Permutationum, alterum Combinationum doctrinam perſe- 
quitur; cui accedit tertium, quod utraſque mixtim con- 
templatur. | 
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DE PERMUTATIONIBRUS. 


ERMUTATIONES rerum voco variationes, juxtà 


quas, ſervatâ eadem rerum multitudine, ordo firuſque 
inter 1pſas diverſimodè permutatur. ET 


Iraque fi quæratur, quoties nonnulle res tranſponi vel 
permiſceri invicem poſſint, fic ut ſemper accipiantur omnes 
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folo ordine ſitũve mutato, dicentur * omnes permutatio- | 

nes rerum illarum. 
Res autem permutandæ vel omnes elbe eſſe diverſæ. 

vel aliquot earum eædem; quæ quidem per totidem Alpha- 


beti literas, ſive diverſas ſive nen ee deſigna- 
buntur. 8 % 


oh C res omnes permutandæ fant 408 2 


CUM numerus permutationum in rebus pluribus | iniri ne- 
queat, mii idem priùs in omnibus aliis numero paucio- 
nbus compertus habeatur, liquet in hac inquiſitione utendum 


via ſynthertica, hoc eſt, ordiendum nobis eſſe ab by pohefibud 
| _— primis & ſimpliciſſimis: 


Unius rei, vel literæ, a, una tantùm 158 vel poſi- 
tio eſt. 

Duarum rerum, aut literarum, a & b, vel a Predbedhit & 
b ſequitur, vel præcedente 6 ſequitur 4; unde duo ipſarum 
fiunt ordines a þ & B a. 

Tres, porro, literæ a, b, c, ita collocari poſſunt, ut pri- 
mus locus vel ipfi a vel & vel c concedatur : fi a primum te- 
net locum, reliquæ duæ duobus, ut diximus, modis diſponi 
queunt : fi 4 in primum locum transferatur, reliquarum dua- 
rum duplex itidem poterit effe poſitio; quod & intelligen- 
dum, ubi tertia c primam ſedem occupaverit. Unde trum 
literarum in univerſum ter duæ, ſeu 6, exiſtunt permutatio- 
nes abc, ach: bac, bca: cab, 21 

Similiter, fi 4 extent literæ a, 15 c, d, earum unaquæque 
primum obtinere locum poteſt, interea dum tres reliquæ, ut 
nunc oltenſum, ter bis, ſeu ſexies, ordinem variabunt : 
quare cum earum, quæ primo loco poni poſſunt, ſint qua- 
tuor, ſequitur omnes quatuor quater ter bis, ſeu quater ſexies, 
hoc eſt, vicies quater ſitum inter ſe permutare poſſe. 

Ob candem rationem accedente ta litera & inſtitui poſſunt 
quinquies tot variationes, quot in caſu præcedenti, hoc eſt, 
quinquies 24, ſeu 120. Et generaliter, datis quotcunque 
literis, numerus permutationum, quas ſubire poſſunt omnes, 
roties excedit numerum permutationum, quas recipiunt literæ 
una pauciores, quot ſunt unitates in dato literarum numero. 
Unde ſponte manat ſequens 

— Regula 
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TO pro inveniendis ommbus e rerum 
N e pt datarum. 


Omas numeri ab unitate ſe confoquentes nüt or- 
dine, ad datum uſque rerum numerum incluſivè, du- 
cantur in fe invicem ; productum manifeſtabit du fitum. 


Puta, ſi datus rerum numerus fit u, numerus permutatio- | 


num exit 1. 2. 3. 4. 5. &c. uſque ad ; vel etiam (quia uni. 


tas non multiplicat) 2. 3. 4. 5. - . . Nota, punctula nu- 


meris interjecta hic et ubique in ſimili materia continuum 
numerorum in ſe ductum ſignificant. Exempli gratia, ſeptem 
rerum permutationes ſunt 2. 3. 4. 5. 6. 7. = 5040. Ratio 
patet ex dictis, operatio ex N N $07 Int. 


Numerus 


thy, 


„ 
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Numerus Numer 
Rerum. er eee ee 
45 „ a; 1 1 
1 2, ; 
2. " 15 - 2 
| my 
F 
V 
85 — — 120 
Fin 
6 - © 720 
4 Fer | 
840g 
9 362,880 
e ene ene 
Io 3,628, 800 
36 28 800 
— | 3 
39,916,800 
N en 
12 3 479,001, boo 


15-4 hte 
2 © 


5 


2. Si rerum pernutendarum mtl 


* 


ſunt eadem : 
Quad ſi literæ una plureſve re · 


I currant ſæpiùs, hoc eſt, ſi in dato 


rerum numero aliquæ res ſimiles ſint 


five eædem; ut, ſi date ſint a aa b 


c d, ubi litera 2 ter repetitur; nu- 


8 
. 


- merus permutationum multo minor 
evadit: ad quem inveniendum co- 


gitandum eſt, quòd, ſi omnes eſſent 


diverſæ, puta, fi loco aa a ſcribere- 


tur a a, poſſent he tres literæ e- 


tiam nulla cæterarum loco motãà ifi- 
ter ſe ſexiès tranſponi, per præce- 


dentem Regulam; unde totidem 


diverſæ naſcerentur permutationes;z 
at nunc cùm ſunt eædem, ſex iſtæ 


permutationes literarum aa a nul- 


lam univerſarum diſpoſitioni varia- 


tionem indicunt, ac proinde p 


vnd eidemque habendæ ſunt: quod 


- cm de quacunque diſpoſitione li- 


= 


terarum paritèr fit. intelligendum, 
indicium præbet, numerum permu- 
tationum rerum datarum ſexiès, hoc 
eſt, totiès minorem eſſe numero per- 


mutationum, quas ſubire poſſent ſi 


omnes eſſent diverſæ, quotiès inter 
ſe permutari queunt res ſimiles: 
ſed fi omnes 6 literæ diverſe exiſte. 
rent, permutari poſſent, juxtà præ- 
cedentem tabellam, 720. vicibus. 
Ergo nunc ubi tres ipſarum conve- 
niunt, permutari duntaxat N 


4 3 120. 


Iterùm fi datæ fint 6 e aaa. 


Sec, ubi preter literam a que ter recurrit, etiam litera b bis 
repetitur; manifeſtum eſt, numerum permutationum adhue 
ow minorem evadere,. quam in præcedenti caſu fuerat, adeõ- 


que 
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que-ſolim-ad 60 ſe extendere: quandoquidem binæ quæli- 
bet permutationes, que ex ſola tranſpoſitione duplici litera- 
rum ;, f diverſe effent, naſcerentur, nunc coincidunt. 
Eodem pacto colligendum, fi plures literz repeterentur ſæ- 
pids, pro ſingulis earum numerum permutationum minul to- 
ties, quoties ſeorsim inter ſe permutari poſſunt eædem literæ. 
Unde ratio habetur ſequentis Regula. 


Regula pro inveniendis rerum permutationibus, cùm earum 
27 700 nonnullæ ſunt eædem. | | 


ANTUMERUS permutationum, quas admitterent datæ res 
4 Y fi omnes differentes eſſent, dividatur per numerum per- 
mutationum, quas ſubire poteſt res ſimilis ſecundum multi- 
tudinem ſuam, fi una fit quæ ſæpiùs repetatur : aut per pro- 
ductum ex numeris permutationum, quas ſeorsim recipere 
poſſunt ſingulæ res ſimiles ſecundùm multitudinem ſuam, fi 
ee ſint que ſæpiùs recurrant; & quotiens exhibebit quæ- 
tum. | | — 


Uſus doctrinæ Permutationnm inſignis eſt in definiendo 
numero Anagrammatum alicujus vocis. Exempli gratia ; . 


Tranſpoſitiones omnes poſſibiles literarum in voce Roma ſunt 1, 
2.3.4. 4, ob 4 differentes literas, per 1 Regulam : et in voce 
Leopoldus 5 — = 90720: et in voce Studigſus Ee — 
30240: ob 9 utrobique literas, interque illas ibi geminum / 
et geminum o, hic geminum « & triplex 5; per 2 Regulam. 
_ . Hae pertinent verſus nonnulli ob variationum multitudi- 
nem Protei dicti, quos inter celebrantur Lanſii, Scahgeri, 
Bauhuſii. Thome Lanſio hoc diſtichon debemus: 


Lex, Rex, Grex, Res, Spes, Jus, Thus, Sal, Sol, (bona) 
| | Lux, Laus: CELLO ES 
Mars, Mens, Sors, Lis, Vis, Styx, Pus, Nox, Fax, (mala) 
' | | Crux, Fraus. | $2 | x 


cujus ſinguli verſus per Regulam primam, ob 1 1 monolyl- 
laba (diflyllabis vocibus bona & mala 5tz ſemper regioni 10 
W_ 
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fixis) ſalvà metri lege variari poſſunt 39,916,800 vicibus. 


Et quanquam alias contingat, ut pleræque variationes in 


metri leges arietent, nec non ut plerique Anagrammatiſmi 
fint non-fignificantes & barbari; levi tamen plerumque in- 
duſtria opus eſt ad ſecernendum utiles ab inutilibus, illorüm- 
que numerum ſeorsim ineundum, fi aliquem in iis inquiren- 
dis ordinem obſerves. Quemadmodam cernere eſt in hexa- 


metro à Bernhardo Bauhuſio, Jeſuits Lovanienſi, in laudem 


Virginis Deiparz conftrafto -: 
Tot ti hi ſunt dotes, Virgo, quat fidera celo; | 


quem dignum peculiari opera duxerunt plures viri celebres. 
Erycius Puteanus in libello, quem Thaumata Pietatis in- 
ſcripfit, variationes ejus utiles integris 48 paginis enumerat, 
eaſque numero ſtellarum, quarum vulgo 1022 recenſentur, 
accommodat, omiſſis ſcrupuloſiùs illis, quæ dicere videntur, 
tot ſidera cœlo eſſe, quot Mariæ dotes; nam Mariæ dotes 
eſſe multo plures. Eundem numerum 1022 ex Puteano re- 
petit Gerhardus Voſſius cap. 7. de Scientiis Mathematicis; 
Preſtetus, Gallus, in prima editione Elementorum Mathe- 
maticorum, pagina 348, Proteo huic 2196 variationes attri- 
buit ; ſed, factà reviſione in alterà editione, tomo primo, 
pagina 133, numerum earum dimidio fere auctum ad 3276 
extendit. Induſtrii Auctorum Lipſienſium Collectores menſe 
Junii 1686, in recenſione Tractatùs Walliſiani de Algebra, 
numerum in quæſtione (quem Auctor ipſe definire non fuit 
auſus) ad 2580 determinant. Et ipſe poſtmodam Walliſius 
in editione Latina operis ſui, Oxoniæ anno 1693 impreſſa, 
pagina 494, eundem ad 3096 profert. Sed omnes adhuc à 
vero ſunt deficientes, adeò ut deluſam tot virorum, poſt ad- 
hibitas quoque ſecundas curas, in re levi perſpicaciam me- 
ritò mireris. Taco enim examine deprehendo, fœtum hunc 
Bauhuſianum, excluſis etiam ſpondaicis, admiſſis vero iis 
qui cſuri deſtituti ſunt, ſalvà metri lege omnino ter milliès, 
tercenties, ac duodecies variabilem eſſe. At prolixiùs de his 

agere tanti non intereſt, nec inſtitutum noſtrum patitur. 
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rrrus VARIATIONUM vensds avium: 


Tot tibi ſunt dotes, Virgo, quot flere col. 


Quintam Ane Hexametri occupat 
| Vel 
Sidera, quam vocem excipit aut vox 
I Diſpllaba una, nempe vel 


[ Celo, ac tum vox Tibi inter ber reliquas occu- 
locum vel 


| OW x præcedente voce nunc 
| | MonofUabd, eique vel 
1 | Tot, cui caſui reſpondent | - | Variationes 24 
| 1 Sunt, 8 - e 
[ I. FT, e 
| 1 Diſhilabd Virgo, . 
| [ Ceri præeuntibus 
II Und monehllabd & und diſpllabd, primas | 
tenente vel 
13 Mongſyllabd, Tot, quam excipit akerutra. 
1 Dotes: 6 2 
14 8 e * 
. "is Sunt, - 12 
e, ee Nl, 015 
ü 181 Diſþllabd, _— quam, ſequitur | 
| | Tot : | 
| 4 | | | 4 40 - - 18 
1 | | Ruat: 6 | 
| | op * n e e gon Wage: 
| | Duabus diſpllabis, nempe, Dower Firgo, "+ 
| Quartum, precedentibus 
| ' 6: Tri ous monoſyllabis, - — 12 
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9 
I Duabus monofyllabis cum di 5llabd Virgo, 14 
| | | | Pu monoſyllabs & abe, Hllabis, 36 
| _ Ruintum, premiſſis | 
[ | Tribus monoſyllabis cum und difhllabd, 48 
| Duabus monoſylabis cum tolidem d Blazir, R 
quarum pan Vi "y0, | - 18 
| | Sextum, 8 120 
„ TED — 


| Dotes, unde totidem een quot in . 

nempe 420 
Virgo, unde rursds totiddem, quot in Czlo, extep- 
tis ſolüm illis 60 variationibus, ubi poſtrema 
ſyllaba in Virgo correpta eſt; 1 N 

| demptis ex 420, remanent 2360 

| Monofyllabe duæ, edeque 


Quot ſunt, vel Sunt guot; voce Ti ibi occupante 


locum vel 
Secundum, primo relicto voci | 
| | * Monghllabe, Tot: — - 12 
1 Diſpllabæ. Virgo : - — 12 
I Tertiun, præcedentibus 
Monoſyllabã cum diſſyllaba, - 24 
| | +: Duabus diſyllabis, quarum poſt Virgo, 8 
Quartum „præeuntibus 
| | Aonghillabd cum duabus diſſyllabis, 36 
Fiyibus diſpllabis, EI i Virgo, + 
| | Quintum, 1 
E 144.144 
Tot ſunt, vel, Sunt tot, totidem Fg 144 
Ti ot quot, aut, Quot tot, totidem . 
Tibi, quam vocem ſequitur vox „ 


Diſhllaba una, eãque vel 
I Czlp, voce _ occupante locum aut 


0-8 | | Primum 
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| Primum, We - 120 
| Secundum, 8 — - 48 
| Tertium, præmiſſis vel | 
| © Duabus monoſyilabis, - - 36 
* « Duabus diſyllabis, - - 12 
Quartum, præeuntibus duabus monoſylla- 
bis & una diſſyllabà, - 72 
| Ruintum, præcedentibus duabus monoſylla-̃ 
bis, totidemque diſſyllabis, - 72 
360,. 360 
| Dates, totidem quot in Czlo . «4: 360 
Virgo, totidem - — - 360 


Mongſyllabæ duæ, eaeque 
Nuot ſunt, vel Sunt quot: voce Sidera tenente locum 


| Primum : - - 48 

Secundum, poſt diſſyllabam vocem, * - 36 

| Tertium, poſt duas diſſyllabas, - 24 

| Quartum, poſt tres diſſyllabas, - 12 
E . 120 . 120 
| Tot ſunt, vel, Sunt tot, totidem - 120 
I Tot quot, vel, Quot tot, totidem 120 


Mongſyllabã und (quo caſu ante 7 ibi ſemper babetur 
Virgo), nempe vel 
Sunt, voce Sidera locum poſſidente aut 
| Primum : - - - 24 
Secundum : - 12 
| Tertium, præcedentibus duabus monoſyllabis, 4 
duabus di 25 llabis, 4 


Quarium, 5 > - 12 
Ruint um 3 = — 2 , 24 . 
80. . 80 
Tet, totidem quot in Sunt, « 5 80 
Quot, totidem e 1 5 | bo 


Summa omnium Variationum utilium 3312 
CAP, 
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4 | * f 
DE COMBINATIONIBUS, IISQUE PRIMO CONSIDERATIS 


\ 
' SIMPLICITER, 


OMBINATIONES rerum ſunt conjunctiones, juxtà 
quas ex dati rerum multitudine nonnullæ eximuntur, 
interque ſe conjunguntur nullo ordinis fitts-ve ipſarum re- 
ſpectu habito. | 
Idcircd cam quæritur, quoties ex dato rerum numero vel 
binæ, vel ternæ, vel quaternæ, &c. accipi poſſint, fic ut 
nunquam omnes eædem res ſumantur ſæpiùs quam ſemèl, 
dicentur quæri omnes combinationes diverſæ rerum datarum. 
Numerus, ſecundum quem res datz conjunguntur, dici- 
tur Exponens Combinationis : Ita, fi res binæ ſumuntur, Ex- 
ponens erit 2; fi ternæ, 3; fi quaternæ, 4. Res vero ſe- 
cundum hos exponentes junctæ dicuntur Binarii, Ternarii, 
Quaternarii, &c. vel Biniones, Terniones, Quaterniones, &c. 
& conſonanter etiam Untones, vel Unitates, quando res ſu- 
muntur ſingulæ, & Nulliones cùm nulla plane ſumitur. 
Conjunctiones ipſas nonnulli vocant Combinationes, Conter- 
nationes, - Conquaternationes, &c. quas omnes vulgò una voce 
Combinationum complecti ſolent, tametſi hæc vox ſtrictiori 
fignificatu propriè non niſi illas conjunctiones indigitare vi- 
deatur, quibus res binæ invicem junguntur. Quamobrem 
alii generaliori voce Complicationum vel Complexionum uti ma- 
lant : alii magls appoſitè Electiones vocant, ut & illæ ſubin- 


telligi poſſint rerum acceptiones, quibus res ſingulæ ſeorsim 


ſumuntur, aut quibus etiàm nulla planè ſumitur. 7773 

Res autem quæ inter ſe combinandæ ſunt, vel omnes poſ- 
ſunt eſſe diverſæ, vel aliquot ipſarum eædem; eàeque vel 
ita combinari debent, ut in nullà combinatione res eadem 
ſæpiùs contineatur, quam ipſa reperitur in toto rerum nu- 
mero : vel fic, ut in eadem combinatione res eadem etiàm 
ſæpiùs recurrere, hoc eſt, ut ſecum ipſà quoque combinari 

; C 2 ; poſſit. 
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poſſit. Iterimque queri poteſt numerus combinationum vel 
ſecundùm omnes exponentes conjunctim, vel ſecundùm ſin- 
gulos ſeorsim. Atque inſuper circa unumquemque horum 
combinandi modorum plures formari poſſunt quæſtiones & 
problemata, è quibus illa tantùm delibabimus, que in ſe- 
quentibus alicui uſui fore judicamus. „ 


, 


1. Si res omnes combinande ſunt diverſe, inque nulld combina- 
tione eadem res bis occurrere debet, invenire omnes Combinalio- 
nes ſimplicitèr ſive ſecundim omnes exponentes conjundtim. 


8 combinandæ modis omnibus literæ a, 6, c, d, e, 
- &c. Fiant tot ſeries quot literæ, hoc modo: In prima 
ſerie ponatur ſola litera a. | 


In ſecundaà ponatur 5, nunc ſeorsim, nunc junctim cum 


a, ut habeatur ab vel ba. Eadem enim conjunctio eſt, que 
b cum a, & à cum & jungit, cùm nullus ordinis, fitus-ve 
ipſarum inter fe, reſpectus haberi ſupponatur. 


— 


In textia oollocetur c, eãque primo ſola, dein juncta, par- | 


um cum 2& b, ut fiant biniones ac, bc ; partim cum ipſo 
binione ab, ut fiat ternio abc, 


2. 


— 


. ab, 


— — 
* * 


c. ac. bc. abc. 


4. ad. bd. cd. abd. acd. Bed. abcd.. | 


6.68 ba ct. dr; abe. ace. bee. ade. dee. cde, abce. adde.acde.bede. abede. 


In quarta ponatur d, primò ſola, deinde juncta cum fin- 
gulis præcedentium literarum a, b, c, ſinguliſque earum tum 
binarus ab, ac, bc, tum ternario abc; ut fiant novi biniones 
ad, ba, cd, terniones abd, acd, bcd, & quaternio abcd. 

Similiter es ſeriei agmen ducat litera e, quam primò 
. Ingrediatur ſola, dein juncta cum omnibus præcedentium ſe- 
rierum electionibus. Eademque methodo procedendum eſſet, 


er © © 
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k plures effent datæ literæ. Qui ratione ſatis manifeſtum eſt, 
datas literas in iſtis ſeriebus omnifariam inter ſe junctas eſſe, 
nulliamque earum fieri poſſe electionem, que non in una ha- 
rum ſerierum reperiatur, fed & nullam eſſe que alicubi bis 
occurrat ; adeõque omnes una feries ſuppeditaturas omnes 
electiones poſſibiles, quæ circa datas literas inſtitui queunt. 

Harum igitur numerus initur facilè, ſi conſideretur quòd in 
quilibet ſemper ſerie una ampliùs inveniri debeat electio, 
quam in antecedentibus omnibus ſeriebus ſimul: quoniam 
litera, quæ illius ſeriei caput eſt, ibidem ſemel ponitur ſola, 
& prætereà una aſſumit ſecum omnes electiones præcedentium 
ſerierum. Hinc enim ſequitur, quia in prima ſerie eſt elec- 
tio unica, fore in ſecundi electiones duas, in tertia 4, in 
quarta 8, & fic deinceps in progreſſione geometricà duplà: 
quandoquidem progreſfionis duplæ ab unitate hanc quoque 
naturam eſſe conſtat ®, ut ſumma terminorum quotlibet uni- 
tate aucta ſequentem terminum exhibeat. Quocircà ſumma 
electionum in ſeriebus omnibus æqualis eſt ſummæ termino- 
rum totidem progreſſionis duplæ ab unitate, hoc eſt, per 
modò memoratam proprietatem, ipſi termino ſubſequenti 


* Hoc autèm ita demonſtrari poteſt. 

5 . Pu oros trio. ; 

Sit ſeries terminorum in geometrica ratione unitatis ad numerum binarium- 
continuò creſcentium, ſcilicet, 1, 2, 4, 16, 32, 64, 128, 256, &c, uſque ada 
terminos. Horum terminorum ſumma vocetur 8. Manifeſtum eſt ultimum, 
five maximum, hujus ſeriei terminum fore zqualem A 1. Augeatur jam 
hæc ſeries uno adjecto termino, ſcilicet, 2 K , ſeu 2“. Dico, quòd 


novus terminoe 17 erit æqualis 8 + 1, five ſummæ 8 omnium priorum ter- 


minorum una cum unitate. , 


| DemonsTRAT1O. : 

Duplicando terminos ſeriei 8, five 1 121478716132 + 64+ 
& + I orietur ſeries 2 +4+8 +16+ 32+ 64 + 128 + &c, +2, 
cujus termini omnes, excepto ultimo 2“, ſunt reſpectivè æquales terminis 
omnibus prioris ſeriei, excepto primo 1; hoc eſt, 2 S erit S- IT. 
Ergo 2 8 +1erit=8 +2, et Merit = 28 41-8, ſeu $+1. 

| be Be | q. . De 
ejuſdem 
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22 progreſſions unitate multato; qui quidem terminus 
ubſequens idem eſt cum producto binarii toties, five tot vi- 
cibus, poſiti & in ſe ducti, quot ipſum in progreſſione ter- 
mini præcedunt, hoc eſt, quot ſunt ſeries, quarum electio- 
nes quæruntur. Unde talis exurgit. 


Regula pro inveniendis omnibus electionibus rerum data- 
rum ſecundum omnes exponentes : 


A Producto binarii toties, ſive tot vicibus, poſiti & 
multiplicati in ſe, quot ſunt datæ res, auferatur 
unitas : reliquum indicabit quæſitum. 


Hoc eſt, poſito rerum datarum numero #, numerus om- 


nium electionum ſimplicitèr, puta, omnium unionum, bi- 


. . . n . a . 
nionum, ternionum, &c. erit 2 - 1. Hinc ſi nullionem ſeu 
electionem, qua ex rebus datis nulla ſumitur, quæque in 


quavis rerum multitudine una e eſt & unica, fimul 


comprehendas, fiet numerus ille 2 : fin cum nullione ipſos 
quoque uniones reſeces, quorum numerus ipſi rerum nu- 
mero perpetuò æquatur, erit numerus binionum, ternionum, 


c#terarimque complexionum 2 — n — 1. Exempli gratia. 
Septem planetarum conjunctiones, vel complicationes, omnes 
diverſæ ſunt 27 — 1 2. 2. 2. 2. 2. 2. 2 — 1 2 128 — 12 
127; unde fi demas electiones 7, quibus ſinguli planetæ ſeor- 
sim accipiuntur, quacque propriè non conjunctiones, ſed 
disjunctiones planetarum ſunt, relinquetur numerus omnium 
conjunctionum ſtrictè diftarum, quibus planetæ vel bini, 
vel terni, vel quaterni, vel quini, vel ſeni, vel denique ſep- 
rent junguntur, 2 —7 — 1 = 120. Sic etiàm duodecim, 
uti vocant, Regiſtra, ſeu fiſtularum ordines, in organo pneu- 
| matico, quibus ſonus, mox fibilans, mox tremebundus, effi- 


citur, aut aliter modificatur, variari poſſunt 2'* — 1 = = 4095 


vicibus. 


Nota: Si quis examinet ſeries hegten ſupra in | 
typo 5 obſervabit in qualibet ſerie (ſolà prima ex- 


cepta, 


A ww mm aetqyy vr 5 0 oo& = ty 


- of - OF > 


— 
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ceptà, quæ unicum unionem à complectitur) numerum elec- 
tionum ſecundùm exponentes pares æquari numero electio- 
num ſecundum impares: faltem, cum id in aliquot ab initio 
ſeriebus verum deprehenderit, idem quoque in ſerie proxi- 
mè ſequente locum habere concludet. Nam litera, quæ il- 
lius ſeriei caput eſt, juncta præcedentium ſerierum electionĩ- 
bus 11s, que impares exponentes habent, parium ; & iis vi- 
ciſim que pares habent juncta, imparium ; exponentium 
complexiones efficit : adſciſcens vero primæ ſeriei unionem 
a, paris; & ipſa per ſe ſola accepta, imparis ; exponentis 
electionem conſtituit : unde & in hac ſerie numerum harum 
numero illarum æquari conſtat. In omnibus igitur ſeriebus 
fimul ſumtis numetus electionum ſecundum impares expo- 
nentes numerum electionum ſecundùm pares unitate ſupera- 
bit; aut, ſi his inſupèr nullionem accenſeas, æquabit. Quo- 
circa, chm numerus omnium electionum ſimplicitèr, incluſo 


nullione, oſtenſus ſit 2", erit ejus ſemiſſis, five poteſtas bi- 


. ©. . . n— I . 
narii proxime minor, 2 , numerus electionum ſecundim 


. * —1 : | 
ſolos impares ; &, dempto rursùm nullione, 2 —1 nume- 


rus electionum ſecundùm ſolos pares exponentes. Idem quo- 
que demonſtrabitur infrà in coroll. 6. cap. 4. 


16 2x JACOBI BERNOULLIL LEBRO 


—C'A'P. IM: 


% . 0 
DE cou BIN AT ION IBUS SECUNDUM SINGULOS EXPONENTES 
> KY | e 
SEORSIM ; UBI DE NUMERIS FIGURATIS, EORUMQUE 


PROPRIETATIBUS AGITUR, |; 


X typo combinationum precedentis capitis manifeſtum 


fit, literam quæ cujuſlibet ſeriei caput eſt, adjunctam 
umonibus ſerierum præcedentium efficere ſuæ ſeriei biniones, 
adjunctam binionibus efficere terniones, ternionibus quater- 
niones, & fic porrò: ade6que numerum binionum in quavis 
ſerie æquari ſumm# unionum in omnibus ſeriebus anteceden- 
tibus, numerum ternionum ſummæ binionum, numerum qua- 
ternionum ſummæ ternionum, & generaliter numerum com- 
binationum ſecundum datum quemcunque exponentem in 
ſerie quacunque æquari ſumme combinationum omnium 
præcedentium ſerierum ſecundum exponentem unitate mino- 
rem dato. Sequitur hinc, quod | 
Uniones, quia in fingulis ſeriebus reperiuntur ſinguli, om- 
nes inter ſe conſtituunt ſeriem 1. 1. 1. I. 1. &c. ſeu ſeriem uni- 
tatum. | 
Biniones in prima ſerie nulli ſunt, in ſecunda 1, in tertia 
1+1 D 2, in 4tàa 11 T1 = 3, in gti1+1+1+1=4 
&c. proinde omnes biniones inter ſe conſtituunt ſeriem 
O. 1. 2. 3. 4. 6. &c, hoc eſt, ſeriem numerorum arithmetice 
progreſſionalium, ſive Lateralium. | 
Terniones in prima & ſecundA ſerie nulli ſunt, in gtia 1, 
in 4ta 1+2 = 3, n 5tA14+24+3= 6, in bta 1+2+3+4 
= 10. &c. Omnes itaque ordine accepti ſeriem conficiunt 
o. o. 1. 3. 6. 10. 15. &c. hoc eſt, ſeriem mumerorum, ut vo- 
cant, Trigonalium, ſeu Triangularium. DEE 
Quaterniones in tribus primis ſeriebus nulli ſunt, in 4ta 1, 
in gta 173 = 4, in 6tai+3+6= 10, in 7ma 14+3+06 
+10 = 20. &c. qui omnes ordine aſſumti ſeriem efficiunt 
©. © o. 1. 4. 10. 20. &c. ſeriem, videlicet, * 
ari 
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Pari ratione Quiniones omnes ſeriem conſtituunt Trianguli- 
Nramidulium o. o. 0. 0. 1. 5. 15. 35. & c. Seniones ſeriem 
Pyramido-pyramidalium o. o. 0. 0.0. 1. 6. 21. &c, aliãeque 
combinationes ſecundùm altiores exponentes efficiunt alias 
atque alias ſeries numerorum figuratorum altioris generis in 
infinitum. “ r 8 13 


Et ſic occaſione doctrinæ Combinationum in ſpeculatio- 
nem inſperatam numerorum figuratorum incidimus ; qua appel- 
latione vulgo inſigniuntur numeri, qui ex continua arithme- 
tice proportionalium, indẽ que ortorum numerorum, addi- 
tione, vel collectione, generantur. | 


Ut vero, be, figuratorum numerorum ſeries ſub unum 
aſpectum caderent, eõque facilins comprehenderentur quæ de 
illis dicenda ſuperſunt, ſequentem appoſui tabellam, quam 
quis nullo negotio quouſque voluerit tum deorſum tum 


—_ ——_— — — 


* De horum numerorum nominibus eſt inter auctores arithmeticos quæ · 
dam variatio. Nam numeri o. O. O. O. 1. f. 15. 35, &e, qui hie vocantur Trian- 
guli-pyramidales, vocantur A quibuſdam ſeriptoribus, et, inter alios, à Nico- 
lao Mercatore, in celeberrima ſul Logarithmotechnia, Trigono- trigonal.s ;. 
et numeri o. o. o. o. O. 1.6. 21. 56, &c. qui hie vocantur Pyramido-pyramidales, ab. 


illo vocantur Trigono-pyramidales. Nomina quibus diverſi ordines numero- 


rum figuratorum deſignantur apud Mercatorem ſunt que ſequuntur; ſcilicet, 
1, unitates, 2. radices, 3. numeri trigonales, 4. pyramidales, 5. trigono:tri- 
gonales,' 6, trigono-pyramidales, 7. pyramidi-pyramidales, 8. trigono- trigo · 
no- pyramidales, g. trigono-pyramidi-pyramidales, 10. pyramidi - pyramidi- 
pyramidales. Vide Scriptores Logarithmicos, tom, iůj,t pag; 178. 
Ad evitandam hanc confuſionem nominum ſatius eſſe videtur diverſos horum 
numerorum ordines poſt quartum ordinem, five numerorum pyramidalium, 
diſtinguere ſolum per numeros exponentes ordinum deſignandorum, appel - 
lando eos ſive numeros figuratos ordinis quinti, ſive ordinis ſexti, ſive ordinis 


ſeptimi, five octavi, ſiye noni, five decimi, aut alius cujuſcunque ordinis. 


D dextrorfm 


” * 
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dextrorſùum continuabit. Numeri barbari, ſeu Arabici, in 
ſiniſtro tabulæ margine adſcripti numerant columnas tranſ- 
verſas, & ſimùl rerum combinandarum multitudinem : nu- 


TABULA COMBINATIONUM, SEU NUMERORUM 
FIGURATORUM, 


EXPONENTES COMBINATIONUM. 


III. II. III. IIV. IV. IVI. VII. I VIII. I IK, I X. I XI. I XII. 
N AR 1 eee 
82 „ V7 0104 63 o1 ol ol] ol o 
„ 2-110 . 04.0 
S 3131 11 ol ol ol ol ol ol 'olo, 
$141 T4 atot of oj see :v1'0 
Sit 51101 101 DDD 
& eee Den. 
Freer ene 
, 81 $4.-14.91..0.h 0 
e | 9136 | 84 [1261126] 84 | e 
JJ——. KK 120 | eelagl. 11.9. 
S 12.\|1 | 11 I 55 | 165 1.339 | 462 | 402 l 330 | 166 56 l 110 ]| 


meri verd Romani in ſupremo margine conſpicui numerant* 


columnas verticales & una exponentes combinationum innu- 
unt. Columnarum verticalium prima eſt ſeries monadum 


ſeu unitatum; ſecunda feries numerorum naturalium, ſeu 


lateralium, ab una cyphra incipiens; tertia ſeries trigonalium 
incipiens 2 cyphris duabus, quarta pyramidalium incipiens 
a tribus cyphris, quinta trianguli-pyramidalium incipiens à 
quatuor cyphris, & fic deinceps, - | 


Habet hæc tabula proprietates plane eximias & admiran- 
das; præterquàm enim quod Combinationum myſterium in 
alla latere jam oſtendimus, notum eſt interioris geometriæ 

peritis, præcipua etiam totius reliquz matheſeos arcana in- 
ibi deliteſcere. Nos proprietatum aliquas hic delibabimus, 
& quidem delibabimus tantùm, nullius niſi primariæ illius, 
quæ propoſito noſtro inſervit, demonſtrationem accuratiorem 
allaturi, cum cæteræ vel ex hag oſtendi poſſint, vel ex ipſa 


tabellæ 


py 2 


Lowes i os 2. — 


Pos ny — YAY 
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tabellz conſtructione & numerorum figuratorum geneſi ſatis 
pateſcant. | e 


Mirifice Proprietates Tabulæ Combinationum : 


1. Columnarum verticalium ſecunda incipit ab una cyphrà, 


tertia à cyphris duabus, quarta à tribus : & generalitèr co- 
lumna c a cyphris c — 1. | 


2. Columnarum verticalium termini primi ſignificativi à 
ſiniſtra dextrorſùum oblique deſcendendo ordine ſumpti red- 
dunt ipſos terminos prime columnæ verticalis, ſecundi ſe- 
cundæ, tertii tertiæ, & ita deinceps : puta, primi conſtituunt 
ſeriem monadum, ſecundi lateralium, tertii trigonalium, &c. 


3. Secundus ab unitate terminus columnæ verticalis cujuſ- 
libet æquatur ipſius columnæ numero. 


4. Terminus quivis tabellæ æquatur ſummæ omnium ſu- 
periorum præcedentis columnæ verticalis. 


5. Quilibet terminus æquatur duobus aliis immediate ſu- 


pra fe poſitis, quorum unus eſt in eadem verticali columna, 
alter in precedente. 


6. Columnæ cujuſvis tranſverſe termini ab unitate ali- 
quouſque creſcunt, deinde per eoſdem gradus rursùm decreſ- 
cunt. Idem intellige de ſummis columnarum verticalium 
æque- altarum, ceu terminis ſequentis columnæ tranſverſz 

per quartam proprietatem. 

7. Columnarum verticalium zque-altarum baſes, five ter- 
mini columnæ tranſverſe cujuſlibet, primus quidem & ul- 
timus ſignificativus perpetuò inter ſe æquantur, ut et ſecun- 


dus & penultimus, tertius & antepenultimus, atque ita porrò, 
ſi columna pluribus terminis ſignificativis conſtet. 


8. Quin & ſumptis ab initio columnis verticalibus quotcun- 
1 que cum totidem tranſverſis, collectiſque in unam ſummam 
- qui in eadem verticali ſibi reſpondent terminis, erit ſumma 
- prima æqualis penultimæ, ſecunda antepenultime, tertia 


_— 


0 proantepenultimæ, & fic deinceps.  FExhibent enim hæ 
s ſummæ ipſos columne tranſverſe ſequentis terminos, primo 
n excepto. Confer proprietates 4 & 7. Exempli gratia: 


Quin- 


20 EX JACOBI BERNOULLII LIBRO 


Quinque prime columnæ tum verticales tum tranſverſz 
ſunt : | 

1. o. o. © . Ws . 

C 

for 7 e. 0. 


* 7 0 . o. 
8 


— 


5. 10. 10. f. 1. Termini ſextæ columnæ tranſverſe, 
primo excepto. | 


9. Columne tranſverfz ordine exhiberit coëfficientes om- 
nium poteſtatum a radice aliqua binomn genitarum; nempe 
ſecunda coëſficientes radicis 1. 1. tertia quadrati 1. 2. 1. 
quarta cubi 1. 3. 3. 1. quinta biquadrati 1. 4. 6. 4. 1. & ſic 
porrò. 

10. Summe ſerierum tranſverſarum progrediuntur in conti- 
nua ratione dupHh : ſummarum vero ſummæ ab initio colledtæ 
terminos conſtituunt progreſſionis duplæ unitate multatos; puta 


1 5 
141 ä 
I+2+1 — 4 
1+3+3+1 = 8 
I+4+6+4+1 = 16 
] = 3 = 2 — /£ 
1+2 = 3 = 4— 1qI 
I+2+4. = 757 = 8— 1 
117217418 = 15 = 16 — I 
I+2+4+8+16 = 31 = 32 — 1 


flu ex tis. quæ in præcedente capite de Combinationibus 
ſimpliciter ſpectatis dicta ſunt. 9 N 
11. Termini ſeriei verticalis cujuſlibet ordine diviſi per 
terminos collaterales ſeriei præcedentis (initio vel ab unitate 
vel a ſuis reſpectivè cyphris facto) exhibent quotos arithme- 
ticè proportionales, quorum communis differentia eſt fractio, 
oujus numerator eſt unitas, & denominator ipſe numerus, five 
ſecundus 


0 


r 
e 
y 
e 
8 
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ſecundus ab unitate terminus Cortes dividentis. Exempli 
gratia ; 


Diviſ.) divid. ( 2 Dy Divi ) Avid * 
i, 10: 1) "0 OE: 
1 741 1 
3). 6 (4:2 3) 2 (2:2 
4) 10 (5:2 * 4) 6 (3:2 
5) 15 (622 | 5) 10 (442 

Divi ) divid. (quot. | Divi.) divid. (quot. 

3 4 1 (8 58 1) o (0:3 
% A G3 en ieee 
6 6) 4 (2:3 
10) 20 (62 3 40) 10 (3:3 
15) 35 (7:3 15) 20 (4:3 


Non difficulter bac eren ſi opus foret, deduci poſſet 


ex ſequente. 


12. Summa terminorum quotcunque ſeriei verticalis cu- 
juſlibet a ſuis reſpectivè cyphris incipientis ad ſummam ter- 


minorum totidem ultimo æqualium eam babet rationem, 


quam habet unitas ad illius ſeriei numerum; hoc eſt, aggre- 
gatum numerorum quotcunque lateralium ab unk cyphra ſe- 
riem auſpicantium eſt ad aggregatum numerorum totidem 
maximo eorum, ſeu ultimo, equalium, ut 1 ad 2; trigona- 
lium à cyphris duabus, ut 1 ad 3; pyramidalium  tribus, ut 
1 ad 4; &c. Idem quoque valet de ratione, quam habet 
ſumma terminorum ſeriei cujuſlibet ab unitate incipientis ad 
ſummam totidem maximum ſequenti - termino æqualium. 
Exempli gratia : 


ts e 
o 3 33 8 0: 1 15 
EI „ 119 1 3 15 
3.3 4 5 6 6 | 


10 15 


9 10 


22 EX JACORPI BERNOULLII LIBRO 


O-IO | 
o 10 3 
o 10 14 $56 
1 10 10 56 gc. 
4 10 20 56 | 7 
10 10 33 50 ui 

, 15. 60:: 1. 4 | 70. TAY 


Cam inter affectiones numerorum figuratorum hc præcipua 
fit, eademque ſcopo noſtro primario inſerviat, viſum hic eſt 
exponere methodum, qui talem proprietatis &roduZw exhi- 
beo, que ſimòꝭl & ſcientifica fit, & propoſitum univerſali- 
ter concludat. Quem in finem ſequentia præſtruo lemmata: 


— —— 


LEMMA PRIMUM. 


Summa terminorum quotlibet prime ſeriei ad ſummam 
totidem terminorum ultimo æqualium rationem habet æqua- 
litatis, ſive ut 1 ad 1. | He | 


— OTE EI Pnnnns — 


DE MoONSTRATIO. 


Cam enim ſeries meris conſtet unitatibus, erit ſumma 
terminorum quotlibet, ſumma tot unitatum, hoc eſt, tot 
terminorum ultimo æqualium, quot ſunt termini. 


Qs E. b. 
— | 


LEMMa SzcunDum. | 
In qualibet ſerie à ſuis reſpectivè cyphris incipiente, fi 
quota eſt ipſa inter ſeries, tot ab initio ſumantur termini, 


erit ſumma terminorum omnium ad ſummam totidem ultimo 
æqualium, ut 1 ad ſeriei numerum. 


— — 


DE MONSTRATIO. 
Numerus enim cyphrarum quamcunque ſeriem auſpican- 
tium unitate minor eſt ſeriei numero, per proprietatem pri- 
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mam. His igitdr fi accedat ſequens terminus, numerus ter- 
minorum ſeriei numero æquabitur. Sed terminus, qui 
proximè cy phras ſequitur, cl unitas, per proprietatem ſe- 
cundam. Unde terminorum aggregatum æquatur unitati, & 
aggregatum totidem ultimo æqualium æquatur ipſi ſeriei nu- 
mero. Quare conſtat me 


Lemma TERTIUu. eee 
In quãcunque numerorum ſerie, fi ſumma terminorum ab 
_ initio ſumptorum ad ſummam totidem ultimo æqualium 
perpetuò eandem habeat rationem, quotcunque accipiantur 
termini, putà ut 1 ad R, ita ut ſumma terminorum æquetur 
ſummæ totidem ultimo æqualium diviſæ per R; erit nume- 


rus terminorum aſſumptorum ablato R ad eundem nume- 


rum unitate mulQatum, v ut ſumptorum e 15 ulli 
mum. W 93 . 


| DEMONSTRATIO. 

Sumpti ſint ab initio termini quotlibet 3 D. quorum 
numerus ſit N, penultimus C, & ultimus Eſt utique 
AT BTC = & 4+ B4-'C + Dm D, hoc eſt, (per hypo- 
theſin) 8 — —L eſt = 2 — D, & proinde, æque · multi- 


plicando, C in eg erit=D in N D in R = Din 
| N — R, ade6que N -R: N- :: C: D. d. E. D. 


* 


— —  — YT r=—_=—_—_ _ | | 


Laune QUARTUM. 


In tabula numerorum figuratorum ſi duæ fint columnæ 
verticales contiguæ, in quarum priore quotlibet ab initio 
termini ad totidem ultimo eorum æquales habeant conſtan- 
tem rationem, ut 1 ad r; habeant vero. in poſteriore termini 
aliquot ab initio ſumpri ad totidem ſumptorum ultimo æqua 
les rationem ut 1 ad 7 + 1 : habebit quoque, addito ſequent: 


termino, 
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termino, ſumma omnium terminorum una cum adjecto ad 
tot terminos adjecto æquales, quot ſunt cum adjecto termini, 
rationem ut 1 ad r + 1. a | 


„ 
AE * 1 ˙ Dt. Bt. tn Di. th MMSE 


- DEMONSTRATIO, 


Sumpti ſint in poſteriore columnã termini-E.F.G.H, quos 
proxime ſequatur I; atque ſumantur in columna immediate 
præcedente termini totidem A. B. C. D.; ſumptorum verd 
utrinque numerus fit n. Erit r H = (ex numerorum figu- 


ratorum geneſi per proprietatem quartam) r in A + B C 
= (per hypotheſin) »y— 1 in C = (per lemma tertium) 


1—7 in D; quare a - r: H::r:D:: (per bypothefin, 
n: ABT CT D:: (ex numeratorum figuratorum ge- 
neſi per proprietatem quartam) x. I. Unde 1 in II 


H = (per hypotheſin) 1 + i in E + I + G + H; adeo- 
quen—r:r+1::E+F+G+H :1, &, componendo, 


»x+1:r+1::E+F+G+H+1:1, hoc et, E ＋ F 


+G+H+1l:«+1imn1l::1:r+1%. , . D. 
| .Cum 


* He demonſtrgtio præ nimii brevitate mihi videtur eſſe obſcura. Po- 
teſt vero explicari- et, ut opinor, ſatis. perſpicua reddi, modo ſequente. 

Sumpti fint in poſteriore columna termini E, F. G. H.; quos proximè ſe- 
quatur I; atque ſumantur in column immediate præcedente termini toti- 
dem A. B. C D: ſumptorum vero utriuque numerus fit ». Et fit ſumma 
quotlibet terminorum A. B. C. D. ad totidem ultimo eorum æquales in ratione 
1 ad r; et ft ſumma terminorum E. F. G. H. ad 2 terminos ipſi H, eorum 
ultimo, zquales, hoc eſt, ad quantitatem à x H, in ratione 1 ad r ＋ 1. Di- 


co, quod ſumma omnium terminorum E. F. G. H. I erit ad a +-1; terminos. : 


. 


ipſi I zquales, hoc eſt, ad = +] x I, ut1ad 1. 


* I. " 


 DrmonsTRATIoO. 


Ex numerorum figuratorum geneſi, per proprietatem quartam ſuprà me- 
moratam, erit 1 x H æqualis r x AFB +C, ideöque (per hypotheſin) 
qualis 2 — . x C, atque idcired (per lemma tertium) æqualis 2 - x D. 
Ent igitur ar ad H ut ad D. Sed (per hypotheſin) ABT, CTD 
eſt ad u X Deut 1 aden; et proinde (permutando) A BCD erit 
ad ut 4 D ad y, et (invertendo) 1 erit ad A+B+C+D ut rad = 2 


il 


2 Tay gy? 
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Cum olim horum Fratri * copiam feciſſem, animadvertit 
ile poſſe demonſtrationem elegantèr abbreviari, poſtremis 
tribus lemmatibus in unum conflatis, hoc modo: 


: AE * 

— — — — (y— 

"+ we : « 
Sachin 8 


In tabull numerorum figuratorum fi ſumma. termĩinorum 
ab initio ſeriei verticalis cujuſvis ad ſummam totidem maxi- 
mo æqualium ubique rationem habeat ut 1 ad 1, habebit 
ſumma terminorum ſeriei proxime ſequentis ad ſummam to- 
tidem maximo . rationem ut 1 ad 7 * Le. 


" : we 4 4 1 Nest 4 1 4 ö — — by by 
— n — — 
—— * 


-DEMONSTRATIO. 
Sint ſeries ſequentes a. ö. c. d. &c. & o. g. b. i. &c. nume- 
ſa -- 0] rus terminorum prioris fit 2, poſterioris 
b--g n+1. Eſtprimog+p+/+#i+b+g 
e-- bl. + o = (ex hypotheſi & geneſi numero- 


n4d-- i5n +1. rum figuratorum per proprietatem quar- 


e  pR 
F 7 5 2 =" ay 7 nfietd+c+5+a 


r "= r 


Eft autem n * I, ſeu 1, ad 1, ut nx reſt ad 7. > ex æquo, 7: X x bs 
ſeu u, erit ad A+B+C+DutnxXr ad = 1 hoc ut r ad D. 
igitür a —rad H ut a ad AT BTC TD. 


Sed (ex numerorum figuratorum geneſt per proprictatem uartam ſu 
memoratam) terminus I eſt æqualis ; — B + C+D. ke pra 


Erit igitur z—r ad H ut ad I, et proinde aF x I erit n x H. 


Sed, per hypotheſin, E+F+G+H eſt ad 2 x Hut t ad r +1 
atque ideò ETFT CAE r + 1] eſt =qualis * & H x I, ſeu n x H. 


Erit igitdr K I = E+FIG+FHIx 7 FT; atque ided erit 27 
ad r +1 ut E+F+G+H ad I, et proinde 1 erit „ —r + r 
+1, ſa »+ 1, adr +1 ut ETF TGT HAITI ad I, et (permutando) 
„ ＋ I ad E+F+G+H+Lutr+1 ad I, et (invertendo) E+F+G+ - 

+I ad a1 1 ut Lad rÞ 1, et (multi licando conſequentes per I) E+ 
F+C+H+I EA Lu 1d? +1] x I, hoc eſt, ut 1 ad 74. 1. 

. 5. 
E : . a * 


— * 
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— 5 2. = geneſi numerorum figuratorum) 


kl. Ergo rq+r.p+/+i+b+4g = -—— 


r 
—f —h—g; fa&taque tranſlatione convenienti, 7 + 1 X 
2+1+i+b+g = 17 — 19. Dividatur utrinque per r+1, 
erit PI 22 t ; additoque 7 habebitur q9+P+ 


14 i+b+g = —— 721 + 72 . hos eſt, Ti 


+p+9 erit nn +1 x q ut 1 ad ＋ 1. & E D. 
Sequitur nunc Prepeſitio principalis, quæ talis eſt. 


ProeosITIO PRINCIPALIS. 


In tabula numerorum figuratorum ſumma terminorum 
quotlibet a ſuis reſpective cyphris incipientium ad ſummam 
totidem ultimo æqualium: Item ſumma terminorum quotvis. 
incipientium ab unitate ad ſummam totidem ultimum ſe- 
quenti æqualium: in ſerie prima, ſeu monadum, eſt ut 1 
ad 1; in ſerie ſecundi, ſeu lateralium, ut 1 ad 2; in tertia, 
ſeu trigonalium, ut 1 ad 3; in quarta, ſeu pyramidalium, 
ut 1 ad 4, & generaliter in {eric ER Fi aaa ut 1 ad illus 
ſeriei numerum. 


— — — R. 
pF 9 ä 


DzMoNSTRATIO PRIMÆ Parts nvjVSCE 
PRoPosITIONIS, 


De prima ſerie conſtat ex primo lemmate: de ſecundi, | 


tertia, quarta, &c. e reliquis. Nam, quia ſumma termino- 
rum quotlibet ad ſummam totidem ultimo æqualium in pri- 
ma ſerie eſt ut 1 ad 1, erit, vi horum lemmatum, in ſecunda 
ut 1 ad 1+1 = 2; &, „ quia in ſecundà eſt ut 1 ad 2, erit 
in tertià ut 1 ad 2+1 = 3; & proptereà etiàm in quartà ut 


I ad 341 = 4; in quintà ut 1 ad 4+1 = 53 & genera- 


n in * cut 1 ad c. d. k. 9. bon 
a 1 Druon- 
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Dane 4710 SECUNDE® Panrts auhoser 
Pnorosirioxis. 


Quia rationem 1 ad r+ 1 memoratam in ultimo lemmate 
bic interpretamur per rationem 1 ad c, erit "= e 1 = 
(per proprietatem primam 1) numero cyphrarum, a quibus 
columna c incipit. Quare, cum in dicto lemmate repertum 


fi g+b+i+0l+p = === — | nh , ſequitur quod. g+b 


+i+/4+p (ſumma terminorum quorum numerus eſt u) ſe 
habet ad g in #—7 (numerum terminorum minds numero 
eyphrarum) ficut 1 ad c; hoc eſt, ſumma terminorum quot- 


libet- ab unitate incipientium ad totidem terminos ſequenti | 
ultimum æquales, ut 1 ad c*. & k. D. | 1 


88 


* 


— — —— / 


ConsecTarIuM. 


Ex hac oſtensd proprietate facile nunc eſt invenire tum. 
terminum optatum, tim ſummam terminorum ſeriei cijuſ- 
libet. Sumpti intelligantur termini æque- multi ex pluribus 
continuè columnis, & ſit numerus ſumptorum ab initio cu- 
Juſque columnæ n, ade6que numerus terminorum ab unitate 
(excluſis cyphris initialibus) in ſecunda columna #—1, in 
terti4 #n—2, in quart 23, atque ita deinceps, per primam 
proprietatem : quo poſito, quæſitum ita colligo. Summa 
dn den z primæ columnæ, nempe, 1 unitates, ſeu 


75 æquatur termino »+11.no, hoc eſt, termino ſequenti 


. ſecundæ columns; per quartam proprietatem, ex 
tabulæ geneſi. Quarè termini hujus in — 1 (numerum 
as ab unitate ſecundæ columnæ) ducti ſubduplum, | 3 


ſeu , per duodecimam proprietatem æquale eſt aggre- 


} gato 3 ſecundæ columnæ, & fimul- (per quartam 
proprietatem) ipſi termino ſequenti ultimum tertiæ columnæ. 


5 + Vide ſuper hac materia opera ipſius Johannis Bernoulli, edita Lau- 
ſannz anno Domini 1742, Tomum tertium, paginam 521, in 47ma Lec- 
your de dert. f Integralium. 


« N 10 E 2 Unde s 
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Unde ſimiliter hujus termini in # — 2 (numerum fermino- 
rum ab unitate tertiz columnæ) ducti ſubtriplum, nempe 


872 — » #quatur (per duodecimam proprietatem) ag- 
gregato terminorum tertiæ columnæ, infimulque (per quar- 
tam proprietatem) ipſi termino ſequenti ultimum quartz, 
 Quocirca & hujus termini in # — 3 (numerum terminorum 


ab unitate quartz columne) ducti ſubquadruplum, puta | 


—— = . exhibet ſummam terminorum quartæ co- 
| Rimn#, unãque terminum qui ſequitur ultimum quintæ; 
& rursùs iſtius termini in # 4 ducti ſubquintuplum 


— — 
K. 4 — 1. 1 — 2. 2—3.4—4 


nempe, — —, producit ſummam terminorum 


„ B o 83% | 
columnæ quintæ, & fimvl-terminum qui excipit ultimum 
ſextæ; atque ita conſequentèr. E quibus igitar infertur, 


quod ſumma terminorum primæ columne fit = ſecundz 


1. 21 . 1. 1 —JoU—2 1. 12. 1 — 43 


122234 p 


Ben —14—2. —3. 2—4 N 
r wen et & generaliter columnæ c, 


3. 2 — I. 2— 2. 2— 3. 2-4. Cc ' » 

1-2. 3 Ii =” —. b Et, n quzlibet harum 
quantitatum etiam exprimit terminum 24 1 ſequentis co- 
lumnæ, ſequitur quòd ipſe illius terminus optatus, ſeu ul- 
timus, # habeatur mutato ſolummodò ubique = in —1; 
adeõque quod terminus optatus, ſecundæ columnæ fit 


MH. 1 — 2 a], 2228.63 
Ong Pre Ll a 


— — — —— 


* 1 2 


5 n — Il. — 2. 2 — 3. 2 — 3 . 
QUINER —— ; = 7 7, &, generaliter, columnæ c, 
521. 2. — 3. 1-4. 4741 


6 3 0 44 —1 e 


ScnoLiuM, 


„ quartz = quintz 
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 SCHOLIUM,. MI n 
Multi, ut hoc in tranſitu notemus, numerorum fligurato- 
rum contemplationibus yacarunt (quos inter Faulhaberus & 
Remmelini Ulmenſes, Walliſius, Mercator in Logarithmo- 
technia, Preſtetus, aliique) ; ſed qui proprietatis hujus de- 
monſtrationem univerſalem dederit & ſcientificam, novi 
neminem. Walliſius in Arithmetica Infinitorum fundamen- 
tum ſuæ methodi jacturus, rationes quas habent ſeries quad - 
ratorum, cuborum, aliarumque poteſtatum, numerorum na- 
turalium ad ſeriem totidem maximo æqualium, inductione 


inveſtigat; indẽque in propoſitione 176, ad contemplatio- 


nem numerorum trigonalium, pyramidalium, reliquorumque 
figuratorum tranſit. Sed fatius fuiſſet fortẽque nature tei 


convenientius, fi vice versa tractationem numeroram figura- 


torum, ekmque univerſali & accuratà demonſtratione mu- 
nitam, præmiſiſſet, ac tum demòùm ad poteſtarum ſummas 
inveſtigandas perrexiſſet. Præterquam enim quòd modus 
demonſtrandi per inductionem param ſcientificus eſt, inſu- 
perque pro qualibet ſerie peculiarem operam depoſcit; illa 
utique omnium judicio præcedere debent, que cæteris na. 
turà ſunt priora & ſimpliciora, quales videntur eſſe numeri 
figurati præ poteſtatibus, tùm quòd illi additione, ha mul- 
tiplicatioge generantur, tum, & præcipuè, quod ſeries figu- 
ratorum à ſuis reſpectivè cyphris incipientes ad ſeries æqua- 
lium rationem habent exactè ſubmultiplicem, qualem non 
habere poſſunt ſeries poteſtatum (ſaltèm in terminis numero 
finitis) abſque aliquo exceſſu vel defectu, quicupque cyph- 
rarum numerus ipſis præfigatur. De cætero namque ex 
cognitis figuratorum  fummis nihilo difficilits iaveſtigary 


poterunt poteſtatum ſumme, atque ex his priores collegit 


auctor; quod quomodo fiat, paucis oſtendam. 


Inveſtigatia 
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Inoeftigatio Summarum que proveniunt ex additione quadratorum, 
cuborum, quadrato-quadratorum, et ſequentium-poteſtatum nu- 
merorum naturalium 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, Ke. 
ex numerorum figuratorum Summis- derivata, : 4 


1 # 
— — 


Proponatur ſeries numerorum naturalium ab unitate f. 2. 
3: 4. 5- &c. uſque ad x, & quærantur omnium ipſorum, 


item omnium quadratorum, cuborum, Et ſequentium poteſ- 


tatum ex i ipſis, ſummæ. Quoniam in tabula combinatio- 


num terminus ſecundæ columnæ indefinite eſt » — 1, & 


ſumma omnium terminorum, hoc eſt, ſumma omnium » 
—1, ſeu / -i, per conſectarium præcedens inventa, eſt 


*. 2 - 1 


== , erit /. ſu— i, five ii, = ===, & proinde / 


2 


= —— 4ſt; ſed ft ee. omnium oe eſt 10 quarè 


ana omnium x, ſeu ſy, 


Porrd cum benim, tertiæ ian indefinied acceptus 


per idem conſectarium 122 - nn—3n+2 
| 18 ere ee, 


omnium terminorum (hoc eſt), omnium iy 


& ſumma 


3 ge 


, un — — — 
Dee ert / == five J m —/4 
13 — 21x + 21 


#+/1 =, & / Beke + 7 n—/1; 
fed ſin=+ſu = (per modo oſtenſa) : 3 un ws 2 u, & fi = 
1: unde his ſubſtitutis fit Tr nn = CES 4. Ny. — 


1 g TA un ＋ e R, ejuſque auge n (ſumma qua- 
dratorum ex omnibus 2) * — 2 n n. 


i 


Rursds, 


e 
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| Rursds, quia terminus n quartæ columnæ eſt . 


14 
2 6 ＋112—6 n . | . 
3 "2 & 1 omnium terminorum 


— — * * 3. " S * p 


Seiles hoc eſt A e + hy . 


edges, 0 E 1 
1 n+ fi. Et quoniam per modò inventa m = 2 
2 un Tu; nec non / n five 7 ſn = 44 n + 1 , & 
ſi = n; hinc, facta horum ſubſtitutione, on Se +1 = 
IT +3 BP +amban—m—3 ++ 
1 r 14+, i + r n, ejaſque proin ſextuplum u 
(ſumma cuborum) = + nf + + #* + m. Atque fic porrò 
ad altiores gradatim poteltares pergere, GE negotio ſee 
quentem adornare * licet: 4 


2 4 
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cum, Potstatim. a 
TITLES ES LS 
8 829 = . 9 © K «UT wu 
WAN niunng 
. J= 2 2 ER | 
ELEEEEETEY 
_ + rope ob pie 
ETHEQTEETYD | 
+ ++++ +++ 
a „ Bf 
2 7 2 7 ry 


+ * fff = 4, ett + 
2 + * 1 — ® 
1 
| * 
4 1 2 Mn 


wo 


* 4 
UNE — * 4 


1% þ # f — „ M1 T % % —+* „% Tr 


A . * _ ) | . 2 Y 
, Quin imo qui legem progreſſionis terminorum in hoc la- 
terculo deſcriptorum atientids inſpexerit, eundem etiàm 
continuare poterit abſque his ratiociniorum ambagibus, 


Sumpſa enim c pro poteſtatis cujuſlibet exponente, fit ſum- 


ma 


A mw „ 1 — — — — 


8 — =: 


PE Re oO wr = ©* 


TTT Eo Ids. ES af eons 
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ma omnium 1e, ſeu ſue, = 2 41 pil 


, Fenn 
" ** - 

. ö : #3 

— — — . «V — — 


—äů— — 5 | "1! — = — * 2 2 
.C 1 . 0 —1 ö INT , we SY W £ [ * 12 4 n= «Cm; 2 — * 8 
8 AE 4 B Hf DDD OATS, 


2.3.4 2. 3. 4.5 . 6 
—— pitt Og, 
+ 23.4.5. 6.7.8 9 f | na 


ceps, exponentem poteſtatis ipfius # cqntinus minuendo 


binario, quouſque perveniatur ad n vel an. Liter capitales 
A, B, C, D, &c. ordine denotant coefficientes ultimorum 
terminorum pro fan, ſus, ſne, fr, & c. nempe A 2, B = 
— 2, C= 7, DE e. Sunt autem hi coefficientes 
ita comparati, ut ſinguli cum cæteris ſui ordinis coëfficienti- 
bus complere debeant unitatem; fic D valere diximus = £4 
quia 4 +3 T4 — . 1 (+D)— =. Hujus 
laterculi beneficio intrꝭ ſemi-· quadrantem boræ reperi, quòd 
poteſtates decime, five quadrato · ſurſolidæ, mille primorum 
numerorum ab unitate in ſummam coljeQa efficiunt 


F 


E quibus apparet, quàm inutilis cenſenda ſit opera Iſ- 
maelis Bullialdi, quam conſcribende tam ſpiſſo volumini 
Arithmeticæ ſuæ Infinitorum impendit, ubi nihil præſtitit 
aliud, quàm ut primarum tantum ſex poteſtatum ſummas 


(partem ejus quod unica nos confecuti ſumus pagina) im- 


menſo labore demonſtratas exhiberet. 


De ſeriebus ſerierum figuratarum analogis. 


Antequam caput hoc finiamus, paucis adhuc indicare lu- 
bet quomodo, ſuppoſitis 1is quæ de ſeriebus figuratis oſtenſa 
ſunt, poſſint quevis etiàm aliæ ſeries figuratarum analoge 
(que, ſcilicet, differentias ſuas primas, ſecundas, tertias, &c. 
æquales habent, ade6que ex continua additione terminorum 
alicujus ſeriei æqualium generantur) ad homologas figuratas 
reduci, ac proinde ſummari, vel poſtremi ipſarum termini 
inveniri. Sit ſeries quævis æqualium D, ex cujus additione 
naſcatur ſeries C, & ex hujus additione ſeries B, & ex hujus 


tandem collectione ſeries ä ad arbitrium primis ſe- 


rierum 


: 
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rierum terminis 4, c, 5, a. Vocabitur ſeries A figuratarum 
analoga, cujus differentie prime conſtituunt ſeriem B, ſe- 


cundæ ſeriem C, tertiæ ſeriem D, &c. Et quoniam appa- 


3 
4 C $36 5 a ; I we > 
d\c+ dl b+ 6 | a+ b I 
41 c+24| b+2c+ d\| a+2b+ e | 
4]c+34]b+3c+ 34] a+3b+ 3% 4 
.d | c+4d4 | b+4c+ 6d | a+4b+ 6c+ 
— — 484 2 Ire 


ret, n A componi ex ſeriebus unitatum 1, 1, 1. 1, Ke. 
lateralium 1, 2, 3, 4, &c. trigonalium 1, 3, 6, 10, &c. pyra- 
midalium 1, 4, 10, 20, &c. in primos differentiarum termi- 
nos a, b, c, d, ſeorsim ductis, quarumque omnium poſtre- 
mi termini & ſummæ per ante dicta habentur, ipſius quoque 
hinc ſeriei A poſtremum terminum & ſummam termino- 
rum obtineri poſſe conſtat; nimirùm, ſi numerus terminorum 


vocetur n, erit ultimus terminus ſeriei A = @ + # — 1. 


141 21.4 — — 2, 2 — 2 
3 + === + 4, & ſumma omnium ter- 


23 
orum = one 5 e 3 + n. 1 — 1. 1—2. — 4 
win & 234 
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1 Switzerland, in the Year 1713. 
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THE PROCEMIUM, ox PREFACE, TO THE SECOND PART OF THE SAID 
| | TREATISE - | | 


PDE ARTE CONJECTANDI. 


T is eaſy to perceive that the prodigious variety which 
appears both in the works of nature and in the actions of 
men, and which conſtitutes the greateſt part of the beauty of 
the univerſe, is owing to the multitude of different ways in 
which its ſeveral parts are mixed with, or placed near, each 
other. But, becauſe the number of cauſes that concur in pro- 
ducing a given event, or effect, is oftentimes ſo immenſely 
great, and the cauſes themſelves are ſo different one from an- 
other, that it is extremely difficult to reckon up all the different 


ways in which they may be TRI or combined together, 
n / | Pp ar. er 
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it often happens that. men, even of the. beſt underſtandings 
and greateſt circumſpection, are guilty of that fault in rea- 
ſoning which the writers on Jogick call the inſufficient, or imper- 
fedt enumeration of parts, or caſes : inſomuch that I will venture 
to aſſert, that this is the chief, and almoſt the only, ſource of 
the vaſt number of erroneous opinions, and thoſe too very 
often in matters of great importance, which we are apt to 
form on all the ſubjects we reflect upon, whether they relate 
to the knowledge of nature, or the merits and motives of 
human actions. It muſt therefore be acknowledged, that 
that art which affords a cure to this weakneſs, or defect, of 
our underſtandings, and reaches us fo to enumerate all the 
poſſible ways in which a given number of things may be 
mixed and combined together, that we may be certain that 
we have not omitted any one arrangement of them that can 
lead to the object of dur inquiry, deſerves to be confidered 
as moſt eminently uſeful and worthy of our higheſt eſteem 
and attention. And this is the buſineſs of the art, or dofrine 
of combinations. ee 
Nor is this aft or doctrine to be conſidered merely as a 
branch of the mathematical ſciences. For it has a relation 
to almoſt every ſpecies of uſeful knowledge that the mind 
of man can be employed upon. It proceeds indeed upon 
mathematical principles in calculating the number of the 
combinations of the things propoſed: but by the concluſions 
that are obtained by it, the ſagacity of the natural philoſo- 
pher, the exactneſs of the hiſtorian, the {kill and judgment 
of the phyſician, and the prudence and foreſight of the po- 


litician, may be aſſiſted ; becauſe the buſineſs of all theſe im- 


3 profeſſions is but to form reaſonable cunjectures concern- 
Ing the ſeveral ohjects which engage their attention, and all 
wife conjectures are the reſults of a juſt and careful exami- 
nation of the ſeveral different effects that may poſſibly ariſe 
from the cauſes that are capable of producing them. And, 
1 preſume, it was from a ſenſe of the great and general uti- 
lity of this doctrine that ſeveral very eminent mathematicians 
have undertaken to treat of it in their public writings'; and 
Particularly Mr. Van Schooten (the learned commentator 
on Des Cartes's geometry), Mr, Leibnitz, Dr. Wallis, and 

Monſieur 
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Monſieur Preſtet: ſo that the reader is not to conſider every 


thing he will meet with in this treatiſe as entirely new and of 
my invention. I have, however, made ſome improvements 
on the ſubject, and thoſe too of confiderable importance, 
which I may juſtly call my own: and particularly I have 
diſcovered a general and eaſy demonſtration of the princi- 
pal and moſt remarkable property of the figurate numbers, 
to wit, © that of the proportion between the ſum of any 
number of terms of. a ſeries of figurate numbers of any or- 
der whatſoever to the ſum of the ſame number of terms all 
equal to the laſt term of the ſeries ;” upon which property 


many. of the mo propoſitions in this book are founded: 


for of this property 1 believe no other writer has ever before 
given a demonſtration. | 

Indeed, none of the tracts hitherto publiſhed on this ſub- 
jet, can be ſaid to contain a full and ſatisfactory account 
of it. And therefore I have thought it would be agreeable 
to my readers-to ſee it here treated in a regular manner, 
from the firſt and moſt ſimple principles on which it is 
founded, to the higher and more extenſive propoſitions 


which have been built upon them, without being under the 


neceflity of referring to other books upon the ſubject. But 

though, for theſe reaſons, I have laid down the very firſt 
elements of the doctrine, and have endeavoured to demon- 
ſtrate every thing as I went on, to the end that the chain of 


— might be uniform and compleat, I have done it in 


as conciſe a manner as I could, and only as far as was ne- 
ceſſary to prepare the way to the ſubſequent and more im- 
portant parts of the book. The greater part of the treatiſe 
conſiſts of two principal heads, of which the firſt contains 
the doctrine of permutations, and the ſecond contains the 
doctrine of combinations ; which is followed by a third branch, 
«hich ſprings out of the two former, and treats of permuta- 


SS 2 


tions and combinations joined together. 


HAP. 
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CHAPTER L 
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CONCERNING PERMUTATIONS. 
ARTICLE 1. D che permutations of a number of things, 

| B I mean the ſeveral variations that may be 
made in their relative ſituations, or poſitions, or in the order 
in which they may be made to follow each other, while their 
number continues the ſame. So that, when it is propoſed 
to find in how many different ways a given number of 
things may be ranged, or diſpoſed, without omitting any of 
them, this is ſaid to be requiring the number of their permu- 


tations. 


2. The things of which we are required to diſcover the 
number of permutations, may be either all diſtinguiſhed 
from each other by ſome plain mark, ſuch as a difference of 
ſhape or colour, as cubes from ſpheres, or black balls from 
white balls; or. they may be exactly like each other, ſo as 
to be liable to be miſtaken one for another, as two ſpherical 
black balls of exactly the ſame ſize and weight. In the 


former caſe it will be proper to denote the ſeveral things by 


as many different letters of the alphabet; and in the latter 
caſe it will be' convenient to denote ſo many of the thing: 
as are exactly like each other, by the ſame letter of the 4. 
phabet, repeated as often as any of the ſaid things which 
are like each other ſhall occur, as will be ſeen in the courſe 
of the following pages. We will firſt conſider the former of 
theſe caſes, or that in which all the things are diſtinguiſhed 
from each other. e ee e ee 
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The firſt Caſe of  Permutations, in which all the things whoſe 
| permutations are required to be aſſigned, are diſtinguiſhed from 
each other. | Ne 5 


3. As it is obvious that the number of changes of po- 
ſition that may happen in a great number of things cannot be 
determined without firſt knowing the number of the like 
changes of poſition that may happen in all leſſer numbers of 
them, it is manifeſtly neceſſary, in treating of this ſubject, 
to proceed in the ſynthetick method, and begin our reaſon- 
ings from the firſt and moſt ſimple caſes: which may bs 
done as follows. + | | 
4. If there is only one thing to be arranged, which is 
denoted by the letter a, it can be taken, or ranged, only in 
one manner... | RO 


5. If there are two things clearly diſtinguiſhed from 
each other, which are denoted by the letters @ and 6, it is 


evident that we may either place à before 5, or þ before a; 


ſo that there will be two different ways of arranging them, 
to wit, as and ba; or, in other words, there will be two 
permutations of them. Q. E. 1. 7 uf ts | 


6. If there be three things diſtinguiſhed from each other, 
and denoted by the three different letters a, 5 and c, it is 
evident that either of the three letters may be placed before 
the other two. Now, if @ is placed firſt, the other tyo let- 
ters 6 and c may undergo two permutations, by what has 
been ſeen in the laſt article, and the three letters may be 
placed in theſe two poſitions, abc, and ac; and in like 
manner, if þ is placed firſt, the other two letters @ and c may 
undergo two permutations, and the three letters may be placed 


in the two following poſitions, to wit, 5c and bc; and, 


laſtly, 


3 
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laſtly, if c is placed firſt, the other two letters a and 5 may 
undergo two permutations, and the three letters may be placed 
in the two following poſitions, to wit, cab and c. There- 
fore the whole number of permutations which the order, or 
Poſition, of the three letters, a, ö, and c may undergo, is 
three times 2, or 6, to wit, abc, ach, bac, bea, cab, 
and cba. d. E. 1. | 


7. In like manner, if there are four different things 
ckarly diſtinguiſhed from each other, and denoted by the 
four different letters a, &, c, and d, it is evident that either 

of the four may be placed before the other three, and that, 
while zach of them is placed firſt, the other three may un- 
dergo 6 permutations, by what has been juſt now ſhewn in 
art. 6. Therefore the whole number of permutations which 
theſe four things, or letters, may undergo, will be four times 
0. or 24. C E. I. 


8. And, for the ſame reaſon, if there were five things 
denoted by the five different letters a, &, e, d and e, the 
number of their permutations would be five times as great as 
in the laft caſe; or would be 5 times 24, or 120. And in 
general, whatever be the number of things or letters, the 
number of permutations, or changes of. poſition, which they 
may be made to undergo, will be equal to the product that 
ariſes by multiplying che number of permutatians of the next 
ſmaller number of things by the given number af them. So 


that, if the whole number of things, or letters, be u, and 


the number of permutations in 2 — 1 things, or letters, be 
N, the number of permutations in all the u letters, will be 
equal a x N. And hence ariſes the following 
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Rule for indy oe while number of WII or rela- 


tive changes of poſition, which any given number n, of things | 
0.4 be made to undergo. == — 8 
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9. Let all ls Skiba 1, 2, J, 4, 5s 6, 7 &c, in their 
Wet order; beginmng from unity, up to the given num. 
ber u, of things, or letters, whoſe permutations are to be 
inveſtigated, be multiplied one into the other; and the pro- 
duct 1 K 2 K 3 KA X NIKON K NC.. X # will be 
the number of permutations that is required. % E. 1. 


10. It will be convenient | ſometimes to ue a full point 
[ . ] inſtead of the common mark of multiplication x ; and 


then 1 X2X 3X 4X 5-X 6 X 7 N &c. Xx 1 will be = 
I: Son 4 X = J K gy bes e no effect 
in multiplication)-= 2.3.4.5.6.7. &c.n; which 
will therefore be equal-ro the whole number of permuta- 
tions, or changes of poſition, which ꝝ things may be made 
to undergo. o. 


; : 1 
Fs 0 + — 9 
TILL _ |: 3 


11, According to this rule, the number of permutations, - 
or changes of poſition, which 7 differgnt things may be 


made to undergo, is 2. 3. 4. 5. 6. 7, or 5040. Thus, 
for example, the different changes that may be rung upon 


ſeven different bells is. 5040. The multiplications of theſe 
numbers into och other wall * in the following table; 


- * * 
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132. We may ſee by this table how very faſt the number 
of permutations increaſes, as the number of things to be 
arranged becomes greater and greater. The four letters that 
compoſe the word Rona may be arranged in 24 different 
ways; but the ſix letters that compoſe the word Romani may 
be arranged in 720 different ways; and the ſeven letters 
that compoſe the word Romanis may be arranged in no leſs 
than 5040 different ways. We are now to conſider the 
ſecond caſe of permutations, in which ſome of the things to 
be arranged are exactly like others of them, ſo as not to be 
diſtinguiſhed from them. | 29G, Abt, $6 


The Second Caſe of Permutations, in which ſome of the things, 
the permutations of which are required to be aſſigned, are like 
_ others of them, ſo as not to be diſtinguiſhed from them. 


a—_—— 
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13. If ſome of the things of which we are required to 
find the permutations, are exactly like others of them, ſo as 
not to be diſtinguiſhed from them, the number of permuta- 
tions, or changes of poſition, which they may be made to 
undergo, will be much ſmaller than in the former caſe. 
Thus, for example, if there are fix different things, where- 
of we are required to aſſign the permutations, but three of 
them are exactly like each other, ſo that it is impoſſible to 
diſtinguiſh either of them from the other two; as is the caſe 
with the fix letters a4 4 ÿ ed, in which the letter @ occurs 
three times; the number of permutations which theſe ſix 
things, or letters, can undergo, will be much leſs than the 
number of permutations they could undergo, if they were 
all diſtinguiſhable from each other, as they were ſuppoſed 
to be in the former caſe. And the way of finding out how 
much leſs the number of permutations will be in this caſe 
than in the former caſe, will be to conſider how many per- 

| 8 mutations, 


Pp 
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- mutations, or changes of poſition, the three things which 


are exactly alike, and are denoted by the ſame letter a, 
might undergo, if they were unlike each other, and diſ- 
tinguiſhable one from the other, and then to ſubſtitute an 
unit, or one ſingle poſition, in lieu of all thoſe ſeveral per- 
mutations. Thus, for example, if, inſtead of the three 
things exactly alike which are denoted by the ſame letter a, 
we were to take three things that were unlike each other, 
and denote them by the three letters a, a, and a, that is, by 
an Italick a, a Greek a, and a Roman a, it is evident from 

what has been ſhewn in art. 6, that, without making any 
change in the poſition of the other letters, 5, c, d, theſe three 


letters a, &, and a, might be placed in fix different poſi- 


tions, inſtead of the one poſition 4 4 4 in which alone the 
three things perfe&ly alike, that were denoted by the ſame. 
letter a, could be arranged. The number of permutations 
therefore in the ſix things denoted by the letters a, a, a, 6, 
c, d, will be fix times as great as that of the ſix things de- 
noted by the letters a, a, a, b, c, d, in which three of the 
things are alike, and denoted by the ſame letter 2. And 
therefore, to find the number of permutations of the ſix 
things denoted by the letters a, a, a, B, c, d, we muſt firſt 
find the whole number of permutations which they might 
undergo if they were all unlike each other, and denoted 
by the letters a, æ, a, b, c, d, and then we muſt divide the 
ſaid number by 6, or the number of permutations which 
the three things denoted by the ſame letter @ might undergo 
if they were unlike each other, and denoted by the three 
different letters a, a, and a. Now the whole number of 
permutations of ſix different things unlike each other, that 
are denoted by the letters a, a, a, 6, c, d, has been ſhewn to 
be 720. Therefore the number of permutations of ſix dif- 
ferent things, whereof three are perfectly like each other, 


in 
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and denoted by the ſame letter a, or of ſix different things 
; hg | ne berry Ric y, 21151 LE 10 Sn 
denoted by the lerer; a, 6, 5, cr will be 287 er. 140,6 
14, Again, if the fix letters whereof. we were required to 
find the permutations, were a a 44 bc, in which, beſides the 
letter a, which is repeated three times, the letter & is alſo 


The truth of this article may be made viſible to the eye in the follow- 
ing manner: FRO $97 119 5 8 Bb 5 A INTO 
Let us (to avoid a great number of | ang ma which would take up 
a great deal of room, and tend to confound the ſubje&) ſuppoſe the three 
different letters a, a, and a, to be connected only with one more letter, to 
wit, 3. Then, by art. 7, the whole number of permutations of theſe let- 
ters will be 24, to wit, 1 "IP l 205 er 


a, a, a, 6, } a, 4, 3, a, a, 5, a, c, | b, a, a, a, 

a, a, , b, a, a, 6, a, a, 6, a, a, b, a, a, a, 

a, a, a, b, 4, a, b, a, a, 3, a, a, 3, a, a, a, 

a, a, &, 3, a, a, % a, a, b, a, a, | 3, a, a, a, 

, a, a, 6, | a, a, &, a, a, 6, a, a, 3, a, a, a, 
a, a, a, 3, a, a, b, a, a, 6, a, a, 3, a, a, a. ak 


Now, let the Italick letter a, and the Greek letter a, be converted int 
the Roman letter a. And the foregoing permutations will thereby be con- 
verted into the following ones, to wit, . ü | 


a a a b, a ab a, a h a a, 3 a a a, 
a a a b, a a 3 a, a aa, Hans a, 
a a 23, a a 3 a, a 6 a a, 1 5 
à a a, a à 3 a, a 3 a a, banana, | 
r a 6 a a, à a a a, 
L a a a 6, n baaa; 


of which the firſt ſix are all exactly alike, to wit, a a ab, and therefore muſt 
be reckoned as only one poſition, or r and, in like manner, the 
next fix are alſo all alike, to wit, a a ha, and therefore muſt be reckoned as 
only one poſition, or permutation ; and the third fix are alſo all alike, to 
wit, aba a, and therefore muſt be reckoned as only one poſition, or per- 
mutation; and. laſtly, the fourth ſix are alſo all alike, to wit, Baa a, and 
therefore muſt be reckoned as only one poſition, or permutation. So that, 
by the .coincidence of fix permutations into one in each of the four ſets of 
fix permutations, the ſaid twenty-four different permutations will be reduced 
- only four, or , different permutations, to wit, a a ab, aaba, aba a, 
aaa. „ bi pogtte 1 LOR 5 
8 io it is eaſy to ſee that theilibe Ine. muſt take in the whole page 
of permutations that may happen amongſt any other given number of 
things hat e il | p ſpots 254 Ringuiſhable from each Ser: when an) 
other and leſſer number of the ſaid thingy are rendered like to, and unc 
cinguiſhable;from, each other. | 416} 9417 
ET repeated 
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repeated twice, it is evident that the number of the permu · 
tations which the ſaid letters could undergo, would be but 
half the number of the permutations of the fix letters à 44 
bcd; becauſe every two permutations of theſe letters which 
would be diſtinguiſhable from each other when the two dif. 
ferent letters & and 4 are made uſe of, will coincide, or be- 
come undiſtinguiſhable from each other, when 6 is inſerted 


inſtead of d. And therefore the number of the permutations | 


of the fix letters a 4e will be only , or 60. 


15. And in the ſame manner it may be ſhewn that, when 
ſeveral of the letters, of which we are required to aſſign the 
number of permutations, are repeated, or taken more than 
once, we muſt, for every ſuch repetition of the ſame letter, 
divide the number of permutations of the whole number of 
letters by the number of the permutations of ſo many dif- 
ferent letters as there are repetitions of the ſame letter. And 
hence ariſes the following EE 


= 
pe: MY | | F | 
\ 


Rule for diſcovering the number of permutations, or relative 
changes of poſition diſtinguiſhable from each other, which any 

| given number n, of things, whereof ſome are exattly like others, 
and cannot be diſtinguiſhed from them, may be made to un- 
dergo. 4 8 


———— — — 


16. Let che whole number of permutations, or changes 
of poſition, which the ſaid things might be made to under- 


go, if they were all unlike each other, and could be clearly 


diſtinguiſhed one from the other, be divided by the number 
of permutations, or changes of poſition, which the two, or 


more, things which are like each other, and are denoted by 


the ſame letter, might be made to undergo, if they were 
| = x unlike 
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unlike to each other, and clearly diſtinguiſhed from each 


other. And the quotient will be the number of permuta - 
tions that is required. This is upon a ſuppoſition that, 
amongſt the things that are given, and of which we are re- 
uired to find the number of permutations, there is only one 
et of things that are exactly like each other, and therefore 
denoted by the ſame letter mn. 
But, if, amongſt the things of which we are required to 
find the number of permutations, there ſhould be two, or 
more, ſets of things that are exactly like each other, and 
therefore denoted by the repetition of the ſame letters, we 


, muſt multiply the number of all the permutations which the 


firſt ſet of like things, denoted by the firſt letter that occurs 
more than once in the notation, might be made to undergo 
I they were all unlike each other, into the number of all 
the permutatioffs which the ſecond ſet of like things, de- 
noted by theſecond letter that occurs more than once in the 
notation, might be made to undergo if they were all unlike 
each other, and further into the number of all the permu- 
tations which the third ſet of like things, denoted by the 
third letter that occurs more than once in the notation, might 
be made to undergo, if they were all unlike each other, 
and into the numbers of all the permutations which the 
fourth ſet, and the fifth ſer, and all the following ſets, of 
like things, denoted by the repetition of the ſame letters, 
might be made to —_— if the things in each ſet were 
unlike each other: and the whole number of permutations, 


which all the n things that are given (and whereof we are 
required to find the number of permutations diſtinguiſhable 


from each other) might be made to undergo, if they were 
all unlike each other, muſt be divided by the product of 
the ſaid multiplication. The quotient will be the number 
of permutations diſtinguiſhable from each other, of the given 
number = of things, which was required to be found. 


17. This doctrine of permutations is of great uſe in de- 


termining the number of anagrams that may be made of any 
propoſed word, or the number of different ways in which 
be lerters hut compoſs it may be arranged, Thus, for r. 


ample, 


— 


„ 
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ample, the letters that form the word Roma my be arranged 
in 2. 3 4, or 24, different ways; and thoſe of. the word 
Romani (which are ſix in number) may be arranged in 2. 3 
4. 5. 6, or 720, different ways; and thoſe of the word 
Romanis (which are ſeven in number) may be arranged in 
2. 3. 4. 5 . 6. 7, or 5040, different ways; as we have 
ſeen in art. 12. In like manner the letters of the word 
Trojanum (which are eight in number) may he arranged in 
2. 3. 4.5. 6 /. 8, or 40,320, different ways; and thoſe 
of the word Dedtrinam (which are nine in number) may be 
arranged in 2. 3. 4. 5.6. 7. 8, 9, or 362, 880, diffe- 
rent ways. But the letters of the word Leopoluus, though 
they are alſo nine in number, cannot be arranged in ſo 
many different ways, becauſe of the repetition of the letters 
F and o, each of which occurs twice. The, number, of, dif. 
ferent ways in which the letters of this word can be arranged 
is =, =D, oi 2 =, or 90, 720; becauſe the two 18, if 
they were different letters, would admit of two permutations, 
and the two os, if they were different letters, would likewiſe 
admit of two permutations, and conſequently theſe numbers 
of permutations, to wit, 2 and 2, muſt (according to the 


* 
* 
* 


foregoing rule) be multiplied into each other, ſo as to make 


the product 4, and then the number 362,880 (Which is 
the whole number of permutations which nine different let- 
ters may be made to undergo) muſt be divided by it, which 
gives the quotient 90,20. And the letters of the word Stu- 
dioſus, thobgh likewiſe nine in number, will admit of only 
30, 240 permutations, becauſe of the reperitian of the letter 
# twice, and the letter s three times. For the permutations 


which the two as might be made to undergo, if they wete 


different letters, are 25 and the permutations which the three 
yes might be made to- undergo, if they were different let- 
ters, is 6; and the product that ariſes by multiplying; a into 
6 is 12. We muſt therefore divide 362, 880 (which is the 
whole number of permutations of nine different letters) by 
12 ; and the quotient 30, 240 will; be the number of all the 
permutations of the nine letters of the word Studigſus that 


will be different, or diſtinguiſſtable from each * be 
7 | > 5 18. t 
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18. It is only by the aſſiſtance of this doctrine of per- 
mutations that all thoſe queſtions can be determined, which 
ſome learned and ingenious men have propoſed concerning 
the number of the variations, or tranſpoſitions of the words 
contained in certain verſes, which, on account of the great 
number of ſuch tranſpoſitions which may be made in them, 
have been called Proteus verſes, in alluſion to the Egyptian 
ſea-god of that name mentioned in Homer's Odyſſey, who 
was ſo famous for aſſuming many different ſhapes. The 
moſt celebrated of theſe verſes are thoſe which have been 
given us by Thomas Lanſius, and the learned Joſeph Scali- 
ger, and Bernard Bauhuſius, a Jeſuit of the college at Lou- 
vain, in the Auſtrian Netherlands. The following two verſes 
we have from Thomas Lanſius: EEK 


Lex, Rex, Grex, Res, Spes, Jus, Thus, Sal, Sol, (bona) 

* Lux, Laus: 5 

Mars, Mors, Sors, Lis, Vis, Styx, Pus, Nox, Fzx, (mala) 
| Crux, Fraus. 


In each of theſe verſes there are eleven words of one ſyl- 
lable, and one word of two ſyllables, to wit, bong in the 
firſt, and mala in the ſecond. Theſe two words of two ſyl- 
lables muſt always remain in the ſame place, or within two 
words of the end of the lines, in order to preſerve the mea- 
ſure of the verſes, which requires that the fifth foot in each 
verſe ſhould be a dactyl. But the other eleven words in 
each verſe may be placed in any order, with reſpect to 
each other, that we pleaſe, without altering the meaſure of 
the verſes. Now the number of permutations, or changes 
of poſition, that eleven different things can undergo is 
39, 916, 800, as appears from the table in art. 11. It fol- 
lows therefore that the wofds of each of the two foregoing 
verſes may be tranſpoſed in 39,916,800 different ways, with- 
out ſpoiling the meaſure of or y 


19. In ſome other inſtandes of theſe Proteus verſes that 
have been given by ingenious writers on this ſubje&, it hap- 
pens that many of the W of the words contained 

Tos, 
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in them are incompatible with the meaſure of the verſes, 
and ſome of them, from the irregular and ungrammatical 
order in which the words follow each other, ſeem to convey 
no ſenſe or meaning whatſoever, or, perhaps, in ſome 
caſes, a different ſenſe from that which the author intended. 
But in all theſe caſes a little attention and care will enable 
us to diſtinguiſh the uſeful tranſpoſitions from the abſurd 
ones, and to determine the numbers of tranſpoſitions of each 


ſort ſeparately, if we proceed by regular ſteps according to 


ſome order, or plan of admiſſion or excluſion, in making 
the enquiry. An inſtance of this kind occurs in the follow- 
ing Hexameter Latin verſe, which was made by the above- 


mentioned Bernard Bauhuſius, the Jeſuit of Louvain, in 


honour of the bleſſed Virgin Mary, the mother of our Sa- 
viour Jeſus Chriſt ; to wit, 


Tot tibi ſunt dotes, Virgo, quot ſidera go. 


On this celebrated verſe ſeveral men of great learning and 
reputation have beſtowed a great deal of attention. For, in 
the firſt place, Ericius Puteanus, in a little book which he 
publiſhed under the title of Thaumata Pietatis, has employed 
no leſs than 48 pages in reckoning up the ſeveral aſetol, or 
rational, tranſpoſitions that may be made of the words con- 
tained in it, and makes them amount to as many art leaſt as 
there are ſtars in the heavens, the number of which 1s 
uſually, ſaid to be 1022; leaving out (through a religious 
reverence for the character of the Virgin Mary) all thoſe 
tranſpoſitions which ſeem to affirm that there are as many 
ſtars in the heavens as there are virtues. in the Virgin's cha- 
racer, becauſe he thinks the number of the latter to be 
much greater than that of the former. And, 2dly, Gerard 
Voſſius, in the 7th chapter of his treatiſe intitled, De Scien- 
tiis Mathematicis, has affirmed the number of the tranſpoſi- 
tions which may be made in the words of this verſe without 
ſpoiling the ſenſe or the meaſure, to be 1022, as Puteanus 
had made it before him. And, 3dly, Monſieur Preſtet, a 
French mathematician, in the firſt edition of a book called 
de The Elements of the Mathematicks, page 348, has examined 
this Proteus verſe, and declared it to admit of 2196 tranſ- 

; ' | | poſitions 


8898002 Oo DD VA aA rm =O =n OA & wy 


— + 


— 5 — 2  - Ov. 


as — — 


* 1. K ew Dc RA. EE. 


from James Biemuli's Treat De Kine Conjettandi. 51 


poſitions of its words without ſpoiling the ſenſe or the mea- 
ſure: and afterwards, in the ſecond edition of his ſaid work, 
vol. i. page 133, having re-conſidered the ſubject, has in- 
creaſed the number of theſe tranſpoſitions to almoſt half as 
many more, or 3276. And, Athly, the induſtrious compilers 
of the Leipſic Ada Eruditorum, in the month of June, 1686, 
in giving an account of Dr. Wallis's Treatiſe of Algebra, 
have fixed the number of theſe tranſpoſitions (which Dr. 
Wallis himſelf had not in that treatiſe ventured to aſſign) at 
2580. And, laſtly, Dr. Wallis himſelf, in a Latin edition 
of his works which he publiſhed afterwards in the year 1693, 
page 494, has carried the number of theſe tranſpoſitions to. 
3096. But all theſe writers have been miſtaken in their cal. 
culations, and have aſſigned wrong numbers for the ſolu- 
tion of this queſtion ; which cannot but ſeem rather ſurpriſ- 
ing, as. ſome of them had examined the ſubje& twice over, 
and corrected their firſt concluſions. The true number of 
tranſpoſitions of its words which this famous hexameter verſe 
will admit of without ſpoiling either the ſenſe or the meaſure 
of it, that is, without admitting a ſpondee in the fifth place, 
but admitting ſuch tranſpoſitions as only deſtroy the cæſura 
of the verſe, I have found, upon a careful examination, to 
be 3312. = | ; 


20. I here conclude the chapter on the doctrine of per- 
mutations, of which J hope the fundamental principles have 
been ſufficiently explained; and I proceed to conſider the 
doctrine of combinations, which is of no leſs uſe and im- 
portance than the former. | | | 
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DEFINITION 1. 


21. Ba the combinations of things, I mean the ſeveral 


different ways in which any given number of things 


may be joined, or connected with each other, without any 
regard to their relative poſitions, or the order in which they 
follow one another. So that, when a certain number 1 of 
things is given, and we are required to find in how many 
different ways theſe » things may be taken, by taking, firſt, 
two of them at a time, then three of them at a time, then 
four of them at a time, and ſo on in all other poſſible con- 
junctions, ſo that no one heap, or parcel, of them ſhall. be 
taken more than once, we are ſaid to be required to find 
all the poſſible combinations of the ſaid given number of 
things. | 


— . — Uf 
DEF1NIT10ON 2. . 


22, The number of the things given which is dire&ed to 
be joined together in one heap, or parcel, is called the expo- 
nent of the combination: ſo that if we are directed to com- 
bine them by pairs, or 1n parcels containing two a- piece, the 
exponent of the combination will be 2 ; if we are directed 
to combine them by triplets, or in parcels containing three 
a- piece, the exponent of the combination will be 3; and if 
we are directed to combine them by quadruplets, or in par- 
cels containing four a- piece, the exponent of the combina- 
tion will be 4; and, in general, if we are directed to com- 
bine them in parcels containing m a· piece, the exponent of 
the combination will be the number m. | 
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23. And the ſeveral things combined in theſe different 
manners are called pairs, or couplets, and triplets, and quad- 
ruplets, &c, or binaries, ternaries, and quaternaries, &c, or 
binions, ternions, and quaternions, &c ; that is, all the diffe- 
rent eonjunctions, or combinations, of any given number of 
things in parcels conſiſting of two things each, are called all 
the pairs, or couplets, or binaries, or binions, in the faid 
number of things; and all the different conjunctions or 
combinations of Nas in parcels confiſting of three things 
each, are called all the zriplets, or ternaries, or ternions, in 
them; and all the different conjunctions or combinations of 
them in parcels confiſting of four things each, are called all 
the quadruplets, or quaternaries, or quaternions, in them. 
And ſimilar names may be found for theſe combinations, 
when the number of things contained in a fingle parcel is 
greater than 4. | | | 


24. And when the things are taken ſingly, or ſeparately, 
or one by one, it will be convenient to denominate them 
unaries, or unities, or to give them ſome name that bears a 
reſemblance to the names by which we diſtinguiſh the ſeve- 
ral combinations of them with each other in parcels of two, 
or of three, or of four, or more together: becauſe, though, 
when they are taken ſingly, they cannot, in a ſtrict ſenſe, be 
faid to be combined, or the taking them ſingly cannot, in 
ſtrictneſs, be called a combination of them, yet in this doc- 
trine of combinations it is often neceſſary to take into con- 
ſideration the number of them when taken fingly, in order 
to determine all the variations that can be made upon them; 
and therefore, in a looſer and more extenſive ſenſe of the 
word combinations, the things, when taken ſeparately, are 
conſidered as undergoing one ſpecies of combination, or 
forming one claſs of the ſeveral claſſes of combinations which 
they may be made to undergo. This is a ſmall inaccuracy 
of language, fimilar to that by which a unit is often called 
a number, though in ſtrictneſs a number means ito or more 

8 ö | | unita, 
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units, or ſingle quantities, joined together. But when due no- 
tice is given of what is meant by ſuch inaccurate expreſſions 
(which are often convenient for the purpoſe of avoiding a 
multiplicity of words) no miſtakes can ariſe from the ule of 
them. | 


25. And for a like reaſon it will be convenient to give a 
name to the act of omitting to take them at all, either 
ſingly, or combined with each other, or to conſider. ſuch 
omiſſion as one ſpecies of their combinations. Such an omiſ- 
ſion of them may be called a zullienation._ (from the word 
nullies, which means no-times) ; and the notbings, or cyphers, 
ſet down, inſtead of the things themſelves, on theſe occa- 
fions may be called nullenaries (like binaries, ternaries, and 
quaternaries) or nullions. The uſe of this ſort of odd lan- 
guage will appear in the courſe of the following pages. 


26. Some writers have confined the word combination to 
the ſtrict original ſenſe of © taking things by binaries, or 
pairs, or couplets, only, or parcels conſiſting of two things ;” 
and have called the taking them by. fernaries,. or parcels con- 
fiſting of three things, conternation ; and the taking them by 
guaternaries, or parcels conſiſting of four things, conguater- 
naticn; and have denominated the parcels conſiſting of two 
things each, that may be formed out of a given-number of 
things, the combinations of the ſaid given things; and the 


parcels conſiſting of three things each, which may be formed 


out of the ſame given number of things, the conternations of 
the ſaid given things; and the parcels conſiſting of four 
things each, which may be formed out of the ſame given 
number of things, the conguaternations of the ſaid given 


things. But this degree of accuracy in our expreſſions would 


evidently lead to the compoſition of an immenſe number of 
new words, in order to expreſs the variety of conjunctions 
that may be made of the things given in parcels. of different 
ſorts, ſuch as parcels conſiſting of two things, parcels. con- 
fiſting of three things, parcels conſiſting of = things, par- 
_ cels conſiſting of five things, parcels conſiſting of fix things, 
and the like; the uſe of which. multitude. of new words 
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might be found inconvenient. And therefore other perſons, 


who were apprehenſive. of this inconvenience, and yet were 
deſirous of avoiding the inaccuracy of employing the word 
combinations for parcels conſiſting of more than two things, 


have propoſed to make uſe of the more general words com- 
plications or complexions (derived from the Latin verb compli- - 


care, which ſignifies 70 fold up together ) for parcels conſiſting 
of three things, or four things, or five, or more, things, 
each, made out of a given number of things ſucceſſively ſo 
united together : and ſome authors, with great ſagacity and 
judgment, have recommended the word elections to be uſed 
on this occaſion, in order to comprehend thoſe methods of 


reckoning and claſſing the things under conſideration by 
which the things when taken ſeparately, or one by one, are 


admitted as one ſpecies of combinations of them ; and even, 
when nothings, or cyphers, are taken in their ſtead, thoſe 
nothings, or cyphers, are admitted as another ſpecies of their 
combinations, or elections. But the generality of writers who 
have treated of this ſubje&, make uſe of the word combinations 
to denote all the different parcels of things, whether conſiſting 
of two things, or of three things, or +; four things, or of 
any greater number of things, which can be formed out of a 
given parcel of things; and even to denote the given things, 
when taken ſingly or ſeparately ; and alſo the nothings, or 
cyphers, which are ſet down inſtead of them, when they 
are not taken at all: nor does there ſeem to be any neceſſity 
for inventing new words on the occaſion. | 

Theſe definitions of the words that will occur moſt fre- 
quently in this doctrine of combinations. being premiſed, I 
now proceed to conſider the doctrine itſelf. | 


27. Now when we are enquiring into the number of com- 
binations of a given number of things, the ſaid things may 
either be all unlike and clearly diſtinguiſhable from each other, 
or ſome of them may be exactly like others of them, fo as 
not to be diſtinguiſhable from. them. And the ſaid things 
may either be ſo combined together that no one thing ſhall 


be contained oftener in any of the propoſed combinations 


than it occurs in the original number of things which are 
1 | | propoſed 
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propoſed to be combined together; or ay may be com- 


bined together without this reſtriction, of ſo that in ſome of 
the propoſed combinations the ſame thing may occur oftener 
than it does in the original number of things which are pro- 
poſed to be combined together, to wit, by being combined 
with itſelf “. And different ſuppoſitions may be made, and 
different 

»I am not quite certain that this laſt ſentence is a faithful tranſlation 
of the original, which I ſhall therefore here ſubjoin for the reader's atten- 


tive conſideration, Eægue vel ita combinari debent, ut in null4 combinatione 
res eadem ſapiùs contineatur quam ipſa reperitur in toto rerum tumtro ; wel fit, 


wt in eddem combinatione res eadem etiam ſepitis recurreve, boc gi, ut ſecum ip/d 


guoque combinari, poſſit. The meaning of this obſcure ſentence (as far as J 
can underſtand it) may be illuſtrated by the two following examples. 


In the firſt place, let us ſuppoſe that the things that are to be combined 
together are fix in number, all clearly diſtinguiſhable from each other, and 
denoted by the fix letters a, l, c, d, e, . And let us ſuppoſe that theſe 
fix letters are to be combined together in quaternions, or quadruplets, or 

conſiſting of four letters each. Then, ſays the author, theſe qua- 
druplets may be either reſtrained to thoſe only which conſiſt of four diffe- 
rent letters, or in which the ſame letter does not occur oftener than once, or 
than it occurs in the original enumeration of the fix things, a, 5, c, d, e, f, 
out of which theſe quadruplets are to be formed, ſuch as the quadruplets 
bed, acde, adef, &c; or theſe quad ts may be formed without this 
reſtriction, ſo as to admit the ſame letter to be contained in them, more than 
once, or to be, as it were, combined with itſelf, as happens in the quadru- 
plets aa qe, ac d, aade, aacf, aabd, aabe, aabf, aace, 444, 
„, aaad, &c. | ; 


In the ſecond place, let us ſuppoſe that the things that are to be com- 
bined together are, as before, fix in number, but that two of them are ex- 
actly like each other, and are therefore denoted by the ſame letter a, and 
that three of them are alſo exactly like each other, and therefore denoted by 
the ſame letter ;, and the fixth is different both from thoſe of the firſt ſet, 
and from thoſe of the ſecond ſet, and is therefore denoted by the letter e; 
ſo. that the fix things that are to be combined together, are denoted by the 
letters a, a, 6, ö, 5, c. And let it be required to combine theſe fix things, 
or letters, together in quaternions, or quadruplets, or parcels confiſting of 
four letters each. Theuy ſays the author, theſe quadruplets may be either 
ſo reſtrained that they ſhall not contain either of the three letters a, b, and c 
oftener than it is contained in the original enumeration of them, to wit, 
a, a, B, 5, b, c, that is, that no quadruplet ſhall contain the letter & oftener 
than twice, or the letter þ oftener than three times, or the letter c oftener 
than once; as is the caſe with the q lets abc, aabe, aabb, abbb, 
$bbc; or the ſaid quadruplets may be formed without this reſtriction, ſo 
as to admit the letter @ to be repeated more than twice, and the letter 5 to 
be repeated more than three times, and the letter c to be hee ore 
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different queſtions conſequently may be propoſed, concern- 


ing the manner in which the quantities are combined toge- 
ther. For it may either be required to find the number of 

all the poſſible combinations of a given number of things, 
by taking them firſt ſingly, then in couplets or parcels of 
two, and then in triplets or parcels of three, and then in 
quadruplets or parcels of four, and ſo ou according to all 

the exponents they will admit of ; or it may be required only 
to find the number of all the combinations that may be 
made of the ſame given number of things according to one, 
or more, of their exponents, ſeparately; as, for inſtance, 
by diſpoſing them in parcels of two things, or in parcels of 
three things, or in parcels of four things, each. In each of 
theſe ways of combining the things under conſideration, a 
great variety of queſtions and problems may be propoſed 
concerning them, the full diſcuſſion of which would lead us 


into a very ample field of ſpeculation. But of theſe we ſhall 


only ſele& a few of the moſt curious and important, which 
we conceive to be neceſſary to the ſolution of the queſtions 
concerning the doctrine of chances, or the art of forming 
reaſonable conjectures concerning future events depending 
on chance, which will be confidered in the ſubſequent part 
of this treatiſe, W n 4UL8 $5 ned 


28. Let it then be required, in the firſt place, to find the 
number of all the poſſible combinations that can be formed 
of a given number of things according to all the exponents, 
they will admit of, upon a ſuppoſition that all the things 


that are to be combined together, are unlike to, and clearly 


diſtinguiſhable from, each other, and conſequently are de- 
noted by different letters, 3 


Let the things chat are to be thus combined be denoted 
by the ſeveral ſmall letters a, &, c, d, e, &c. Let theſo 


than once; as 16 the caſe in the quadruplets aaa, 4e, a a aa, 333, 
aa %% A | | | 


This is the only meaniog that I can find for the foregoing paſſage z but 
I cannot help — ſome doubt whether it is the true one. Ide 
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letters be ſet down in ſeparate lines, or rows, one under an. 
other, in the manner following. 585 


In the firſt line we muſt place the firſt letter a, by itſelf, | 


In the ſecond line we muſt place the letter 5; firſt, by it- 
ſelf; and then in conjunction with a, ſq as to form the com- 
bination, or couplet, a4, or 5. Far a6 and bg are, in 
this doctrine of combinations, to be confidered as only one 
combination, becauſe in this doctrine no regard is to be had 
to the order in which the letters are placed, as there was in 
the doctrine of permutations. 

In the third line we muſt place the third letter c; firſt, by 
itſelf; and then in conjunction with the preceeding letters a 
and 5, fo as to form the binions, or couplets, a c, bc; and, 
laſtly, with the preceeding coupler 65, ſo as to form the 
triplet 46 f. © The * 

. 7 * 


— — — 


B, ab. 


Go” Pann * 
Cc, ac, be, abc, 


— — — — 
d, ad, bd, cd, abd, acd, bd, abcd. 


% 


e ae, be, ce, de, abe, ace, bce,ade, bdt,cde,abce, abde,acde,bedt,abcde. 


In the fourth line we muſt place the fourth letter 4; firſt, 
by itſelf ; and, 2dly, in conjunction with each of the three pre- 
ceeding letters a, 5, and c, fo as to form the three pairs or 
e 08 of letters, ad, bd, and cd; and, gdly, in con- 
junction with each of the three foregoing couplets, 4 b, à c, 
bc, ſo as to form the three triplets 20 d, acd, and bed; 
and, Athly, in conjunction with the foregoing triplet, a b c, 
ſo as to form the quadruplet, 45 cd. W a 

And in like manner the fifth letter e muſt be placed in 
the beginning of the fifth line; firſt, by itſelf; and, 2dly, in 
conjunction with each of the four preceeding letters a, , c, 
d, ſo as to form the four pairs, or couplets, ae, be, ce, and 
de; and, 3dly, in conjunction with each of the fix foregoing 


\ 
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ctouplets, a0, ac, bc, ad, bd, cd, ſo as to form the fix 
triplets abe, ace, bce, ade, b de, and ede; and, aphily, 
in conjunction with each of the foregoing triplets, '@ bc; 
abd, ac d, ù cd, fo as to form the four quadruplets ab ce, 
abde, acde, and be de; and, 5thly, in conjunction with 
the foregoing quadruplet abc 4d, ſo as to form the quintuplet; 
ab cd E. * | : e 
And in the ſame manner muſt every following letter, 7, 
g, b, &c, be combined with each of the preceeding letters, 
and with every preceeding combination of them, if the num- 
ber 8 things, or letters, to be combined together, was more 
than five. 5 | 


29. And from this manner of combining any given num. 
ber of things, or letrers, together, it is plain that we ſhall 
thereby obtain all the poſſible combinations of them, ſo that 
no combination of them whatſoever can be formed, or con- 
ceived, that will not be contained in one or other of the 
ſucceſſive lines, or rows, of quantities ſo generated from each 
other: and likewiſe it is plain that each of the combinations . 
ſo obtained will be different from every other, or that no 
combination will occur in the ſaid lines more than once. 
And conſequently the ſum- total of all the combinations ſet 
down in the lines, or rows, of quantities ſo formed out of 
any given number of quantities, will be the number of all 
the poſſible combinations which the ſaid given number of 
quantities will admit of. We muſt therefore endeavour to 
find the number of all the combinations of a given number of 
quantities that will be contained in an equal number of lines, 
or rows, of quantities formed, or generated, from each other 


in the manner above deſcribed. 


30. Now, in order to diſcover the number of the combi - 
nations contained in a given number of the foregoing lines, 
or rows, of quantities, it will be proper to obſerve, that 
every new line, or row, muſt contain as many combinations 
as all the preceeding lines, or rows, added together, and one 
combination over ;” and for this reaſon, to wit, becauſe the 

letter which is at the beginning of every new line, is placed. 
Weis | I a - - there, 
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there, firſt, by itſelf, and afterwards in conjunction with all 
the letters and their ſeveral combinations in all the preceed- 
ing lines. Thus, for example, the letter e is placed in the 
beginning of the fifth line, firſt by itſelf, and afterwards in 
conjunction with each of the foregoing letters a, 6, e, d, and 
with every combination. of them in couplets, triplets, and 
quadruplets, contained in all the four foregoing lines; and 
conſequently the number of combinations contained in this 
fifth line (reckoning the letter e by itſelf for one of them) 
will be equal to the number of all the combinations con- 
tained in all the four preceeding lines, beginning with the 
letters a, 6, c, and d, and one combination over. This ob- 
| ſervation is of great uſe. For from it we may deduce the 
whole number of combinations contained in any given num- 
ber of theſe lines, or which may be made with any given 
number of letters, by reaſoning in the manner following. 


—  _— — — 


A LEMMA, 


3 

31. If in the increaſing geometrical progreſſion 1 + 2 + 
4 +8 + 16 + 32 + 64 +128 + &c, of which the firſt 
term is 1, and the common ratio is that of 1 to 2, we take 
any number of terms whatever, as, for example, x terms, 
and call the ſum of the ſaid n terms S, and afterwards add 
another term to the ſaid ſeries, the ſaid new term will be 
equal to S + 1, or to the fum of all the former # terms to- 
gether with an unit. , 


DEMONSTRATION, 


Since the terms in the ſeries 1 +2 +4 +8 + 16 + 
32 + 64 ＋ 128 ＋ &c, increaſe continually in the propor- 
tion of 1 to 2, it is evident that all the terms of it after the 
firſt term 1 will be the ſeveral powers of 2 in their natural 

. 2 order, 
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order, to wit, u, 21*, 21%, 28, 2h, 2b, Ap, &cc, and conſe- - 


quently that the zth, or laſt, term of it will be 2 . If 
therefore to theſe n terms we add another term, the faid new 


term wil be = 2 & oy or 21", We are therefore to 
ſhew that 2 is =S +1. M y 

Now, fince' 8 5 2 1 711 1 OLIIY 
128 + &c ＋ N, 2 S will be = 2 +4 +8+ 16 + 32 


+ 64 + 128 + 2 56 + &c +2; which ſeries conſiſts of x 
terms as well as the ſeries 1 + 2 +4 +8 + 16 + 32 + 64 


+128+&c +2], or S. T herefore (adding 1 to both © 
ſides) 2 8 + 1 will be equal to the ſeries i +2 +4 + 8 + 


16 + 32 +-64 + 128 + 256 + &c + 2 , that 1s, to the 
wy 1+2+4+8+16 +32 + 64 + 128 + 256 + 

+ 21" © together with the new term 2)”, or to S + 2 0 
eto Pee (ſubtracting the ſeries S from both ſides) the new 


term 21” will be equal to S + 1, or to the ſam of all the & 
terms of the ſeries 1 + 2 $4 +8 + 16 + 32 + 64 + 128 


+&c +... 2 „ together with 1. d. E. 9. 


Cokol L. 1. It follows therefore that the ſecond and third 
and other following terms of the increaſing geometrical pro- 
greſſion 1 +2 +4 +8 + 16 + 32 + 64 + 128 + &c, 
may be generated, or derived, from the firſt term 1, not 
only by doubling it continually, but by the application ,of 
the property that has juſt now been ſhewn to belong to the 
terms of ſach a ſeries, to wit, by adding together all the 
preceeding terms, and increaſing their ſum, by an unit. Thus, 
1 + 1 will be = 2, which is the ſecond term; and 1 + 2 
+1, will be (= 3 +1) = 4, which is the third term; and 
4 + 2,8 will be (= 3 +4 +1= 770 8, 
which is the fourth term; and 1 +2 ＋4＋8 T1 will 
be (=7 +8 T1 2 156 + 1) 46, which is the fifth 
term; and 1 + 2+4 +8 +16 +1 will be (= 15 + 16 
+131 +1) = 32, . is the ſixth term; and 1 + 
2 — 2 
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2 +4+8 +16+32 +1 vill be (= 31 ＋ 32 +1 = 63 
+1) = 64, which is the ſeventh term; and 1 + 2 +4 + 


8+ 16 + 32 + 64 + 1 will be (=63 + 64 +1=1227 + 


1) = 128, which is the eighth term. And in the fame 
manner may all the following terms of this progreſſion, how. 
ever numerous, be generated from thoſe that preceed them 
by means of the aforeſaid property. = 

CoroLL. 2. And hence it follows, e converſo, that, if there 
be a ſeries of terms beginning from 1, the terms of which 
are generated one from the other by means of the foregoing 
property, or by adding together all the preceeding terms, 
and increaſing their ſum by an unit, the ſaid ſeries will be 


the geometrical progreſſion 1 +2 +4 +8 + 16 + 32 + 


- 64 + 128 + &c. | 


32. Now it has been ſhewn above in art. 28, that the 
numbers of quantities, or combinations, contained in the 


above-mentioned lines, or rows, beginning with the letters 


a, b, c, d, e, &c, are generated from the firſt quantity a, and 
from each other in the manner juſt now deſcribed, or that 
the number of quantities in every new line is equal to the 
fum of the numbers of all the quantities in all the preceed- 
ing lines, _— with an unit. It follows therefore, from 
coroll. 2, of the foregoing lemma, that the numbers of 
uantities contained in the faid ſeveral lines muſt conſtitute 
geometrical progreſſion 1 + 2 + 4 +8 + 16 + 32 + 
64 + 128 + &c, or 1 + , + 2}, + IP, +28, + 2b, + 
, + 21, + &c „ ſuppoſing the number of lines 
to be 1. Therefore the ſum of the numbers of quantities 
contained in all the lines beginning with the letters a, 6, 
c, d, e, &c, will be equal to the ſum of the firſt # terms of 
the increafing geometrical progreſſion 1 4 2 + 4 + 8 + 16 
+ 32 + 64 + 128 + &c, or to the ſeries 1 +2 +4 +8 


wb 16 + 32 + 64 + 128 + &c . or I + l, + 2}, 


+ , +26, + 2Þ, + T, + 2, + & + N. But, by 


the foregoing lemma, this ſeries together with an unit - 
6 x equa 
We 8 


ä % = % n= 
— 
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equal to T. Therefore this feries alone is equal to T1. 
And conſequently the number of all the quantities contained . 


in all the ſaid » lines, or the number of all the poſſible com- 


binations of the x letters a, &, c, d, e, &c, (reckoning the 


will be = 2'—1. And hence ariſes the following 


ſaid letters, when taken ſingly, among the ſaid combinations) 


7 0 
% . 
*S 
? n 
— og 
by - 
1 * 


Rule for finding the number of all the poſſible different combina- 
tions of a given number of things according to all their different 
exp nents * . | BAG 8 


5 I 4 - 
- 
. £2.53” 33% 4 - 8 _ — 8 e 2 „ 2 
22 —————_— - _ 
7 % 


1 


33. Raiſe the number 2 to the power of which 1 or the 
given number of things, that are to be combined together, 


is the index; and ſubtract 1 from the ſaid power. The re- 
mainder 2)" — 1 will be the number of combinations that 


was required. 


34. Conor, 1. From this rule it follows, in the firſt 


place, that, if we conſider · the total omiffion of all the 2 


letters as one way of combining them, the number of all the 


poſſible combinations will be greater than it was before by 


an unit, and therefore will be = 21"; and it follows, in the 


' ſecond place, that, if we exclude this caſe of the omiſſion of 


all the letters (which may be called the zullian, or the 
combination of them by ones), and likewiſe exclude the 
ſeveral letters when taken fußt, or ſeparately, (which are 
not in ſtrictneſs combinations of them), the number of the re- 


maining combinations of x different things, or letters, in bi- 


nions and ternions and quaternions, or in couplets, and 
triplets, and quadruplets, and in parcels of more than four 


letters in each, will be A _ 1 x, or 21" — —1. 


*% 


Thus, 


* 
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Thus, for example, the number of all the different con- 


junctions, or combinations, that may be made of the ſeven 


planets, to wit, Saturn, Jupiter, Mars, Venus, Mercury, the 
Earth, and the Moon, (taking the ward combinations in the ex- 
tent given to it in the foregoing rule) will be =2Þ—1 (S2 
2 X 2 X 2 NX 2 K 2 Xx 2 1 2 128—1) = 127; from which 
if we ſubtract 7, which is the number of the planets taken 
ſingly, or ſeparately, (in which caſes there are not properly 


any conjunctions of them), the remaining number 2b — 1 
— 7, or 127 — 7, or 120, will be the number of all the 

ſible conjunctions, or combinations, of them by conjoin- 
ing two together, or three together, or four together, or five 
together, or fix together, or all the {even together; or, it 
will be the number of all the poſſible conjunctions of them 
properly ſo called. And the twelve regiſters, as they are 
called, or rows of pipes in a muſical. organ, by means of 
which the ſound of it is made to change ſo remarkably from 
a ſoft and gentle ſound to a very loud and ſolemn one, may 
be made to undergo 2 — 1; or 4096 — 1, or 4095 com- 
binations, or variations. 2 1 Us, = P07 57:7 


35. CorroLL. 2. If we examine the number of combi- 
nations of the letters a, 5, c, d, and e, in the ſeveral lines, 
or rows of quantities, ſet down above in art, 28, we ſhall 
find that the number of combinations that have even num- 
bers for their exponents contained in each of the ſaid lines 
after the firſt line (which contains only the ſingle quantity a) 
is equal to the number of combinations that have odd num- 
bers for their exponents contained in the ſame line- Thus, 
in the ſecond line, which begins with the letter 5, there is 
one quantity, namely 5, with an odd number, to wit, 1, for 
its exponent, and one quantity, namely, ab, with an even 
number, to wit, 2, for its exponent. And in the third line 
beginning with the letter c, there are two quantities, name- 
Iy, c and abe, with odd numbers, to wit, 1 and 3, for their 


exponents, and two quantities, namely, ac and bc, with 


an even number, to wit, 2, for their exponent. And in the 
fourth line beginning with the letter d, there are four quan- 
tities, namely, d, a6d, a cd, and h cd, which have the odd 


numbers, 


= aw ate a a as oa at a> ao. a. 
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numbers 1 and 3 for their exponents ; and there are four 
other quantities, namely, ad, 5d, cd, and abecd, which 
have the even numbers 2 and 4 for their exponents. And 
in the fifth line, beginning with the letter e, there are eight 
quantities, namely, e, ae, ace, bce, ade, bde, ede, and 
abcde, which have the odd numbers 1, 3, and 5 for their 
exponents z and eight other quantities, namely, ae,.be, c e, 
de, and abce, abde, acde, bcde, which have the even 
numbers 2 and 4 for their exponents. . And the ſame thing 
muſt happen in the ſixth line of quantities beginning with 
the letter f, and in every following line, becauſe every new 
line is formed by ſetting down the new letter firſt by itſelf, 
and then cotbaling it with the firſt letter a, and afterwards 
with all the quantities contained in the ſecond, third, and 
other following lines that preceed the new line. Now the 
combination of the new letter with each of the quantities in 
the ſecond, third, and other following lines, will turn all the 
quantities that have odd numbers 'for their exponents into 
quantities that have even numbers for their exponents, and 
all the quantities that have even numbers for their exponents 
into quantities that have odd numbers for their exponents. 
And therefore, as the number of quantities with odd num- 
bers for their exponents in each of the ſaid ſecond, third, 
and other following lines, was equal to the number of quan- 
tities with even numbers for their exponents, it follows that 
of the new quantities in the new line ariſing from the com- 
bination of the 1ew letter with all the quantities contained in 
the ſecond, third, and other following lines, there will be as 
many that have odd numbers for their exponents as there 
will be that have even numbers for their exponents. And, 
if we add to theſe quantities the new letter itſelf, which is to 
be placed 'in the beginning of the new line, and of which 
the exponent is 1, and the combination of the new letter 
with the firſt letter a, of which combination the exponent is 
the even number 2, whereby we ſhall obtain all the quanti- 
ties ſet down in the new line, it is evident that the addition 
of theſe two quantities (of which the firſt has the odd num- 
ber 1, and the ſecond has the even number 2, for its ex- 
ponent) will not alter the equality of the numbers of com- 
N K | bination, 
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binations, or quantities, of each kind, but that the number 

of quantities in the new line that have 6dd numbers for 

their exponents will {till be equal to the number of quan 

rities in the ſame line that have even numbers for their ex- 
© ponents. 5 


36. a 3. If therefore we add all we quantities 
contained in all the lines except the firſt line (which con- 
tains only the ſingle quantity 3) together, it is evident that 
the number of quantities in ſuch "ſum that will have odd 
numbers for their exponents will be equal to the number of 
quantities that will have even numbers for their es. 


37. CoroLL. 4. And, ;f- we add together all the quanti- 
ties contained in all the lines, including the firſt line, which 
contains the ſingle quantity @ (the exponent of which is the 
odd number 1), the number of quantities in ſuch ſum that 
will have odd numbers for their exponents will exceed by 
an unit the number of quantities that will haye even num- 
rs for their exponents. 


38. ConoLL. 5. And, if to all the quantities contained 
in all the lines together we add, as another combination, the 
caſe denoted by a cypher o, or the caſe of the omiſſion of 
all the letters, which we have above in art. 34, called the 
combination by nones, or the nullion, and conſider o, or the 


exponent of this combination as an even number, the num- 4 
ber of quantities in the ſaid ſum that will have odd num- 
bers for their exponents will be exactly equal to the number 6 
of quantities that will have even numbers for their expo- * 
nents. 2 fe 
b1 

39. CoroLL. 6. It has been ſhewn in Coroll. I, that the pk 
number of all the quantities in all the n lines taken together, 1 
li 

and the caſe of the nullion is equal to 2]. It follows there- - 
fore from Coroll. 5, that the number of quantities in this p. 
ſum that will have odd numbers for their exponents will be fo 
equal to half of 2] or to =, or 2 Fw} and the number of th 


Quantities ts 


i 
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quantities in the ſame ſum that will have even numbers for. 
their exponents, including the nullion, will likewiſe be 


A“; and conſequently the number of quantities in the 


ſaid ſum that will have even numbers for their exponents, 


without including the nullion, will be 270 — 1. The ſame 
thing will be demonſtrated in another manner here below in 
the 6th Corollary of Chapter 4. | | : 


CHAPTER III. 52573120 


Of the numbers of combinations that may be made ef @ given 
number of things in parcels conſiſting of two things, or of three 
things, or of four thiugs, or of any other particular number f 
things, each; and of the numbers known by the name of the 
figurate numbers, and their properties, with which the imveſ-" 
tigation of the ſaid combinations is connected. 


. 
* 1 


40. ROM an attentive conſideration of the five lines, or 
rows, of quantities in art. 28, of the foregoing 
chapter, beginning with the letters a, 6, c, d, and e, an! 
which exhibit all the different combinations that can be 
formed out of thoſe five letters, it will be evident, that the 
bimons, or couplets, or parcels conſiſting of two letters, in 
every new line of quantities, are formed by combining the 
ſingle letter which is placed in the beginning of ſuch new 


line, with each of the ſingle letters contained in all the fore- 


going lines of quantities; and that the fernions or triplets, or 


parcels conſiſting of three letters, in ſuch new line, are 


formed by combining the ſingle letter which is placed in 
the beginning of ſuch new line, with each of the binions q1 
couplets, contained in all the foregoing lines; and the qua- 
ternigns, or quadruplets, or 8 conſiſting of four letters, 

5 2 in 
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in ſuch new line, are formed by combining the ſingle let- 


ter which is placed in the beginning of ſuch new line, with 
each of the zernions, or triplets, contained in all the forego- 
ing lines; and, in like manner, in all higher combinations 
than guaternions, the combinations denoted by any exponent 
m in ſuch new line, are formed by combining the ſaid ſingle 
letter which is placed in the beginning of ſuch new line, 
with all the combinations denoted by the next lower expo- 
nent n — I contained in all the foregoing lines. It follows 
therefore that the number of binions, or couplets, of letters in 
every new line will be equal to the number of all the ſingle 
letters in all the foregoing lines taken together ; and that the 
pumber of ternions, or triplets, of letters in ſuch new line, 
will be equal to the number of all the binions, or couplets, 
of letters in all the foregoing lines taken together; and the 
number of quaternions, or quadruplets, of letters in ſuch 
new line, will be equal to the number. of all the ternions, 
or triplets, of letters in all the/ foregoing lines taken toge. 
ther; and in like manner, that the number of combinations 
of any higher order than quaternions, denoted by the expo- 
nent m, in ſuch new ling, will be equal to the number of 
combinations of the next lower order, which 1s denoted. by 
the exponent m— 1, in all the foregoing lines taken to- 
gether, From theſe obſervations we may derive the follow- 
ing concluſions ; 


41. Firſt Concluſion. As there is only one ſingle letter in 


each of the ſaid lines, or rows, of quantities, to wit, the 
letter in the beginning of the line, the ſingle letters in all 
the lines ſucceſſively will exhibit a ſet of units, to wit, 
I, I, 1, T, 1, I, I, 1, &c, which are the figurate numbers 


of the firſt order. 


42. Second Concluſion. As there is no binion, or couplet, 
of letters in the firſt line (which contains only the letter a), 
and there is only one binion in the ſecond line, to wit, a5; 
and two binions in the third line, to wit, ac, bc; and 


| : three binions in the fourth line, to wit, 4d, bd, cd; and, 


in gener), as the number of binions in every new line is 
8 


equal 


8 2 © 
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equal to the number of the ſingle letters in all the preceed - 
ing lines taken together; it follows that the numbers of bi- 

nions, or couplets, of letters in the firſt, ſecond, third, and 
fourth, and other following lines, will be o, 1,1 +1, 14 

i+1,1+1+1+1,1+1+1+1+1, &c, or o, 1, 
2, 3» 4, 5, &c, or the ſeries of numbers 1, 2, 3, 4, 5, &c, 
in their natural order, with a cypher, o, prefixed to them. 


Theſe numbers form an arithmetical progreſſion, in which 
the common difference of the terms is 1; and they are of- 

ten called the natural numbers, or a ſeries of lateral num. 
bers, or the figurate numbers of the ſecond order. 


43. Third Concluſion. As there are no ternions, or triplets, 
of letters in the two firſt lines; and there is one ternion, or 
triplet, to wit, a b c, in the third line; and 1 + 2, or 3 ter- 
nions, to wit, 4h d, ac d, and bc4d, in the fourth line; and 
I T2 ＋3, or 6 ternions, to wit, 46 e, ace, bce, a de, b de, 
de, in the fifth line; and, in general, there are as many 
ternions in every new line as there are binions in all the 
foregoing lines together; it follows that the numbers of ter- 
nions, or triplets, of letters in the firſt, ſecond, third, 
fourth, fifth, and other following lines, of rows, of quan- 
tities, will be o, o, 1, 3, 6, 10, 15, 21, 28, &c, which 
are formed by the continual addition of the numbers of the 
binions contained in the ſaid lines, or of the terms of the 
ſeries o, 1, 2, 3, 4, 5, 6, 7, &c, with a new cypher, o, pre- 
fixed to them. | | 

Theſe numbers o, o, 1, 3, 6, 10, 15, 21, 28, &c, are. 
often called the trigonal, or triangular, numbers, or the figu- 
rate numbers of the third order. 


44. Fourth Concluſion, As there are no quaternions, or 
quadruplets, in the three firſt lines; and there is one quater- 
nion, or quadruplet, to wit, abc d, in the fourth line; and 
I+3, or 4, quaternions, to wit, abce, abde, acde, and 
bcde, in the fifth line; and as, in, general, there are as 
many quaternions in every new line as there are ternions in 
all the foregoing lines together ; it follows that the number 
of quaternions, or quadruplets, of letters in the firſt, oa , 

| third, 
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third, fourth, fifth, and other following lines, or rows, of 
quantities, will be o, o, o, 1, 4, 10, 20, 35, 56, 84, &c, 
reſpectively; wor numbers are formed by the continual 
addition of the ternions, or triplers, contained in the ſaid 
lines, or of the terms of the laſt preceeding ſeries o, o, 1, 
3, 6, 10, 15, 21, 28, &c, with a new cypher, o, prefixed 
to them. 

Theſe numbers o, o, o, 1, 4, 10, 20, 35, 56, 84, &c, 
are often called the pyramidal numbers, or the figurate num- 
bers of the fourth order. | 


45. Fifth Concluſion. In like manner the numbers of the 
quinions, or quintuplets, of letters contained in the ſeveral 
ſucceſſive lines, or rows, of quantities beginning with the 
letters a, 5, c, d, e, &c, will be ©, o, o, o, 1, 5, 15, 35, 
70, 126, 210, &c, reſpectively; which are formed by the 


continual addition of the quaternions, or quadruplets, con- 


tained in the ſaid lines, or of the terms of the laſt preceeding 
ſeries o, o, o, 1, 4, 10, 20, 35, 56, 84, &c, 7 5 a new 
cypher, o, prefixed to them. 

Theſe numbers o, o, o, o, 1, 5, 15, 35, 70, 150 210, 
&c, are often called the triangulo-pyramidal, or trigono-pyra- 
midal, numbers, or the figurate numbers of the fifth order. 
And they are alſo ſometimes called the triangulo-triangular, 
or /rigono-trigonal, numbers. | | 


46. Sixth Concluſion. And, in like manner, "the numbers 


of the ſenions, or ſextuplets, of letters contained in the ſaid 
ſeveral ſucceſſive _ or rows, of quantities beginning with 
the letters a, 5, c, d, e, f, g, b, &c, will be o, o, o, o, o, 1, 
6, 21, 56, 126, 252, 462; '&c, reſpectively ; ; which are 
formed by the continual addition of the quinions, or quin- 
tuplets, contained in the ſaid lines, or of the terms of the laſt 
preceeding ſeries o, o, o, o, 1, 5, 15, 35, 70, 126, 210, &c, 
with a new cypher, o, prefixed to them. 


Theſe numbers o, o, o, o, o, 1, 6, 21, 56, 126, 252, 


462, &c, are often called the pramido-pyramidal numbers, 


and ſometimes the ?riangulo-pyramidal, or trigono-pyramidal, 


numbers, or the — numbers. of the ſixth order. 
47. And 
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47. And in the ſame manner the numbers of the ſeptena- 
ries, or ſeptuplets, and offonaries, or octuplets, and other 
higher combinations of the letters a, 5, c, d, e, f, g, b, &c, 
contained in the ſaid ſeveral ſucceſſive lines, or rows, of 

nantities beginning with the ſaid letters reſpectively, will 
* the ſeventh and eighth and other following higher or- 
ders of the figurate numbers reſpectively. | 

48. And thus we have unexpectedly been led by the con- 
ſideration of the nature of combinations to the contempla- 
tion of the fgurate numbers, or of the numbers that are 
formed from a ſeries of equal numbers, or units, to wit, 
1, 1, 1, 1, I, 1, 1, 1, 1, 1, &c, by the continual addition 


of all the terms, and by the like addition of all the terms of 


every following ſeries ſo obtained. For theſe are the num- 
bers to which arithmeticians have given the name of the 
figurate numbers. | 


49. In order to repreſent the ſeveral orders, or ſerieſes, 
of theſe figurate numbers in one view, and thereby to ren- 
der what I have further to obſerve concerning them more 
eaſy to be apprehended, I have ſubjoined the followin 
table of them, containing the firſt twelve terms of the fi 
twelve orders, or ſerieſes, of the ſaid numbers; which the 
reader, if he chooſes it, may eaſily continue to a greater ex- 


tent, both downwards, or towards the bottom of the page, 


and ſideways towards the right hand. In this table the In- 
dian, or Arabian, figures 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 
12 (that are placed on the left fide of the table in a direction 


parallel to the fide of the page, and ſeparated from the table 


by a double black line) expreſs the places, or numbers, of 
the ſeveral horizontal rows of numbers to which they are ad- 
Jacent reſpectively, and alſo the numbers of letters, or things 
that are to be combined together.” And the capital Roman 


figures I, II, III, IV, V, VI, VII, VIII, IX, X, XI, and 


XII, (that are placed directly over the table, parallel to 


the top of the page) expreſs the places, or numbers, of the 
ſeveral vertical columns, and are likewiſe the exponents of 


the combinations of the letters'@, &, c, d, e, f, g, b, &c, 
. e N which 


DRL | * - 

which are repreſented by the faid vertical columns reſpec. 
tively. And the ſaid vertical columns themſelves are the ſe. 
veral orders, or ſerieſes, of figurate numbers, or of the ſeve- 
ral combinations of the firſt, ſecond, third, and other fol- 
lowing orders, as far as the twelfth order, of which the Ro- 
man numerals I, II, III, IV, V, VI, VII, VIII, IX, X, XI, 
and XII, at the top of the table, are the exponents, with 
the proper number of cyphers, o, prefixed to them. Thus, 
the firſt vertical column on the left-hand ſide of the table, 
under the Roman numeral I, is a ſeries of units, to wit, 
1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, or the firſt order of figurate 
numbers, which Dr. Wallis calls Monadicks, and repreſents 
the numbers of the letters a, , c, d, e, f, g, b, i, k, I, and 
m, that occur ſingly, or without being joined with any 
other letter, in the ſeveral lines, or rows, of quantities that 
are ſet down in chap. 2, art. 28, and which are ſuppoſed 
to be continued to the twelfth line; and the ſecond vertical 
column on the left-hand ſide of the table, under the Ro- 
man numeral II, is the ſeries o, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
11, or the ſecond order of figurate numbers called the na- 
tural, or lateral, numbers *, with a cypher, o, prefixed to 
them, and repreſents the numbers of binions, or couplets, of 
the letters a, 5, c, d, e, J, g, b, i, k, l, and m, or combi- 
nations of them by two in a parcel, that occur in the {aid 
twelve ſucceſſive lines, or rows, of quantities; and the third 
vertical column, under the Roman numeral III, is the ſeries 
o, o, I, 3, 6, 10, 15, 21, 28, 36, 45, 55, or the third order 
of figurate numbers, called the trigonal, or triangular, num- 
bers, with two cyphers prefixed to them, and repreſents the 
numbers of ternions, or triplets, of the letters a, 5, c, d, e, 
J, g. b, i, k, I, and m, or combinations of them by three in 
a parcel, that occur in the ſaid twelve ſucceſſive lines: and 
the fourth vertical column, under the Roman . numeral IV, 
is the ſeries o, o, o, 1, 4, 10, 20, 35, 56, 84, 120, 165, or 
the fourth order of figurate numbers (called the pyramidal 
numbers) with three cyphers prefixed to them, and repre- 


* See Dr. John Wallis's Diſcourſe of Combinations, Alterations, and Ali- 
geot Parts, bound up with 15 Ad Page 109, | | 
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, vertical columns, under the Roman numerals VII, VIII, IX, 

7 X, XI, and XII, contain the ſeventh, eighth, ninth, tenth, 

p eleventh, and twelfth orders of figurare numbers, with fix, 

ſeven, eight, nine, ten, and eleven, cyphers prefixed to 

them reſpectively, and repreſent the numbers of ſeptuplets, 

d * Dr. John Walls, in his Diſcourſe of Combinations, gene 

8 Aliquot Parts, bound up with bis Al age 109, and Nicholat 

r Mercator, in his Logarithmotechnia, allied In Abe 8 ne. of this col- 

of tracts, called Seriptores Logarithmic, page 178, call the th order 
of figurate numbers, to wit, 0 o, o, o, 1, 5. 15, 38, 6126, 210, 330, 

e &c, the triangulatriangular, or trigono-trigonal, numbers, and the 6th order 

, of figurate numbers, to wit, o, o, O, o, O, I, 6, 21, 56, ta 6, 232, 462, Ke. 

n the triaaꝝu 2 dal, or eee inſtead of the 2 

d 

fy appears to be a variation amongſt different writers on this ſabje& with reſpe& 

Ty to the frames to be given to —.— numbers of the th and 6th, and 

al other higher orders. therefore, to avoid ambiguity, it ſeems to be 
moſt convenient to denote the figurate rumbers' of the th and 6th, and all 

Ce higher, orders, only by the numbers or exponents, of their orders; calling 
them the — v7: K. of the fifth, and the 6th, and the ih, and th 
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octuplets, noncuplets, detuplets, undecuplers, and duode. 
euplets, or of ſeptenions, v&onions, novenions, denions. 
undenions, and duodenions, of the letters a, 6, c, d, e, f, 
g; b, i, K, l, and u, refpectively, or combinations of chem 
by ſeven in a partel, and by eight in a parcel, and by nine 
in à parcel, and by ten in a parcel, and by eleven in a par- 
cel, and by twelveè in a parcel,” that occur in the {aid twelve 


4 Table of the firſt twelve orders, or ſerieſes, of figurate numbers, 
er of all the different combinations that may be. made of twelve 
15 different letters a, b; C, d, ©, f. gr h., i, K, 1, and m, by 
© taking:them, firſt, ſingly, and then, combining. thew with each 
© other in parcels conſiſting of tevo letters, of three. letters, of four 
_ letters, of five letters, of fix letters, of ſeuen letters, of eight 
letters, of nins letters, f ten letters, of eleven laters, and of 


wels letters. 
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The Roman numerals at the top of the table are the exponents of 
. [the combinations of the letters a, b, e, d. e, f, g, h, i, K, I, m, 
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The firſt vertical column on- dhe left hand contains the 
letters that are to be combined together. 


Tue ſecond column expreſſes the numbers of letters that 
are to be combined together. i vis to. r 


» £ . 


o. The properties of the numbers exhibited in the fore- 
going table are truly curious and ſurpriſing. For it not 
only contains in it (as we have ſeen in the foregoing pages) 

1 the clue to the myſterious: doctrine of combinations, but it 
is alſo the ground, or foundation, of maſt of the important 
and abftruſe diſcoveries that have been made in the other 
branches of the mathematicks, as is well known: to thoſe 
perſons who are ſkilled in the higher parts of geometry. We 
ſhall here give a ſlight ſketch, and but a ſlight one, of ſome 
of the ſaid properties, without a formal demonſtration of any 
of them except the twelfth and laſt, which is that which is 
molt immediately connected with the ſubje& of combina- 
tions which we are here inquiring into; the other eleven 
properties being either eaſy conſequences of the ſaid 12th 
property, or being ſufficiently evident; from the manner in 
which the foregoing table was conſtructed, or the ſeveral or- 
ders of figurate numbers were generated from each other. 


— 


Some wonderful properties of the foregoing table of combinations. 


FY e 1 


ö 51. The firſt property. The ſecond. of the vertical eo- 
lumns of numbers in the ſaid table, or that which is placed 
| under the exponent II, begins with one cypher; the third. 
| zolumn begins with two cyphers; the fourth column with 
three cyphers; and, in general, every column with as many 
1 cyphers, wanting one, as there are units in the-exponent of 

| be CN abit Toe it, ſo that, if the * 
| EY For (Oo To. N 


E 


\ 


\ 


16 I Traiftion of the foregoing Em 


of the column is c, the number of cyphers in the beginning 

of the column will be c—t. | BH. 7 eig! 
"This property is too evident to need, or, perhaps, to ad- 

mit of, any proof. ige Le E 


52. The fecond property. The firſt ſignificant terms of 
the ſeveral vertical columns, taken in their order in a ſlant- 
ing line downwards from the top of the table on the left 
hand to the bottom of it on the right hand, are the ſame 
with the ſignificant terms of the firſt vertical column; and 
the ſecond ſignificant terms of the ſeveral vertical columns, 
taken in the — manner, are the ſame with the fignificant 
terms of the ſecond vertical column; and the third ſignificant 
terms of the ſeveral vertical columns, taken in the ſame 
manner, are the ſame with the ſignificant terms of the third 
vertical column; and, in like manner, the fourth, fifth, 
fixth, and other following, ſignificant terms of the ſeveral 
vertical columns are the ſame with the ſignificant terms of 
the fourth, fifth, ſixth, and-other following, vertical columns, 
reſpectively: ſo that the firſt of thoſe oblique lines of terms 
conſtitutes a ſeries of units, or 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 
1, or the firſt order of figurate numbers; and the ſecond of 
thoſe oblique lines of terms conſtitutes a ſeries of the natural, 
or lateral, numbers, or 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, or 
the ſecond order of figurate numbers; and the third of thoſe 


oblique lines of terms conſtitutes a ſeries of the trigonal or 


triangular numbers, to wit, 1, 3, 6, 10, 15, 21, 28, 36, 45, 
55, or the third order of figurate numbers; and, in like 
manner, the fourth, fifth, ſixth, and other following oblique 
lines of terms, conſtitute the fourth, fifth, ſixth, and other 
following orders of figurate numbers reſpectively. 


53. The third property. The ſecond term in every ver- 
tical column, beginning from 1, is the ſame number as the 
exponent of the combinations exhibited by the faid column, 
or as the number denoted by a Roman numeral at the top 
of the column, which denotes its place or order in the table. 


Thus, the ſecond term of the fourth vertical column 1, 4, 


JO, 20, 35, 56, 84, y20, 165, reckoning from 1, is 43 
| ö 3 a — 
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and the ſecond term of the fifth vertical column is 55 and 
the ſecond term of the ſixth vertical column is 6; and the 
ſame thing may be obſerved in all the following columns. 


This property is too evident to need a proof, 


£4. The fourth property. Every term in the foregoing 
table is equal to the ſom of all the terms that ſtand above it 
in the next preceeding vertical column. Thus, for example, 
56 (which is the ſixth ſignificant term in the fourth vertical 
column) is equal to the ſum of 1, 3, 6, 10, 15, and 21, 
which are the firſt ſix ſignificant terms of the next preceed- 
ing, or third, vertical column, and which all ſtand above 
the ſaid term 56, or above the term 28 in the third vertical 
column, which ſtands even with the ſaid term 56 in the 
fourth column. „ 

This property is manifeſt from art} 40, 41, 42, &c. — 
— 48. | | f 


55. The fifth property. Every term in the table, after the 


firſt term 1 in each horizontal row of terms, is equal to the 


ſum of the two terms that ſtand immediately above it in 
the ſame vertical column and in the next preceeding vertical 
column. Thus, for example, 56 (which is the gth term in 
the fourth vertical column, including the cyphers, or the 
ſixth term excluſive of the cyphers) is equal to the ſum of 
35, which is the term next above 56 in the ſame vertical 
column, and 21, which is the term next above 56 in the 
next preceeding or third vertical column. And, from the 
manner in which the table is formed, the ſame thing is evi- 
cent of every other term in the table. | | | 


56. The ſixth property. The terms of every tranſverſe, 
or horizontal, column increaſe gradually from 1 to a certain 
magnitude, and then decreaſe again by the fame degrees to 
1, ſo as to make the terms that are equidiſtant from the 
beginning and the end of the column'be equal to each other. 


Thus, for example, the terms of the 7th tranſverſe, or ho- 


rizontal column are 1, 6, 15, 20, 15, 6, 1, in which the 
firſt and the laſt term are, both of them, 1, the ſecond 
8 3 term 


5 


c ) ; 
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term and the laſt, term but one, are, both of them, 6, the 
_ thizd term and the laſt term but two are, both of them, 
15,.and. the middle term is 20, which is greater than any of 
the others. And the ſame thing may be obſerved in all the 
other tranſverſe or horizontal columns, 5 


1 


57. This property may be ſhewn to be general or to ex- 
tend to all the tranſverſe, or horizontal columns, how nu- 
merous ſoever, to which we may ſuppoſe the table to be 
continued, as well as to the twelve columns ſer down in the 
foregoing table, by proving that, if it is true in any one 
horizontal column, (as we have ſeen that it 1s in all the ho- 
rizontal columns fer down in the foregoing table), it will 
allo be true in the next following horizontal column. Now 
this may be proved in the manner following. wy 

It appears from the fifth property already mentioned, that 
the ſecond and other following terms of every new tranſ- 


verſe, or horizontal, column are equal to the ſums of the 


two terms that {ſtand immediately above them in the {ame 
vertical column, and in the next preceeding vertical column, 
reſpectively, or to che ſucceſſive ſums of the terms of the 
next preceeding horizontal column, taken two by two. 
Thus, for example, the ſecond, chird, and other following 
terms of the 8th horizontal. column are 7, 21, 35, 35, 21, 
7, and I; of which 7 is = 1 + 6, or the ſum of the firſt 
and ſecond term of the next prececding, or jth horizontal 
column 1, 6, 15, 20, 13, 6, 1; and 21 is = 6 ＋ 13, or 
the ſum of the ſecond and third terms of the ſaid ſeventh 
horizontal column; and 35 is = 15 + 20, or the ſum of 
the third and fourth terms of the {aid ſeventh horizontal 
column; and the fecond 35 is = 20 + 15, or the ſum of 
the fourth. and fifth terms of the ſaid ſeventh horizontal co- 
lumn; and the ſecond 21 is = 15 + 6, or the ſym. of the 
fifth and ſixth terms of the ſaid ſeventh horizontal column; 
and the ſecond 7 is = 6 + 1, or the ſym of the ſixth and 
ſeventh terms of the ſaid ſeventh; horizontal column; and 
the ſecond 1 is = 1 ＋ o, or the ſum of the ſeventh. and 
eighth terms of the ſaid 7th horizontal. column. 80 that 


the terms of the {aid 3th, horizontal column, 1, 7. 21, 35, 


33» 
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35, 24 7; x, may he Ferived Thom! the terms of the bent 
proce, or 5th, horizontal column, 1, 6, T 5, 207 132 
6, 1, by letting down the latter terms twice following it 
two parallel horizontal rows, with the terms in the lower 
row advanced one ſtep to the right hand beyond thofe in the 
upper row, fo that the firſt term of the ſecond row ſhall be 
immediately under rhe ſecond term of the firſt row, and the 
ſecond term of rhe fecond row under the third term of the 
firſt row, and the third term of the ſecond row under the 
fourth, term of the firſt row, and every following term of the 
ſecond row under the next higher term of the firſt row, and 
then adding the correſpondent terms, or the terms which 
ſtand in che fame vertical lines, together, in the manner 
following. e 
, 6, 13, 20, 15, 6, 1 
1 6, Ih» 20, 15, 6, 1 


* 


| © I's 7». 20933» 35s 205 Jo LOO ND 
Now from this manner of derjving the terms of the 8th,ho- 
rizontal row of numbefs from the 7th horizontal row of 
numbers, it is manifeſt that, ſince the terms of the ſeventh 
row that are equidiſtant from the two extreme terms 1 and 1, 


are equal to each other, the terms of the 8th row which are 


equidiſtant from the two extreme terms 1 and 1, muſt like- 
viſe be equal to each other, being the ſums of equal num- 
bers that are added together in an oppoſite order, to wit, 
b++and 1 +6, 15 +6 and 6 +'+5, and 20 ＋ 15 and 
15 + 20. And this method of reaſoning. will prove in like 
manner that, fince the terms of tze 8th horizontal row of 
numbers that are equidiſtant from the two extreme terms 1 
and x are equal to each other, che terms of the gth hori- 
zontal row of numbers that are equidiſtant from the two ex- 
treme terms 1 and 1 will alſo be equal to each other; and 
conſequently that, to whatever extent the table be ſuppoſed 
ta be continued, the terms of every following horizontal 
row of numbers that are equidiſtant from the two extreme 


terms 1 and 1 will be equal to gach other. 


AL» 
58. The 
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58. The ſeventh property. If we. take a certain number 
of vertical columns of numbers in the foregoing table, and 
continue the terms in each column till they are as many as 
there are columns, and then add up the feveral numbers in 
each column, and place the ſums thereby obtained in a new 
horizontal line, or row, at the bottom of the ſaid columns, 
the firſt of theſe ſums will be equal to the laſt but one, the 
ſecond of them to the laſt but two, the third of them to the 
laſt but three, and in general, the mth term to the laſt but 
m. Thus, for example, if we take the firſt eight vertical 
columns, and continue them to eight terms each (including 
the cyphers in the beginning of all but the firſt column), 
and then add the numbers in each ſeparate column into one 


ſum, the ſums thereby obtained will be 8, 28, 56, 70, 56, 


28, 8, and 1; of which the firſt ſum 8 is equal to the lait 

but one; the ſecond ſum 28 is equal to the laſt but two, and 

the third ſum 56 is equal to the laſt but three, and the fourth 
term 70 is itſelf the laſt term but four. 


1 1 : 
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59. This property follows from the fourth property, which 
is mentioned above in art. 54. For, by that property, eac 
of the ſaid ſums is equal to the next following term of the 
next r row of numbers, that is, in the example 
here given, of the ninth horizontal row of numbers in the 
foregoing table, which is 1, 8, 28, 56, 70, 56, 28, 8, and 
13 to wit, the ſum of the units in the firſt vertical column 
is equal to the ſecond term 8 of the ſaid ninth horizontal 
row of numbers, and the ſum of the nunibers 1, 2, 3, 4, 
5» 6, 7, in the ſecond vertical 7 is equal to the third 
| term 
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term 25 of the aid ninth horizontal row of numbers; and he 
ſum or the numbers 1, F 10, Is, 21 5 In the third vertical | 


c 
: 


n 
: 
* 


to the fourth term 56 of the ſaid ninth hori- 


zontal tom of numbers; and in Ike manner, the ſums of the 


numbers 1, 4, 10, 20, 35, in the fourth vertical column, and 
of the numbers 1, 5, 15, 35, in the fifth vertical column, 
and of the numbers in the fixth, ſeventh, and eighth verti- 
cal columns, are reſpectively equal to the numbers 70, 56, 
28, 8, and 1, or the fifth, fixth, ſeventh, eighth, and ninth, 


terms of the ſaid ninth horizontal row of numbers. But, by 


the ſixth property (which has been mentioned above in art. 


56, and demonſtrated in art. 57) the terms of the ſaid ninth 


horizontal row of numbers, 1, 8, 28, 56, 70, 56, 28, 8, 
and 1, that are equidiſtant from the two extreme terms 1 and 


1, are equal to each other, and muſt be ſo from the man- 


ner in which they are generated. Therefore the faid ſums 
of the numbers contained in the ſaid eight vertical columns, 


being equal to the ſecond, third, fourth, and other follow- 


ing terms of the ſaid ninth horizontal row of numbers, muſt 
be ſuch that, if an unit be prefixed to them (whereby their 


number will be increaſed to nine terms), the terms thar 
are equidiſtant from the two extreme. terms 1 and 1 will be 


equal to each other. And conſequently, if an unit be not 
prefixed to them, the firſt of thoſe ſums will be equal to 


the laſt of them but one, and the ſecond of them will be * 


equal to the laſt but two, and the third of them will be 


equal to the laſt but three, and the mth: of them will be 


equal to the laſt but m. And this, it is evident, will be true, 
if inſtead of eight vertical columns continued to eight terms 
each, we were to take any other number of vertical co- 
lumns, how great ſoever, and continue them till the num- 
ber of the terms in each column (including the cyphers) was 
equal to the number of the columns. And therefore it is 
true . univerſally. . E. 5p). 


60. The eighth property. The horizontal rows of num- 
bers in the foregoing table of combinations, beginning with 
the. ſecond row, exhibit the co-efficients of the ſeveral ſuc- 
ceſſive powers of a binomial tt as a 45. Thus, the 


\ 


— 
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numbers in the ſecond horizontal row, to wit, 1 and 1, are 
the co-efficients of the two members @ and ù of the faid bi- 
nomial quantity @ + 5 itſelf, or (as it is ſometimes, called) 
of the firſt, or ſimple, power of the ſaid binomial quantity. 
The. numbers in the third horizontal row, to wit, 1, 2, 
and 1, are the co-efficients of the ſeveral terms aa, zab, 
and 55, of the compound quantity as + 2ab, + bb, which is 
the ſquare, or ſecond power, of the ſaid binomial quantity. 
The numbers in the 4th horizontal row, to wit, 1, 3, 3, 
and 1, are the co-efficients of the ſeveral terms of the com- 

pound quantity 4 + 34˙ + 3ab* + 53, which is the cube, 
or third power, of the ſaid binonual quantity. The num- 
bers in the 5th horizontal row, to wit, 1, 4, 6, 4, and 1, 
are the co-efficients of the ſeyeral terms of the compound 
quantity 4+ + 44% + 64%* + 4ab* + , which is the ꝗth 
power of the ſaid binomial quantity. And, in like man- 
ner, the numbers in the 6th, 7th, 8th, gth, and every fol- 
lowing horizontal row. to the mth row (x being any whole 
number whatſoever) will be the co-efficients of the terms 
of the 5th, 6th, 7th, 8th, and every following power of 
the ſaid binomial quantity a +4, to the #»— 1th: power, 
reſpectively; and the numbers in the 1 + ilch horizontal 
row of terms in the ſaid table will be the co-efficients of 
the terms of the ꝝth power of the ſaid binomial quantity. 


61. This property will appear from the manner in which 
the powers of the binomial quantity @ + & are generated 
from each other by multiplication, which is as follows : 
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1 +86 


5 2 115 +bb = N 


a+b 


7 + 20% +abb 
+ ab + 2abb 9927 


N T er 1 
4 +7 


a+ * 34% 7975 + ab 


+ @b +307 + go# oe 


A ＋62²⁰˙ +4abÞ +64 = TT 


Or, if, for brevity" s ſake, we ſubſtitute 1 + 1 "Lotta of 
476, the multiplication will be as follows : : ; 


[ 


+I 
171 


1 
+1+1 


1+2+1 = EW 


I+1 


I+2+1 

+ 1+2-t1I 
1+3+3+1 = 1+ 
© . 


I+3+3+1 
+1+3+3+F1. 
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Here we ſee that every new power of the binomial quan- 
tity 1 +1 is formed by adding together the terms of the 
next preceeding power of it by two at a time, or in ſetting 
down the terms of the preceeding power twice following in 
two parallel horizontal rows, with the terms in the lower 
row advanced one ſtep to the right hand beyond thoſe in 
the upper row; which is the manner in which the ſeveral 
horizontal rows of numbers in the foregoing table of combi. 
nations are, or may be, derived from each other, as appears 
from the 5th and th properties above-mentioned: in art. 35, 
56, and 57. Therefore, ſince theſe co-efficients of the terms 
of the powers of the binomial quantity 141 are generated 
from 1+1, in the ſame. manner as the zd, 4th, th, and 
other following rows of numbers in the foregoing! table of 
combinations are generated from the ſame numbers 1 and 1 
in the ſecond horizontal row, it follows that the. numbers 

contained in the 3d, 4th, 5th, and other ſubſequent hori- 
zontal rows muſt coincide. with, or be the ſame with, the 
co-efficients of the terms of the quale, cube, fourth power, 
and other following a my powers of the ſaid or 
mial quantity. Q E. | 1. 

62. The ninth property. The ſums of the numbers 
contained in the ſeveral ſucceſſive horizontal rows in the 
foregoing table of combinations increaſe continually in the 
proportion of 1 to 2; or the ſum of the numbers in every 
new horizontal row is double of the ſum of the numbers in 


the next preceeding horizontal row. Theſe ſums are as 
follows : | | 


In the iſt horizontal row 1 OAO &c are = 1. 
In the 2d horizontal row 1+1+0+0 & are = 2. 
In the 3d row 1+2 +1+0+0 &c are = 4. 
In the 4th row 143737 1 +0+09 & c are = 8. 
In the 5th row 14-4+6+4+1+0+0 &c are = 16, 
In the 6th row 1+5+10+10+5+1 &c.are = = 32. 
In the 7th row 1 +6+15+20+25+6+43 are ="64. 
In the 8th row bd +35+354 24 +9 +1 are = 128. 


Ou os — — 


. Each 
— 1 — — 
* 1 ” | * 1 4 6% * 


Each of theſe W is WOE oy Fs Fe pation. 
preceding it. And the ſame thing is true of the ſums, of | 
the terms of the four followi ing horizontal rows in the fare- 

ing table, and of the ſums of the terms of all the follow- 
ing horizontal rows that would belong to it, if it were con- 
hy to any greater number of vertical columns and hori- 
zontal rows Khatdexcr, bode es” Ig 


* R 5 


6 * "Chis property follows PAS what has. 1— — 5 


aboye in art. 57, to wit, that every new horizontal row of 


numbers, in the ſaid table may he derived from the next 


Wa poricoore row of numbers by ſetting, down the: 
numbers of the. ſaid preceeding row twice following in two 


parallel horizontal rows, with the terms in the lower row 


advanced one ſtep further to the right hand than the terms 
in the upper row, and then adding the terms of the two rows 


that ſtand in the ſame vertical lines together. For the ſum 
of the numbers contained in the new horizontal line ariſ- 
ing from the addition of the ſaid two lines together, muſt 
evidently be double of the ſum of the numbers in only one 


of the lines ſo added. Thus, if we ſet down the numbers, 
of the 7th horizontal row of numbers, to wit, 1, 6, 15, 20, 


15, 6, 1, twice following in two 2 rows one > under 


the other, as follows, 
1, 6, 15, 20, 15, 6, 1 
I, 6, 15, 20, 152. 6, 1, 


2 G * 


and then add the two 03 together, ſo as Pp make 2 per 


line of munen to wit, 4 
„ „% u 35 21, % Is 


it a en that the ſum of the numbers comeiielt: in this 
new line muſt be double of the ſum of 92 numbers nr 


tained, 1 in either of the two former., lines. N B, Da... 


64, This property may alſo be derived from the” laſt o 
th property, ſet forth and proved in art. 60 and 61. Por ro 
\ ſince every new power of the binomial quantity 1 ＋ 1 muſt 


be greater than the next preceeding power of it in the pro- 


portion of 3 + 1, or 2, to 1; and it has been ſhewn in art. 
* 2184 the ſeveral ' horizantal rows of numbers in the fore- 


16) 5 going 
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going table exhibit the members of the ſeveral ſucceſſive 
— of the binomial quantity 1 ＋ 1 ; it follows that the 

id horizontal rows of numbers muſt be greater, one than 
the — in the ſame proportion of 1+r, or 2, to 1. 


N E. b. 


65. The tenth property. If the ſums of the numbers 
contained in the Sant horizontal rows of the foregoing 
table of combinations be continually added to each other, 
the new ſums thence ariſing, or the ſums of the former ſums, 
will form a ſeries of numbers, which will be equal to the 
ſeveral powers of 2, with an unit ſubtracted from them, or to 
2 —1, YM I, 2Þ — I, 214 — I, C— 1, 2 s — I, 2] — 15 
&c, or to 2 — 1, 4 —1, 8 — 1, 16— 1, 32 — 1, 64 -Þ 
128 — 1, &c, or 1, 3, 7, 15, 31, 63, 127, &c. 

Thus, for example, the ſums of the eight firſt horizontal 
rows of numbers are 1, 2, 4, 8, 16, 32, 64, and 128, re- 


ſpectively, as we have ſeen in art. 62. Now, if theſe ſums 
are added together, we ſhall have el 


I=I=2—1 
1 ＋2 =I =, ä 

112442 7 8— 1=2'—1, 

1+2+4+8=15=16— 1=214—1, 
I+2+4+8+16=31=32—1=2Þ—1, 
1+2+4+8+16+32=63=64—1=2P=—1, | 
| 1+2+4+8+16+32+64=127=128—1=2]—1, and 
I+2+4+8+16+32+64+128=255=2256—1=2]'—t. 
And univerſally, if the number of the horizontal rows be u, 
the ſum of the ſums of all the numbers contained in them 
will be 7 — 1. # 


66. This is evident from art. 33. For the ſum of All theſe 
ſums is the number of all the poſſible combinations, of n 


letters; which is ſhewn in art. 33 to be = 2]* — 1, Tbere- 


fore the ſucceſſive ſums of the ſums of all the numbers __ 
bs : | tain 
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And in iche ſaid horizontal rows will form the ſeries 2, 
i=, 1 ARENA Wine 
a,. . H S gh v. 


? 2 * et x '4 F 


67. The eleventh property. Ik we divide the denne ef 
the ſecond, or any other of the vertical columns of the fore- 
going table of combinations by the correſponding terms (or 
terms ſituated in the ſame horizontal line) of the next pre- 
ceeding vertical column, the ſeveral quotients thence arifing 
will be equal to the terms of an arithmetical progreſſion con- 
fiſting of — of which the common difference is a frac- 
tion of which an unit is the numerator, and the number 
which is the exponent of the firſt of the ſaid vertical columns 


(by the terms of which the terms of the other vertical column 
are divided) is the denominator. | 


Thus, for example, if we divide each 2 the t . of che 
ſecond vertical column o, 1, 2, 3» 4, 5» 6, 7, 8, Cy 10, IT 


(omitting the firſt term, which is a cypher, or o), by the 
correſponding term of. the firſt vertical column 1, 1, 1, 1, 


2 
Li 4-4; I $i ts quotients will be =, =, 25 4 DT 
8 | 
— To 25. : 2. 2, =, T —, which differ from each other by 


the common difference — — 


And, if we divide 4 of the terms of the third vertical 
column o, o, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55 (omit- 
ting the two cyphers) by the correſponding term of the ſe- 

cond vertical column, o, » 2, 3s 4, 5» 0,7, 8, % 10, 11 


6 10 15 21 28 36 | ' 
the quotients will be =, WY 75 5 8 5 5 =, 25. and 
0 ; F "4 * 6 
E, which are N equal to , 2, 2 25 =, 2 — 72 
3 


7 =, >, and , which differ 145 each by the fraftion 


_ of which 1 is the numerator, and a, or the exponent of 


the ſecond vertical column Os, 1, 2 3 45 5» 6, 75 8 8 9, 
art, 10, 


% - uf Trayfation of the fereuing Buran . 
10, 11 (by the terms of which che bens 6s the third verti- 
cal column areſdiyided), is the denominator. 


If we divide the terms of the fourth vertical column 
(omitting the cyphers at the beginning) by the correſpond- 
ing terms of the third ee the AFctients! bates pe * fol- 


laws; to wit, £4318 | 1963] 10 Ac 33 
0 20397 g 9 9 A ene e 4505 
15 3 LI 3 1! 
ER 32 11.5” T0447 12198 * 
+1193 , eien 5 N 
T0 21-9: 10 es | 17 
Faion 5! FN; 155 
EL a 3 C , 
74 5 20 s : 7 
* f „ 4 _ 
a FP 15 | 3 N 
| = «£ | 
kc | 21 ' = 4 
— 
8 n 
= L T 
9.3 ; 
120 3 | 
1 45 3 
and = * , which differ from each other 


by the fraction =, of which 1 is the numerator, . and 3, or 


the exponent of the third vertical column (by the terms of 
which the terms of the fourth vertical ne are divided), 
is the denominator. 


In like manner the quotients chat ariſe by 3 the 
terms of the fifth vertical column by the correſponding 
terms of the fourth vertical column are the following, to vit, 


4 6 
7 25 255 . 35 I" ot and 22 — 185 which are reſpeQrely 


equal to 4, 2, 2 2, 1 WE and . : 
Ke] $514” e e 


And the quotients that ariſe by Fry the erm * the 
fixth vertical column by the corre] ponding terms of — 
fift 


ow > £0 + woke. ' 


= 


<effary to the main object of, this Treatiſe, be derived from 
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* 
* 


9600 
E 
8 5 


*. 
, 
41 + 


alt vertical column are =, =, 38. ©, 126, 255, an 
which are reſpectively equal to 2 7 5 * 75 
and J. Kn 3 ee 

The quotients that ariſe by dividing the terms of the ſe- 
venth vertical column by the correſponding terms of the 


rie £28 462 1241 . 
ſixth column are 3, 27, 7 and 462 which are 


* 
* 
„ 


reſpectively equal to =, 85 6.3 > and = 


6* 6* 6 5170 
The quotients that ariſe by dividing the terms of the 
eighth vertical column by the correſpondent terms of the ſe 


venth column are = 2 >, ==, and 5 5 which are re- 
ſpectively equal to L, 4, 3, 4, and — \ 
pe y 4 7 7 7 7 by 


The quotients that ariſe by dividing the terms of the ninth 
vertical column by the correſponding terms of the eighth 
column are 5. 36 AL, and = which are reſpectively 


120? 
equal. to 3 * OY and ＋. 


The quotients that ariſe by dividing the terms of the tenth 
vertical column by the correſpondent. terms of the ninth 
| „ RE 3 
e are 5, 455 165 which are reſpeGively equal eg 
And the quotients that ariſe by dividing the terms of the 
eleventh vertical column by the correſpondent terms of the 
tenth column are = and To which pre reſpectively equal 

. a 3207 21-1 257 Nei 5 oer 5 


5 : — © 
10 10 


68. This property of theſe nuinhers might, if it were ne- 
the 


* 
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the following, or 12th, property of the ſaid numbers, which 
we will now proceed to ſet forth and to demonſtrate. 


69. The twelfth property. The ſum of all the numbers 
contained in any one of the vertical columns of the forego- 
ing table of combinations, is to the ſum of the like number 
of terms that ſhould be all equal to the laſt term of the 
column, m the ſame proportion as 1 to the exponent of the 
column,-orthe number-which denotes the place of the co- 


Jumn, and which is marked by a Roman numeral figure at 


the top of 1t. 


Thus, in column 1ſt, which conſiſts entirely of units, tho 
ſam of all the twelve terms is 12, which is to the ſum of 
twelve terms all equal to the Jaſt term as 1 to 1, or the ex- 
ponent of the firſt column. This propoſition is ſelf-evident. 


In the 2d column the twelve terms are o, 1, 2, 3, 4 
5; 6, 7, 8,9, 10, and 11; the ſum of which is 66. And 
the ſum of twelve terms equal to the laſt, or greateſt, term 
11, is 132. Now 66 is to 132 as 1 is to 2, or the exponent 
of this ſecond column, . 

In the zd column the twelve terms are o, o, 1, 3, 6, 10, 
15, 21, 28, 36, 45, and 35 the ſum of which is 220. And 
the ſum of twelve terms equal to the laſt, or greateſt, term 
55, is 660. Now 220 is to 660 as 1 is to 3, or the expo- 


nent of the third column,  - 


In the 4th column the twelve terms are o, o, o, 1, 4, 


10, 20, 35, 56, 84, 120, and 165; the ſum of which is 495. 


And the ſum of twelve terms equal to the laſt, or greateſt, 


term 165, is 1980. Now 495 is to 1980 as 1 is to 4, or te 
exponent of the fourth column. | 


In the 5th column the twelve terms ate o, o, Delos bo 


15, 35, 70, 126, 210, and 330; the ſum of which is 792. 
And the ſum of twelve terms equal to the laſt, or greateſt, 


term 330, is 3960. Now 792 is to 3960 as 1 is to. 5, or the 
— 5 the fifth column. * 


In the 6th column the twelve terms are o, o, o, o, o, 1, 


6, 21, 56, 126, 252, and 462; the ſum of which is 924. 
n LI To nt) 4 y FJ 7 uk $ ) mul. 8.5 And 


2 
\ 
| 


Ty: 
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And the ſum of twelve terms equal to the laſt, or greateſt, 
term 462, is 5544. Now 924 is to 5544 as 1 is to 6, or the 


exponent of the fixth column. 


In the 9th column the twelve terms are o, o, o, o, o, o, 
1, 7, 28, 84, 210, and 462 ; the ſum of which is 792. And 
the ſum of twelve terms equal to the laſt, or greateſt, term 
462, is 5544. Now 792 is to 5544 as I is to 7, or the expo- 
nent of the ſeventh column. / 13 a> 3; 
In the 8th column the twelve terms are o, o, o, o, o, o, 
o, 1, 8, 36, 120, and 330; the ſum of which is 495. And 
the ſum of twelve terms equal to the laſt, or greateſt, term 
330, is 3960. Now 495 is to 3960 as 1 is to 8, or the expo- 
nent of the eighth column. | 0 
In the gth column the twelve terms are o, o, o, o, o, o, 
0, ©, 1, 9, 45, and 165; the ſum of which is 220. And 
the ſum of twelve terms equal to the laſt, or greateſt, term 
165, is 1980. Now 220 is to 1980 as 1 is to q, or the expo- 
nent of the ſaid ninth column. W 
In the 1oth column the twelve terms are o, o, o, o, o, o, 
o, o, o, 1, 10, and 55; the ſum of which is 66. And the 
ſum of twelve terms all equal to the laſt, or greateſt, term 55, 


is 660, Now 66 is to 660 as 1 is to 10, or the exponent . 
of the ſaid tenth column. . 


In the 11th column the twelve terms are o, o, o, o, o, 0, ” 
o, o, o, o, I, and 11; the ſum of which is 12. And the 
ſum of twelve terms all equal to the laſt, or greateſt, term 


11, is 132. Now 12 is to 132 as 1 is to 11, or the exponent 
1 of the ſaid eleventh column. | | | 


In the 12th column the twelve terms are o, o, o, o, o, o, 
o, o, o, o, o, and, 1; the ſum of which is 1. And the ſum 
of twelve terms all equal to the laſt, or greateſt, term 2, is 
12. Now 1 is to 12 as 1 is to the exponent of the ſaid 
twelfth column, that exponent being 12. [422 AN 


And the ſame thing will be found to be true, if, inſtead 
: of taking twelve terms in each of the ſaid vertical columns, 
. we were to take any leſſer number. as five, or ſix, or ſeven, 
4 terms, or any greater number of terms whatſoever, as fif- 
| : Fs +: 
ON 


* , ; * 


VE WT 


| 
! 
| 
| 
: 
| 
| 
| 
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teen, or twenty, or a, hundred terms, continuing the table 


both downwards and ſideways for that purpoſe, namely, that, 
if the exponent of any one of the vertical columns be 95 
c, the ſum of all the terms in the ſaid column, contihded 
to any number of terms whatſoever, will be to the ſum of as 
many terms all equal to the laſt, or greateſt, term of the 
ſaid column, as 1 is to c. „„ 


1 70. This 
» Fue attentive reader may perhaps have obſerved, in reading the/foregoing 


| tranſlation of the twelve ſurpriſing properties of the numbers contained in the 


table of combinations, exhibited in page 74, (which properties are ſet forth in 


pages 75, 76, 7), 78, 79, 80, 81, 82, 555 84, 85, 86, 87, 88, 89, 90, and 
0 


91) that the 7th property (which is ſet forth in art. 58, page 80) is not the 
ame with the 7th property in the author's original, (which is contained in 
age 19), but anſwers to the 8th property ſet forth in the ſaid original; and 
hat there is no property in the tranſlation that exactly anſwers to the ſaid 
2th property in the original. The reaſon of this omiſſion is, that the 
th property ſet forth in the author's original, ſeemed to me to be the 
ame with the next preceeding, or 6th, property, and therefore to be an un- 
neceſſary repeution, But, whether it is ſo, or not, muſt be referred to the 
reader's judgment. And therefore I will here ſet down both the 6th and 
the 7th property, as they are expreſſed in the original, Feet” 

The fixth property is expreſſed in theſe words, Columnæ cujuſvis tranſ- 
verſe termini ab unitate alignouſque creſcunt, deinde per eoſdem gradus rurium 
decreſcunt. Idem intellige de ſummis columnarum verticalium @qui-altarum, 
gen terminis ſequentis column@ tranſwerſe, per quartam proprietatem. 

And the ſeventh property is expreſſed in theſe words. Columnarum ver- 
ticalium eque-altarum baſes, five termini columne tranſverſe cujuſlibet, primus 
quidem et ultimus Hg niſicatiuus per petuò inter ſe @quaniur, ut et ſecundus et pe- 
nultimur, tertius et antepenultimus, atque ita porrd, fi columna pluribus termi- 
vi ſignificativis conſtet. 2 22 * t 

Now this 7th property ſeems to me to be a mere repetition of the foregaing 
6th property, and particularly of the firſt ſentence of it, to wit, Columne 
cuj uſeis tranſverſe termini ab unitate aliquou/que creſcunt, deinde per eo/dem 
gradus ruriim decreſeunt. Theſe words, “ ab unitate creſcunt, diinds per eof- 
dem gradus rurszm decreſeunt”* ſeem only to be paraphraſed, or more fully 
explained, by the words of the jth property, to wit, primus guidem et ulli- 

m "20 inter ſe æguantur, wt et ſecundus et penultimys, tertius et ante- 

penultimus, atque ita porrò. Therefore, as I could find no newaneaning to 


the words of the 7th property, whereby it could be diſtinguiſhed from the 


bth property, I thought it better to omit it. | | 

Vet we may obſerve that there are twelve properties of the figurate numbers, 
or numbers contained in the foregoing table of combinations, ſet down in 
the tranſſation as well as in the author's original. This is owing to my hav- 
Ing divided che 1cth. property of theſe numbers mentioned in the author's 


N | origin As 


& * 
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70. This is the moſt important property belonging to the 
figurate numbers, and that which wilt be of moſt uſe to us 
in treating of the doctrine of chances, or the art of forming 
probable conjectures concerning events that depend on 
chance, which is the ſubject of this treatiſe. I ſhall there- 
fore now endeavour to demonſtrate this property of the ſaid 
numbers in a ſcientific and ſatisfactory manner, and ſo as to 
convince my readers that it muſt be true in all caſes whatſo- 
ever (however great the number of vertical columns, and 
that of the terms in each vertical column, may be ſuppoſed 
to be taken) as well as in the ſmall number of caſes exhibited 
in the foregoing table of combinations. And in order to this 

] ſhall proceed to lay down the four following preliminary 
propofitions, or lemmas, as che ground-work of the follow- 
ing demonſtration. were Tee NOV 


— 


— — / — 


LEMMA I, 


1, The ſum of any 1 terms whatſoever in the 
fil vertical column in the foregoing table of combinations, is 
equal to the ſum of an equal number of terms that are all 
equal to the laſt term. £ 28, 


original (which conſiſts of two branches) into two ſeparate 3 eall- 
ing the firſt branch of the faid 1oth property in the original (which is ex- 
preſſed in theſe words, . Summe ſerierum tranſverſarum progrediuntur in 
continud ratione dupld) the gth property in the tranſlation; and the ſecond 
branch of it (which is expreſſed in theſe words, . Summarum verò ſumma, 
ab initio collect, terminos r e. pre greſſionis duplæ unitate multates”) 
the 10th property in the tranſlation, 15 

The differences therefore between the properties of theſe numbers, as ex- 
ones in the tranſlation, and as expreſſed in the original, are as follows. 

e ſix fuſt properties of theſe numbers in the tranſlation anſwer to the fix 
firſt properties of them in the original reſpectively; the th property in 
the tranſlation anſwers to the 8th property in the original: the 8th pro- 
perty in the tranſlation anſwers to the gth property in the original: the gth 
and 10th properties in the tranſlation anſwer to the firſt and ſecond — — 
of the roth property in the original: and the 11th and 12th properties in 
the tranſlation anſwer to the 11th and 12th properties in the original, re- 


DEMON» * 


„ eee 
DzMoONSTRATION. | 


This is evident, becauſe all the terms in the firſt column 
are units, or equal to the laſt term. Therefore the ſum of 


all the faid terms is the ſum of the ſame number of terms 
equal to the laſt term. d. E. v. 72 "1 


—— — —— ——— ů 


LEMMA II. 


72. If in any one of the vertical columns of numbers in 
the foregoing table of combinations, after the firſt column, 
we take as many terms (including the cyphers in the begin- 
ning of the column) as there are units in the exponent of 
the column, the ſum of all the ſaid terms will be to the 
ſum of the ſame number of terms that are all equal to the 


laſt of them in the ſame proportion as 1 is to the exponent 
of the ſaid column. 


DEMONSTRATION. 


By the firſt property of theſe figurate numbers, ſet forth 


in art. 31, the number of cyphers at the beginning of each 
of the ſaid vertical columns is leſs by an unit than the ex- 
ponent of the ſaid column. And, by the ſecond property of 
theſe numbers, ſet forth in art. 52, the firſt term in every 

column after the cyphers is an unit. Therefore the ſum of 
all the terms of the vertical column that are ſuppoſed in this 
lemma to be taken (which are only as many as there are 
units in the exponent of the column) will be the fum of ſome 
cyphers and an unit, and conſequently will be equal only to 
an unit. And the ſum of the ſame number of terms all 
equal to the laſt will be equal to the ſum of the ſame num- 
ber of terms all equal to an unit, or will be equal to the ex- 
ponent of the column. Therefare the ſum of all the terms 
in the. ſaid vertical column will be to the ſum of as many 


terms 
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terms all equal to the laſt term (which is an unit) in the ſame 
proportion as 1 is to the exponent of the column, | 
Fe lie | | Q. E. D. 
Thus, for example, in the 4th vertical column, if we take 
only the four firſt terms o, o, o, 1, the ſum of theſe terms 
will be = 1, and the ſum of four terms all equal to the laſt 
term, which is 1, will be (S1+1+1+1) =4 And 
therefore the former ſum is to the latter as 1 is to 4, which 
is the exponent of the (aid column. - And, in general, if 
the exponent of the column be c, and we take c terms in it, 
the-.c—1 terms will be all cyphers, and the cth term will 
be 1. Therefore the ſum of the ſaid c terms will be 1. 
And the ſum of c terms all equal to the laſt term (which is 


1) will be c. Therefore the former ſum will be to the latter 
ſum as 1 is to c. | BY 


This lemma is the ſame with the general propoſition here- 
after to be proved, or the 12th property of the figurate 
numbers, in the cafe of taking only the firſt ſignificant term 


in each of the vertical columns, which firſt term is always 
an unit. | | 


LemMMa III. 


73. If the above deſcribed 12th property of the figurate 
numbers {which we are preparing to demonſtrate the truth 
of) ſhould be found to be true in any one of the vertical 
columns of numbers contained in the foregoing table of 
combinations, or the ſum of any number of terms taken in 
the ſaid column ſhould be to the ſum of the ſame number 
of terms all equal to the laſt, or greateſt, term, always in 
the ſame conſtant proportion, whatever be the number of 
terms ſo taken; and this proportion be that of 1 to a cer- 
tain number denoted by r, ſo that the ſum of the terms ſo 
taken ſhall always be equal to the quotient that ariſes by di- 
viding the latter ſum (or the ſum of the ſame number of 
terms all equal to the laſt term) by the number r; the * 

: 0 
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of the Gti of the terms ſo taken above the number » 
will be to the exceſs of the number of terms ſo taken above 
1 in the ſame proportion as the laſt term but one 10 che terms 
ſo an to the laſt term of all. | | | 


DEMONSTRATION. 


La the terms ſuppoſed to be taken in the Gd vertical co- 


lumn be A, B, C, D, &.. . . K, L, of which L is the 


alt, and K the aft but one. And let the number of the 
terms ſo taken be n. We are then to mon that u—7 will 
be to 11 as K is to L. 


Now, ſince the ſum of all the » terms A, "0: C, p, &c 
.. . » K, L is ſuppoſed to be to the ſum of # terms all equal 
to the lat term L, or to # x L, in the [3 ge ta of 1tor; 
and the ſun of all the terms A, B, G, D, d K, L, 
except the laſt term L, or the ſum of all the a — 1 terms 
A, B, C, D, &c ... . K, is alſo ſuppoſed to be to the ſum 


of n—1 terms all qual to the laſt term K, or to » — 1] x 
K, in the ſame proportion of 1 to r; it follows that the ſum 
of all the u terms A, B, C, D, &c....K, L will be= 


=, and the ſum of all the 1 1 terms A, B, C, D, &c, 


K, will be = — — But this latter ſum, or A+B+C | 


+ D + &c +K, is leſs than the former ſum, or A+B+ 
C+D +&%cK + L, by L. Therefore — x 1 en 2X 


r 


—L= — = ee and pat n—1xK 


is N x 4 Therefore #—ristou—rasKis to L. 
x. D. 


: 0 17 * 
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74. If in the foregoing table of combinations, ot figurate 
numbers, we take two contiguous vertical columns; and 
the numbers in the firſt of the two columns are found to 
have the twelfth: property above-deſcribed, ..or the ſum of 
any number of terms of it is to the ſum of as many terms 
all equal to the laſt, or greateſt, term, in the ſame propor- 
tion as the ſum of any other number of its terms is to the 
ſum of as many terms all equal to the laſt, or greateſt, of 
this latter number of terms; and the ſaid proportion is that 
of 1 to tue number ; and in the ſecond of the ſaid two 
contiguous vertical columns it be found that for a certain 
number of terms the numbers in the ſaid column are like- 
wiſe poſſeſſed of the fame 12th property, and that the ſum 
of the ſaid number of terms is to the ſum of as many terms 
all equal to the laſt, or greateſt, term in the proportion of 
1to 7 + x, and that the ſum of any leſſer number of its 

terms is to the ſum of as many terms all equal to the laſt, 
or greateſt, of the ſaid leſſer number of terms, in the ſame 
proportion of 1tor + 1; I ſay, then, that, if we take an- 
other term in the ſaid ſecond vertical column above the 
number before taken, and in which the ſaid 12th property 

has been found to take place, the ſaid 12th property will 
take place likewiſe with reſpe& to the numbers in the ſaid 
ſecond column, when increaſed by the ſaid new term, and 
the ſum of all the terms in the ſaid column, including the 

- faid new term, will be to the ſum of as many terms all equal 

to the ſaid-new.term, in the ſame proportion of 1 to r 1, 


a Dx MONSTRATION. 


Let n be the number of terms that are taken in the ſecond 
of che two vertical columns; and let the ſame number of 
terms be taken in the firſt of them: Let the terms in the 
faid firſt column be A, B, C, D, &.. . . K, L, and thoſe 
in the ſecond column be a, J, c, 4, Se.. . , I. Then, 
by che ſuppoſition, * che n tetms A, B, C, D, & 


oo 0.0 3 : 
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+ . +. K, L, will be to the ſum of » terms, all equal to the 
laſt term L, or to » x L, in the proportion of 1 to 7; and 
the ſum of all the ꝝ terms a, 4, e, d, &c....k, , will be 
to the ſum of x terms all equal to J, or to # XI, in the 
proportion of 1 to 7 +1. Now let another term m be added 
to the former terms a, ;, c, d, Sc.. . E, I, of the ſecond 
of the ſaid two vertical columns. We are then to prove 
that the ſum of all the terms a, b, c, d, Sc.. . k, I, and 
m (the number of which is »+1) will be to the ſum of as 


many terms all equal to the laſt term m, or to 1 + 1 Xx n, 
in the ſame proportion of 1 to 7+1. | | | 
Now, by the 4th property of the figurate F above 
ſet forth in art. 54, it is manifeſt that /, or the nth term of 
the ſecond of the two vertical columns, will be equal to the 
ſum of all the terms in the preceeding vertical column ex- 
cept the laſt term L, or to the ſum of the n — 1 terms A, 
B, C, D, &.. . . K. But, by the ſuppoſition, the ſum of 
theſe terms is leſs than the ſum of as many terms equal to 
the laſt term K in the proportion of 1 to r, or is equal to 


1 — MXX 1 N xx 


a | Therefore / is = 


But, becauſe the above-deſcribed 12th property is ſup- 
poſed to belong to the numbers of the firſt of the ſaid two 
vertical columns, to wit, A, B, C, D, &.. . . K, L, and 
the ſum of any number of terms in the ſaid column is ſup- 
poſed to be to the ſum of as many terms all equal to its laſt 
term in the conſtant proportion of 1 to r, it follows from 
lemma 3d, art. 73, that »—r will be to z—1 as K is to L. 


Therefore n—1] x K will be = z—1]x L; and conſequently 
AXE ill be = . | 
— 


r 


+ Therefore / (which has been ſhewn to be = ) will 


be 2 
— — 


to L. f Fs . F "4 . | 
But, by the ſuppoſition, the ſum of the terms A, B, C, 
D, &.. K, L, is to the ſum of the ſame number of 1 


* 


* 


and conſequently #»—r will be to I as r is 
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all equal to the laſt term L, or to » x L, in the proportion 
of 1 tor. Therefore r x A+ A+B+C+D' + & TK +L 
is = XL; and conſequently r is to Las» is to A + Bob 
C+DTÞ+ & +K+L. 

Therefore 1 — r will be to 74 as 7 is to A+ B +C+ D+ 
& TK TL. 

But, by the Ath property of the figurate numbers above 
ſer forth in art. 54, m (which is the »+1th term of the ſe- 
cond vertical column) is equal to the ſum of A, B, C, D, 
&c, K, L, or the u firſt terms of the preceeding column. 
Therefore » — 7 will be to! as u is tom; and conſequentiy 


rx m will be.=#:X £ 
But, by the ſuppoſition concerning the numbers in the 
ſecond_ vertical column, the ſum of the firſt » terms of it, 
to wit, a +b6+e+d+&Sc+k+7, is to the ſum 
of as many terms all equal to the laſt term /, or to » 
x 1, in the proportion of 1 to r 1. Therefore r+1 
Xa+b+c+d+ & +k+lis=n#X0/; and con- 
ſequently.n—7] Xx (which is equal to # X/) will be = 
i a+b+c+4+& +k +1. Therefore 2-17 
ir+pita+b+i+td+ & +k+/: m. Therefore, 
componends, we ſhall have (a —r +7 + 1, or) 1 +1: r+ 
:a+b+c+d+ &+k+l+m:m; and permus 
FOR n+1:a+þ5+c+4d + & +k+l+m: 241 
n; and, ixverte „ Tee 
RES But »+ 1 is to n TN: 2 7+ il 
'r +1] x m. "Aerefore, ex aw; a+b+c+d+&c 
+k+1+m:if+ixm::mr+ilxm: 1 i; 
that is, the ſum of the firſt u 4 1 terms of the ſecond verti- 
cal column will be to n+ 1 times the laſt, or » + Ich, term, 
n, of the ſaid column in the ſame proportion of 1 tor i in 
which the ſum of the firſt # terms af it was to times che 
laſt, or th, term. . 


12 7 


CoroLL., It follows from this lemma, that, if wh num. 
ber of e in the ſecond of the two vertical columns be 
1 1 
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Increaſed from # terms to any other number of terms what. 
ſoever denoted by n + p, it will be true with refpe& to the 
column, when ſo increaſed, that the ſum of all its terms 
will be to n + p times the laſt, or greateſt, term of it in the 
ſame proportion of 1 to 7,+ 1, For the lemma may be 
ſucceſſively extended from a column conſiſting of » + 1 
terms, to a column conſiſting of » + 2 terms, and to a co- 
lumn conſiſting of » + 3 terms, and to a column Coping 


of » + 4 terms, and ſo on till we come to the column of 


1 + p terms; the reaſonings being exactly the ſame in this 
extenſion of it to theſe ſeyeral columns of x + 2 terms, 
# + 3 terms, # + 4 terms, &c, as in the lemma itfelf, in 
which, upon a ſuppoſition that the ſum of n terms of the 
column is to # times the laſt, or greateſt, or mth, term of it 
in the proportion of 1 to - + 1, it is ſhewn that the ſum 
of » + 1 terms of it will be to #-+ 1 times the laſt, or 
greateſt, or # + ilch, term of it in the ſame proportion of 
. „ I IS TIN 


; 


A demonſtration of the 2d, 3d, and ath foregoing Lanmas, con- 


tained in art. 72, 73, and 34, by Mr. John Bernoulli, the 
 Suthor's brother. eee 3/4 och 
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A Lima... 8 to 
If in a table of the figurate numbers (ſuch as the foregoing, 
table of combinations, in page 71, art. 49), it be the pro- 
erty of the terms of any one of the vertical columns that, 
if we take, 1ſt, any number of ſucceſſive terms in it, and, 
2dly, the ſame number of terms, all equal to the laſt, or 
greateſt, of the ſaid ſucceſſive terms, the ſum of the ſaid 
baer terms ſhall be to the ſum of the ſame number of 
terms, all equal to their laſt, or greateſt, term, in the conſtant 
proportion of 1 to a certain number denoted by the letter 7; 
then it will follow that, if in the next higher vertical column 
of the faid table of figurate numbers we take a number of 
ſucceſſive terms greater by an unit than the number of ſuc- 
ceſſive terms taken in the former vertical column, the . ſum 
of theſe ſucceſſive terms in this ſecond column will be to the 
ſum of the ſame number of terms, on to the laſt, or 
greateſt, of the ſaid ſucceſſive terms, in the proportion of 1 
to r + 1, . | | 


DEMONSTRATION. 


Let the terms of the former of the two vertical columns 
be a, b, c, d, e, and 5, of which the number is 6, or in 
general, u; and let the terms of the next higher vertical co- 
lumn be o, g, b, i, l, p, g, of which the number is » + 1. 

The upper term of this ſecond column 1s a cypher, o, 
becauſe every new vertical column of terms muſt have one 
more cypher preceeding its ſignificant terms than the column 
immediately preceeding it. i 


Theſe two vertical columns of terms will be as follows: 


[TIT 
514 

n diu Ti. 
e 17 4 4 

5 8 Bs 

J 71 N 
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If theſe columns are the iſt and ad columns of the table, 
the terms a, 5, c, d, e, and F will, each of them, be equal 
to 1, and g, b, i, I, p, q, will be 1, 2, 3, 4, 5, 6. If 
theſe columns are the 2d and 3d columns, à will be o, and 
3, c, d, e, F will be 1, 2, 3, 4, 5, and g, b, i, I, p, g will 
be o, 1, 3, 6, 10, 15. If theſe columns are he 3d and 
4th columns, à will be o, and + will alſo be o, and c, 4 


e, f will be 1, 3, 6, 10, and g, b, i, k, p, q will be o, o, 


1, 4, 10, 20. And in like manner more of the upper terms 
of both theſe vertical columns will be cyphers, or o, the 
farther the columns are taken to the right hand in the table 
in page 71. But, wherever the columns are taken, the 
number of terms in them muſt be ſo great as to reach beloy 
the cyphers, and take in ſome of the ſignificant terms. Theſe 
things being premiſed, the demonſtration of this lemma will 
be as follows. | 


By'the 4th property of the figurate numbers ſet forth above 
in art. 54, we ſhall have q = a+4+c+de+f, 
| and p ace, 
and I = a+b+c+d, 
and i = a+b+c, 
and h = a+6, 
and g = 4. 


And, by the ſuppoſition, the fum of the # terms a, 5, c, 
d, e, F will be to n times the laſt, or greateſt, term 7, as 1 
is to r; and the ſum of the 2 1 terms a, , c, d, e will 
be to i times the laſt, or greateſt, term e, in the ſame 
proportion of 1 tor; and the ſum of the x—2 terms a, 5, 
c, d will be to #»— 2 times the laſt, or greateſt, term d, in 
the ſame proportion of 1 to 7; and, in like manner, 4 + 4 
Ic will be to #— 3 times c as 140 7; and @ ＋ 2 will 
be to #n—4 times & as 1 tor; and à will be to #—45 times 4 
as 1 tor. 


Therefore a + 3 + c +4 + e + vill be S =, and 
2 +b+c+4d Te will b= =, anda + 3 + + 


4 will be = 5222, and 4 + b + c will be = — £25 
; TH | 


M1 and 


172 


W 21 — SS... 


E 
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and a + 5 will be = = ED and o will be = ies TR 


ae Lice wad þ + "ts "4 dr, 
will be = Z ; and p (which js equal to @ + 5 + £+d +0) 


will be — and J (which i is equal 10 5 + c +4) 
will WE Des; 


n e is equal to a + b + 9 


will be = _ 2 ; and b bin is — to a + b) will 
= I; a _ 2 pom is [equal 4 to | 9) will be e= 
Therefore 3 will be = = = + 


Ix , 2 2 84 — YL 4 ne — e Ft 


+ 


F405 o* ; 7 % . 3 


nd=2d nec ze + nb — 46 41 = 2 


=e =24 —3c —4 —g@ _ ee 
„J 7 


-e -2d— 36 456 — 5 — =? — RF 


r Fr 
memdmc—b—a e . —5—4 — 11e 4 


F * F Fr ＋ 
— — . _ cnt hf ob 5 4 þ 06k 
3 2 4 = == 2 
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Therefore (if we multiply both ſides by r) we ſhall a7 1 

XL = 10 — —1— - 5 — g, orq+r 
PTT IT b+g = n—p=—l—i—b—g. And 3 | 
(adding p +1 +i+h +g to both ſides) we ſhall have rg + 
rxp+I+i+b+g+p+1+i+b+g = , orrg + 
THI XpP+T+i+bÞ+g = 19; and (ſubtracting 7 from 
both ſides) Fil x r +3 +8 H H. 
Therefore 
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Therefore (dividing both ſides by r+1)- we ſhall have 
p+1+i+b+g===E; and (adding g to both ſides) 


1p +1414 beg = 227 +4 = pI 4. Dt 


A 2 — *9+9 I 
i + = N e. And conſequently 
qg+2+1+i+b+gorg+b+i hi+I+2 +59, or 0+ 
g+hb-+i+/+p+9, will be to 17 I X 7 a8 1 is to 11, 
or the ſum of the 2 i ſucceſſive terms o, g, 5, i, 1, p, g, 
of the ſecond vertical column of terms will be to the fom of 
11 times the laſt term q, or the ſame number of terms, all 
equal to the laſt, or greateſt, term 9, in the n of 1 
to r＋41 “. . E. v. 


: * 
- 
. * 4 
— — — ————— — 
3 
® * 


The principal Propoſition, ar the 12th property above-deſcribed 
of the figurate numbers, or numbers contained in the foregoing 
table of combinations, is as follows. 


„ —_ — — 


76. The ſum of any number of terms in any of the ver- 


tical columns contained in the foregoing table of combina- 
tions 1s to the ſum of the ſame number of terms all equal to 
the laſt term of them, in the proportion of 1 to the expo- 
nent of the ſaid column, or to the number which AL. 
expreſſes, its place in the ſaid table. 


Thus, in the firſt column, of which the 8 is 1, 
the ſum of any number of terms of it denoted by # will be 
to ꝝ times the laſt term of it in the proportion of 1 to 1, or 


a proportion of equality. In the ſecond column, of which 


ee upon this ſubject the works of Mr. John Bernoulli himſelf, pub- 
liſhed at Lauſanne, in Switzerland, in the year 1742, in four volumes, 
quarto, vol. iii. page 521, in the 47th lecture on the doctrine of the In- 
tegration of infinitcly ſmall differences, or the Inverſe method of differences 


the 
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the expohent is 2, the ſum of # tetms of it will be to the 
ſum of » terms all equal to the laſt or greateſt term, in the 


proportion of 1 to 2. In the third column, of which the 
exponent is 3, the ſum of x terms of it will be to the ſum 
of n terms all equal to the laſt, or greateſt, term, in the pro- 
portion of 1 to 3. In the fourth column, of which the ex- 
ponent is 4, the ſum of » terms of it will be to the ſum of 
u terms all equal to the laſt, or greateſt, term, in the pro- 

rtion of 1 to 4. And, in general, in the cth column, or 
— of which the exponent is c, the ſum of u terms of i» 
will be to the ſum of » terms all equal to the laſt, or greateſt, 
or #th, term, in the proportion of 1 to c. 


DEMONSTRATION: 


77. The truth of this propoſition with reſpect to the iſt 
vertical column (which conſiſts wholly of units) is ſhewn 
above in lemma 1, art. 71, and indeed is almoſt ſelf-evi- 
dent. And th reſpect to the terms of the ſecond vertical 
column, to wit, o, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, and 11, 
&c, it may be proved by means of the ſecond and fourth 
of the foregoing lemmas in the manner following. Since 
in the firſt vertical column the ſum of any number of terms 
I, I, 1, I, 1, &c. denoted by n, is to the ſum of as many 


terms, all equal to the laſt term 11 as 1 is to 13 and in the 


ſecond vertical column the fum of the two firſt terms o and 
I 15 to the ſum of two terms, both equal to the laft term 1, 
as 1 is to 141, as is ſhewn in lemma 2, art. 72; it follows 

from lemma 4, art. 74, chat in the ſame ſecond vertical co- 
lun the ſum of the three firſt terms d, 1, and 2, will be 
to the ſum of three terms all equal to the laſt term 2, in 
the ſame proportion of 1 to 1 T1, or 2, and conſequently 
that the ſum of the four firſt terms o, 1, 2, and 3, will be 
to the ſum of four terms all equal to the laſt term 3, and 


the ſum of the five firſt terms o, 1, 2, 3, and 4, will be 


to the ſum of five terms all equal to the laſt term 4, and, 
in general, the ſum of any number of its terms * 


f 
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by. will be to the ſum of u terms all equal to the laſt of 


them, in the ſame. proportion of 1 to 1 + 1, or 2. 
Sy. 1 | s : Q. . . 


| 78. | This may likewiſe be proved of the numbers con- 
tained. in the faid ſecond vertical column, independently of 


the foregoing lemmas, in the manner following. 


The numbers contained in the ſaid ſecond vertical column 

are o, I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c. Now, if we 
' ſet down theſe numbers twice over in two horizontal lines, 
one under the other, but in contrary orders, ſo that in the 
ſecond line the laſt term of the firſt line ſhall be placed firſt, 
and the laſt term but one of the firſt line ſhall be placed 
ſecond, and ſo on, as in theſe two lines, 


O, 1, 2, 3, 4s 5, 6, 7, 8, 95 10, 11, 

11, 10, 9, 8, 75 6, 5, 4» 35 2, I, O, 
it is evident that the ſum of every two numbers ſtanding in 
the ſame vertical line, will be equal to 11, or, in general, 


to the laſt, or greateſt, term of the ſeries, or (if the ſeries 


conſiſt of x terms, and conſequently the laſt germ be »—1) 
to #—1, Therefore the ſum of both ſerieſes will be equal 
to a ſeries conſiſting of the ſame number of terms, or » 
terms, all equal to the greateſt term a- 1; and conſequently 
the upper ſeries o+1+2+3+4+5+6+7+8+ 
9+10+11+& ..u—1 alone will be equal to only 
half of the ſeries of 1 terms all equal to »—1, or will be to 
it in the proportion of x to2. & E. D. | 


79. To demonſtrate the ſaid 12th property with reſpect to 
the numbers contained in the third and fourth and other 


following vertical columns of the foregoing table of combi- 


nations, we mult have recourſe to the ſecond and fourth 
lemmas, as in the firſt demonſtration juſt now given of the ſaid 
property with reſpect to the numbers in the ſecond vertical 
column. This may be done in the manner following. 


By lemma ad it appears that this property takes place in 
all the. vertical columns, if we continue the terms of each 
tolumn only till their number is equal to the exponent of 

| the 
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the column, or ſo as to take in only the firft ſignificant term 
of the column, which is always an unit. Therefore in the 
third vertical column, continued only to the three terms o, o, 
1; the ſum of the ſaid three terms is to the ſum of three 
terms all equal to the laſt term 1, in the proportion of 1 to 
3, or I to 241. But it has been ſhewn that in the ſecond 
vertical column o, 1, 2, 3, 4, 5, 6, 7, &c. it is true uni- 
verſally that, whatever be the number we take of its terms, 
the ſum of the ſaid terms will be to the ſum of as many 
terms all equal to the laſt term in the proportion of 1 to 2. 
Here therefore we have the caſe of lemma 4, to wit, that 
of two contiguous vertical columns, the ſecond and the 
third, in the former of which the ſum of any number of 
terms denoted by is to the ſum of the ſame number of 
terms all equal to the laſt term in the proportion of 1 to a. 
certain number, which we there denoted by r, and which 
here is 2, and in the latter of which the ſum of the three 
firſt terms o, o, 1, is to the ſum of three terms all equal to 
the laſt term 1 as 1 is to r 1, or 2 +1. It follows there- 
fore from lemma 4th, that, if we take the next term 3 of 
the ſaid latter vertical column, or continue the ſaid column 
to four terms, the ſum of the ſaid four terms o, o, 1, 3. 
will alſo be to the ſum of four terms all equal to the laſt 
term 3 in the ſame proportion of 1 to 241. And, for the 
ſame reaſon, the ſam of the five firſt terms of the ſaid third 
vertical column will be to the ſum of five terms all equal 
to the fifth term of it, and the ſum of the fix firſt terms of 
it will be to the ſum of fix terms all equal to the ſixth term 
of it, and, in general, the ſum of any greater number of its 
terms, denoted by, n, will be to the ſum of terms all 
equal to the zth term of it, in the ſame proportion of 1 to 
2 +1, or of 1 to 3. . 15 


In like manner we may prove that in the 4th vertical co- 
lumn the ſum of any number u af its terms is to the ſum of 
n terms all equal to its mh term in the proportion of 1 to 
3+1, or 1 to 4. For, ſince we have proved that the pro- 
portion of theſe two ſums in the third column is that of xz 
to 33 and by lemma 2 it appears that, if we take only the 
4 e | four 
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four firſt terms of the ach column, to wit, o, o, o, I, the 
Fer e of theſe ſums will be that of x to 341, or 43 it 
follows from lemma 4th and its corollary, that, if we take 
five terms of this fourth column, or fix terms of it, or ſeven 
terms of it, or, in general, 1 terms of it, che proportion of 
the ſum of the terms ſo taken to the ſum of the ſame number 
of terms all equal to the laſt term will always be the ſame 
proportion of x to 3+1, or of 1 to 4. &. E. Do | 
And by proceeding to apply lemma 2 and lemma 4 in 
the ſame manner to the fifth, and fixth, and ſeventh, and 
other following vertical columns, jt may be ſhewn that the 
proportion of the ſum of any number of terms denoted by 
1 to the ſum of # terms all equal to the laſt, or greateſt 
term, will be in the fifth column that of 1 to 4 + 1, or 5, 
50 in the ſixth column that of 1 to 5+1, or 6, and, in the 
ſeventh column that of 1 to 6+1, or 7, and, in general, in 
the eth column that of i toc. g. Ek. vöß . 


30. Cool L. 1. In each of the aforeſaid vertical columns 
of numbers the ſum of any number of the terms beginning 
with 1, or the firſt ſignificant term of the column, and not 
reckoning the cyphers that preceed it, as we have hitherto 
done, will be to the ſum of the ſame number of terms all 
equal to the next term in the ſaid column after the terms ſo 
ſummed, in the proportion of 1 to c, or the exponent of 
the column. 10 Hal 


Let the terms in the propoſed vertical column, whereof 
we are to ſum up the ſignificant terms be a, 5, c, d, &c, 
t, and J, including the cyphers, ſo that ſome of the firſt 
letters a, 6, c, &c, ſhall ſtand for cyphers, agreeably to the 
notation in lemma 4; and Jet the whole number of theſe 
terms, including the cyphers, be u, agreeably to the ſame 
- Notation. And let #2 be the term that comes immediately 

after I the laſt term of the fer whoſe ſum we are to examine; 
or, in other words, let n be the #+13]th term of the pro- 
poſed vertical column, including the cyphers. Alſo let c be 
the exponent of the ſaid column, and r he = c—> 1, Then 


by 
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by the firſt property of the figurate numbers ſet forth above 
in art. - Site vill be the number of Inge in the begin. 
ning of the ſaid. vertical column, and copſequently ꝝx 
will be che number of ſignificant terms in the ſaid co- 
innen without the cyphers. We are therefore to prove that 
the ſom of all THE 1 r ſi nificant terms of the ſaid co- 
luma @, 3, c, d, &c, & and ! is to the ſum of x —r terms 
all equal co the next term m in he II of 1 to ear 
of 1 to r＋1. 


Now the ſum of all the # — 7 ſignificant terms '* the ſaid 
ertical column is equal to the ſum of all the 2 terms of 
faid column, including the cyphers, becauſe the cyphers 
are all equal to nothing. And it is ſhewn in the latter pant 
al demonſtration of lemma 4, that the ſum of the » 

4, 6, c, d, &c, kand J is to the 77 term n in the 
proportion as #—# is to 7+ 1. Therefore the ſum 
the n — 7 ſignificant terms of the ſaid column will be 
to the next term m in the ſame proportion of Ar to r+ 1. 


But im is to n—1] Vn in the ſame Proportion as 7 + 1 is 
to z— 7 X 7 +1. Therefore, ex æqguo, the ſum of all the 


v 7 ſignificant terms of the ſaid column will be to u—1 | 
e n, or to the ſum of 1 — 7 terms all equal to the next 


term m, as #—7 15 to 1 X r+1 1, and eee 
1 is to rl, or as 1 is to c. Q E. B. 


81. Conor L. 2. By the help of the foregoing corollary 
we may find the ſum of any given number of terms in any 
of the vertical columns of the foregoing table of combina- 
tions, without actually adding the terms together, by al | 
ceeding in the following manner. 


Let the number of terms to which the ſeveral vertical co- 
lumns are continued, be y. Then, as there is one cypher 
prefixed to the ſignificant terms in the ſecond column, and 
two cyphers in the third column, and three cyphers in the 
fourth column, and, in general, c —=1 8 in the cth 
column; it is evident that the number- of terms in the ſe- 
6989 column, without the 19 will * 1 — 1; and * 


i 


of the terms in the third column, without the cyphers, will 
be n — 2; and that of the terms in the fourth column, with- 
out the cyphers, will ben — 3; and, in general, that of the 
terms in the cth column, without the eyphers, will be n 
c I or n—c +1. The ſums of the terms in theſe ſe- 
veral columns may therefore be thus determined. 


In the firſt place, the ſum of the 1 Ggnificant: terms in 
B firſt column, which are all units, will be 2 X 1, or u. 


Adly, The ſum of the »— f ſignificant terms in the 4. 
coed column will, by the foregoing corollary, be to # — x 


times the next following, or 2 + 1]th, term of the [ſecond 
column as 1 is to 2. But, by the 4th property of the figu- 


rate numbers above ſet forth in art. 54, the » + 11th term of 
the ſecond column is equal to the ſum of the firſt n termT of 
the firſt column, that is, to », Therefore the ſum of the 
1—1 ſignificant terms of 1 ſecond column will be to —1 


times u, or to u * 2—1 Ly as 1 is to 2, and — 


will be equal to = 


wh The ſum of he n—2 ſignificant terms in the tha 
column will, by the foregoing corollary, be to 2 — 2 times 
the next following, or 1 1+ th, term of the ſame third co- 
lumn as 1 is to 3. But, by the 4th property of the figurate 
numbers above ſet forth, the » + ich term of the third co- 
lumn is equal to the ſum of the firſt x terms of the ſecond 
column, including the cyphers, or (which comes to the ſame 
thing) to the ſum of the firſt » — 1 ſignificant terms of the 
ſaid ſecond —_ which has juſt now been ſhewn to be 


Therefore the ſum of the x» — 2 ſigni- 


n 5 1 — 
ficant terms A wegs column will be to 2 times 
1 2 i [Wt 


or to —— as 1 is to 3, and conſequently 


equal to 


— — — 


LEY 1— 1 X #—2 *, 1 29 
will be pale — OED NM: Arti 


4141143 .- 


Athly, 


— 
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athly, The ſum of the 3 ſignificant terms in the 
fourth column will, by the foregoing corollary, be to x — 3 


times the next following, or # + 1 th, term of the ſame 
fourth column as 1 is to 4. But, by the fourth property of 
the figurate numbers, the » + i]lth term of the fourth co- 
lumn is equal to the ſum of the firſt » terms of the third 
column, including the cyphers, or of the firſt 2 — 2 ſigni- 
ficant terms of the ſaid third column: which has juſt now 


been ſhewn to be equal to — = — — Therefore the 


ſum of the 1 — 3 ſignificant terms in the 4th. column 


ill be e times . — 
wi 3 I 


=, or to 


= — 2 5 nnn to 45 and conſequently will 
' 2 — I X #—2 X #—3 | 74 
be . 2K 3&4 15 7. 


ably, In like manner the ſum of the x— 4 Gnificane 
terms'in the fifth column will, by the foregoing. corollary, 


be to » — 4 times the next following, or # + ith, term of 
the ſame column as 1 is ta 5. But, by the 4th property of 
the figurate numbers abave'ſet forth, the » + 1] th term of 
the fifth column is equal to the ſum of the firſt x terms of 
the fourth column, including the cyphers, or to the firſt 
» — 3 ſignificant terms of it; which has Juſt now been ſhewn 


tõ 5 X#—2X#—3 Therefore the ſum of the 
2X3X4 


2—4 ſignificant tert terms in the fifth column will be to #—4 
n X #—1I X 1—2 X n= -X or a #X 21 X 2 * 23 * 1—4 


F 2X3X4 
as 1 is to $5, and conſequently will oe =2 


2 * 71 * 2 * 71 3 K 714 
Dee n 


times 


U'B.1 


And in like manner it is evident that the ſum of the n 
firſt terms of the cth column, including the'c—1 cyphers in 


the beginning of 1 it, or the ſum of the #—[c—1, or - ＋ 1, 
5 
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fitft ſignificant terms of the ſald eth column, will 'be. equal to 
. mX iK X = X #=4x&X#=e>1 
the fraction  2X3X4X5Xx &e Xe Da 11 in the 
numerator of which the laſt factor is #—ſt—x, or n—c 
+1, and in the denominatog of which the laſt factor is c. 
8 . ; Q R. I, 


82. ConoLL. 3. Since, by che 4th. property of the figu- 
rate numbers above ſet forth in art. 54, the 1 + 1] terms 
of the ſecond, third, fourth, and other following vertical 
columns of numbers in the fotegoing table of combina- 
tions, are reſpectively equal to the ſums of the u firſt terms 
of the firſt, fecond, third, and other following vertical co- 
lumns, which ſums have been ſhewn to be, reſpectively, 
equal to n,. ===, — ==; &c, it follows that the 


z + 11th terms of the ſecond, third, fourth, fifth, ſixth, and 
other following vertical columns will be », — — 


3 
— — — — 4 — ; 


„* 2—LX 2 2 X 72 
ee, eee , 
n | In 
— TT 3.22, &c; and conſequently, as every 
term in the firſt vertical column is = 1, the 2 + 1th terms 
of the firſt, ſecond, third, fourth, fifth, ſixth, and other fol- 
lowing vertical columns will be 1, », "= —.— ä — 3 


l, and 


5 2X3 p- 
— 8 — — — — — 
EX u—I X 3—2X 2—3 2x 2—1 XK AZ—2 238224 1. in 
S. 2X3X4 0 g a ehe en Ke, * 


general, the 7 + 1)th term of the cth column will be 


AX #—IXu—2 X NK #—4X &c X n—c+2 
PR 0 — ü 
2 * 3&R 4&5 & X c=1 


83. CoreLL. 4. Since the 2 + i]th terms of the firſt, 
ſecond, third, fourth, fifth, ſixth, and other following ver- 


tical columns of che foregoing table of combinations are 1, 
| 1 


— 


2 
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2Xa—TI nXmwwTlIlX2—2 1 Kn —I XA-—2R2—3 


N IK N 
nN -lX-2&K 2 —- 3&2 —4 &c 
2 3&4 5 * 


2 follows that the mth 
2XZX4X5X & C Xc—1 

terms of the ſaid vertical columns will be ſuch as ariſe by 

ſubſtituting t inſtead of in the foregoing values of the 


1 ＋iſth terms, and conſequeatly will be as follows, to wit, 1, 


n- IX —-2 n —-IXA—-2 Xx 2—3 11 X n — 2 K #—3X#—4 


1—1, 


3 2X3 a 2X3X4 , 
1 XW -2 & 2-3 RE NS, &, 
2X3X4X5 | 


n—I1X#—2An—z3X#—4Xu—5 X KSA -c 


AXZX4X5 Xx Ke XG 1 


? * 
Fe . 
4 
» 


An Example of the truth of Caroll. 4. 


I EEE IEEE ” 3 2 


84. As an example of the truth of this corollary we will 
derive in this manner the numbers that form the loweſt 
horizontal row of terms in the foregoing table of combina- 
tions, or the twelfth terms of the ſeveral vertical columns 
of the ſaid table. | | 


Now in this caſe #, or the number of terms in the ſeveral 
vertical columns, is = 12. Therefore #—1, —2, n—3, 
14, 1—5, 1—6, t—7, #—8, 3—9, #—10, and #—11, 
are reſpectively equal to 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 
and 1. Therefore z—1, or the twelfth term of the ſecond 

n—IX#--2 


vertical column will be = 11; and , or the 12th 


Q. i 


. 
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term of the third vertical column, will be ( #—1 „* 
gowns wwy WT: 2 9 4 | 
| D 11 * ＋ S N A) = II X 5 = 55; and 
n—IX#u—2Xn—3 


Tr „ or the 12th term of the fourth vertical co- 


kms, will 3 === X 7 n 


15 X 3} = 1655 0d oc dhe 


667 term of the 5th vertical N will be (= 


— — 


9 
— 1 X —2Xn—3 932 
* A 3 * = 


172 = 165 X — = 165 X = = 165 
X 2) = 3303 4 . or the 12th 
term of the 6th vertical column, will be (= 
ee x 25= 390 2 
66 X 7) = aha ; and, in like manner, the 12th term = he 


ſeventh vertical column will be (= 462 X == =462 6 


== 462 X 1) = 462; and the 12th term of the eighth ver- 
tical column will be (= 462 x = = 462 * >= 66 X 5) 
= 330; and the 12th term of the ninth vertical column 
will be (= 330 X 5 = 330 * 9 330 X — 2 1653 
and the 12th term of tha tenth vertical column will be (= 
165 * 2 = 165 * 7 5 165 X 5 = = 55 3 and 
the 12th term of the eleventh vertical column will be (= 
55 X — = 55X— = 55 * 7 * 3) = 11; and the 
12th term an the twelfth, or laſt, vertical column will be 


_ n 20 = 1. Therefore the 12th terms 
o the ſaid on e columns will be as follows, to 


wit, 1, 11, 55, 165, 330, 462, 462, 330, 165, 565, IT, 


and 1; which. are the numbers ſet down in the foregoing 
table. 


85. Conor, 


1 
o 
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: 85. Conol L. 5. It has been ſhewn above in art. 60 and 
61, that the horizontal rows of numbers in the foregoing 
table of combinations, beginning with the ſecond row, ex- 
hibit the co- efficients of the terms of the ſeveral ſucceſſive 
powers of a binomial quantity, ſuch as 4 45, every nth ho- 
rizontal row of numbers being the co-efficients of the terms 
of the n —1]th power of the ſaid binomial quantity; whence 
it follows that the numbers contained in every 1 + 1]th ho- 
rizontal row of numbers in the ſaid table will be the co-effi- 
cients of the terms of the mth power of the ſaid binomial 
quantity. But it is evident that the numbers contained in 
every'n+1)th horizontal row of terms in the faid table are 


the n + 1]ch terms of the firſt, ſecond, third, fourth, fifth; 
ſixth, and other following vertical columns of terms in the 
ſaid table, reckoning the terms from the top of the ſaid ta- 
ble, and including the cyphers at the tops of all the ſeveral 
vertical columns, except the firſt. Therefore the » + ilth 
terms of the firſt, ſecond, third, fourth, fifth, ſixth, and 
other following vertical columns of terms in the ſaid table 
will be the co-efficients of the terms of the zth power of the 
ſaid binomial quantity. But it has been ſhewn above in art. 
82, corolk 3, that the # + 1] th terms of the firſt, ſecond, 
third, fourth, fifth, and fixth, and other following vertical 


6 0 ER Ed 11 
columns of terms in the ſaid table are 1, 2, » * — * X 


nk 1 — 2 1 — 1 22 23 ' t—1 1 2 
2 =» 2X r of = e 08 Fre 20 ng 
X —z X IH &c. Therefore the co-efficients of the 


terms of the z»th power of the ſaid binomial quantity a + 3 


vill alſo be 1, 2, 1 * N K R OX 


— 1—3 5 1 —1 122 1 —3 n—4 : 
—= * >, and # X K & Kc; and 


conſequently the quantity a TM, or the ſaid ath power it⸗ 
faid binomial quantity a , will be equal to the 
2 5 ſeries 


ſelf of the 
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ſeries + na" 'b+ . +1 X _ * — 


2 | 3 
4 355 + #x = X _ X YG 4 1 + n x — * 
==> 2c DOG * = 4 5 + &c, or (if we put A for 1, 
and B for # and C for # X _ and D for u + = T, 
and E for 1 N — X 5 * 2 and F for » * — 
* x K U, and G, H. I, K, L, &c, forthe 


numeral co-efficients of the ſeventh, eighth, ninth, tenth, 
eleventh, and other following terms of the ſeries reſpectively) 


to the ſeries & + = A * == . + 58 


Cap + D. * Ee 8 + = Fo 
166 ö 126 


6 + K“ + _— T + &c.; which 


ſeries will continue till the numerator of the generating frac- 
tion becomes - u, or o, and conſequently the ſaid fraction 
itſelf becomes equal to o likewiſe, and therefore the term in 
which the ſaid fraction enters as a factor, will alſo be equal 
to o, as will alſo all the following terms of the ſeries, which 
would be derived from the ſaid term by continual multi- 
plications. The ſeries therefore will break off, or end with 


the term next preceeding the ſaid term which is equal 
to 0 *. | 


We will now proceed to illuſtrate and confirm the truth 
of this corollary, by applying the foregoing ſeries to the 


* This is the famous binomial theorem invented by Sir Iſaac Newton, but 
of which he has no where given a demonſtration. And the demonſtration 
here given of it by Mr. James Bernoulli, is that to which I alluded in the 
firſt volume of the Collection of Tracts, in two volumes, quarto, called 


Seriptores Logarithmici, page 349, art. 4, and in the ſecond volume of the | 


ſame Collection, page 157, art. g. . 
| , | COM» 


+ Iz: GOP H + 31079, 


„ tv K Aa 
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computation of the terms of ſome of the loweſt powers of 
the binomial quantity 4+6, ſo as to produce by means of it 
all the numbers contained in the 5 table of combi- 
nations, in page 74. | 


Examples of the opplitatin of the foregoing ſerie to the compu- 
Wy; of the terms of the powers f the binomial N 
a * 


. 
2 ; 
— 2 


86. In the firſt place ie us upp u to be = 1. Then 
we ſhall have the ſeries 4 + — ＋ A 3 + fs B. 2 


7 Wr + * 1 2 14 = 
B42 23˙ + — N i 333 + &c, = 4 + ' a? 1d 7 2 
x Bar + —_ „ CN + &c, =a + 1X65 
TOTO + &c,) = @ +6; or the faid ſeries is in this 
cj Y to the binomial quantity @ + 5 itſelf; as it Ms 
| 87. Now let # be = 2. 


Then we ſhall have the ſeries a* + £ A ; + 8 — 


4 


B. 1 + — 0s” 3 zz + &, 3 0 — * 1 * 


"pp i= REECE e In Ke = + 
+ X 2. * + 4 2 ke, = + 


2b K iX N +0+&) = + 2% + Þ; or the 


faid ſeries will in this caſe be equal to the trinomial quan- 
Ve: | | tity 


us A Tranflation of the foregoing Extrat from = 
tity a + 24b + b; as it ought to be, becauſe that quantity 


is the ſquare of the binomial quantity 4 + ö. 

88. If 1 is 3, we ſhall have the ſeries 4 + - Ag 

+ — Bo # + = Cs "+ D + 
&c (= a + = * 1X 2 5 + = x > * 1 * ap 


+ 32 c + — De + &c, = a3 + 34˙ + 


Ex3XIP+ECXIP4+LDXIYD Ne mas 


+ 3% + 30 + > X3X1 * * +o+&)=@& + 


34% + 3al® + . Therefore a + A", or 2 + I, or the 
cube of the binomial quantity @ + 3, will be equal to the 


quadrinomial quantity a? + 34*b + 3a# + 5; as it will be 


found to be upon trial. 


389. If is = 4, we ſhall have the ſeries 4 + 2A © | 


* B + E200 Op + ELD + 
EA + &c (= + =X 1 x of += B. 
+ — ca 13 + . Da . + CITES . + 
& =& ＋ 4% +3 xX4X& += x CX&Þ + — 
Dx& xM+>E X48 Nc = & + 40% + G 
* s x + - Dx: * # +0 +6 29+ 
45 + oP + 4 + < „& 4 K * 1 o 1 Kc = + 


445 + 64˙⁰ + 44 ¹ + . Therefore a + A*, or a +6 4, 
i | 


ot the fourth power of the binomial quantity a + 4, wil 


equal 


nm. 4 e Fwy 


mw % ' 
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equal to the quinquinomial quantity c + 443) + 60 + 
44 + &; as it will be found to be upon trial. | 


9o. If u is = 5, we ſhall have a” +5 A4 1 + 75 
„„ DT 
Bac. Pop, = Gs Ob: 17>. 08 $7.6 
2 B+ —= Fa 3 + &c, (= & + 4 X 1X 8*'þ 


+ BOP + 35. C0748 + D þ e 
E&P + Fe + &c = + ge +4 B 
32 COP + 4 Dal Eu +4 X Fo + e 


= & ＋ 5a + 2B&P + C#P + > Doh + ＋ E x 


1 * h T O ＋ &c) = . + 54 þ na + 104˙ + 
gab4 T . Therefore 2 TN“, or a+}, or the fifth power 
of the binomial quantity a+6, will be equal to the ſexti- 


nomial quantity a + 5a#b + 109% + 104*P ＋ aA + ; 
as, upon trial, it will be found to be, 


91. If 1 is = 6, we ſhall have the ſeries a” += As 5 


nol 


+= BOP + = Cap + = De 4 2=4 


*: 


Ea" 5 + EF" + G + &e (= 


+2 X1 e + B + c oy 
b—3 5,6=4 6-4 p 6-5 6—5 7 6—6;; , 6=6 
7 _ 44 + : EA *5 + Fs 2 + 75 
6 οο⏑τ + &c = & + 6 + LR 4 Ca + 4 


Date + 5 Ea bi + — Fa + 85 6. „ 4 &c) = af 


+ 64%b ＋ 15 +þ 204% + 154 + bab) + . —_ 
| SE] | ore 
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fore a+1\", or a+ , or the Gxth power of the binomial 
quantity a+56, will be equal to the ſeptinomial quantity 46 
+ 6a5b + ard + 20a¹]⁰ + 159 + Gabs + . And 


ſo, upon trial, -it will be found to be. 


3 


92. If u is = 7, we ſhall have the ſeries 4 + A 
+ BOO + = CHW + 2 D 


r a Cn as oe ne, 
— Es * ＋ Fre 1 1 2 


H. * &c (= 4 Lx1 x4 B + 
Ca#4* + E De. A E +5 Fe + = Gall + 5 


Ha + & c = 4“ + pa% + 214 + 354 + 3 50% 
+ 214% +7 +1 xXx# ＋ o + &) = + 34% + 
2 14˙ + 3544} + 35434 + 2144 + nat® + &, There- 
fore aA, or a, or the ſeventh power of the binomial 
quantity @ + 6, will be equal to the octinomial quantity a! 
+ 74% + 21&Þ + 350% + 35h + 218 + 7a + 
57. And ſo, upon trial, it will be found to be. 


3 


93. If 1 is = 8, we ſhall have the ſeries a” + — Aa 
BC c + AD 
l * + —Ca 6 + EET 
Ea 5˙ + Art * + G. + — H 
= bs 


28 
Ah Ion 


2 % + &c ( 4 + 5 X I X 470 + 
? BUY + © C#P + L Dat +4 Ewh + Fol + 2 
Tr _ ates > + +.; 
der + 4 HOP + S le & = of + ben + 
2 8b. ＋ 56 + 104% + 564% + 284˙ + 8487 +1 


* #& + 0+ &c) = & + 8d'b + 284 + 564% + 7044. 
5 | 2 564%? 
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Sete . 284. K Bah? J. 5, Therefore a) N, 
$ the eighth power of the binomial quantity a+b, will be 
equal to the compound quantity a*+ 84% + 284% + 56 
+ 708% + 564˙ + 289% + 8 ＋ 5. * ſo, upon 
trial, it will be u to be. © r 


8 If » # 13-= g, v we mall have the fries a” 4 2 
B. 5 + = Ca —37 4 pe- . 4. 
= eu. 4 25 e- 4 s = 1 272 

Ea 25 + Fa 4 + Ga © + ow 
oy — + Eb 1. + 1-9 Ker ft (=# 


— 


— 


+2 x 1X 4˙9 + — 85-4 2 2 Caf ＋ Dal + 4 
Ea + . Feb. 73 G89 + 2 Hv 1b LA 


10 
Ka 5 to + &c — a? + 940 + 364 + 844i + 
12640 + 12645 + 844% + 360%" + gab +1 x B+ 
o + &c) = a? + ga% + 3686 + 84 + 126254 + 
1264⁴³c + 84% + 364%? + abe + . Therefore 
2 T H, or 2 ＋ Ile, or the ninth power of the binomial quan- 
tity a +6, will be equal to the compound quantity 4 + 
garb +360 + 844% + 1262˙⁰ + 1264%* + 844% + 


364%)" + gat® + 9. And fo, n trial, it will be E 
ro be. 8 BAL | 


95. If = (= 30, we ſhall have the ſeries « a” * 4 13 


; 2 25 4 4% 8 = Ce 4 355 + D 1. £ 


tx 4 4. 27 e. + 26 4 15. * 2 
fla "OA x += £204 1 . . x iche + : 1 — 10 


* a tg nc 
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La r W 4 ＋ * 1K a +2 b + > 
Cali + 2 Do-. + I +4 D Fa + + : Gov + 2 
How {Lis 'Þ + — K 4·b10 Fay. 2 Lo 10=11þ, + & = 
3 4 54*b* 5 1204'þ3 > 2104 + 25248 + 
2104 * 1208) + 45 + foa T IX b* +0 4 
&c) = &@&* + 104% + 450 + 1204Þ + 2104 + 
2 5 24 + 2104%% + 1200" + 45 + 10ab9 + þ*. 
Therefore a T M., or 4 Me, or the tenth power of the 
binomial quantity @ ＋ &, will be equal to the compound 
quantity a” + 104% + 459 + 1208'Þ + 210˙ + 
| 2524%5 + 2108%* + 1200" + 454b* + 1086? + bY, 
And ſo, upon trial, it will be found to be. 


= Laſtly, let u be = 11. Then will the ſeries & + — 
A B. + = Cp 

| EY 
af 414 4+ 2 * K „ 4281 — fo a=b;z + =6 5 75 


< 


SY "= - * = 1, 145 = +; = Ko 110 , 16 


. te ri in 1—11 K- 12315 3 

+= 1 zn + 72 Ma p + &c be (= an + 
* * 1 * +2 Be +2 1 Da'# + - 
Eab + © Fele + 5G + 4 HOP +410 + 2 
Kab 4 — Lab" Ma . + & c D au + 114% 


+5 2 16 54 5˙⁰＋ 3 136 4624 + 4624%" + 3304% 
+ 16 54a%6* + 55a + riab® ＋ 1 X h +0 + &c) = &* 
+ 114% ＋ 5. + 1654 + 3304'b* +4624} + 462465 
7 3300 + 16508" + 56. + 11a0˙ + K ow 
fore 
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fore a+, or 77 „or the eleventh power bf the bino-" 
mial quantity 4 +8, ai be equal to the compound quan- 


tity * + 114 + 554˙ + 16546 + 33008 + 4624¹ü0 
46285 + 33003 ＋ 165 +: 55% . 1196 28 . 
And ſo, _ trial, it will by fone to be. 5 e 


97. It appears therefore that the ſeries 4 += " As 1 3 


122 2 2 + e 4 Þ, + —D eg — 
Ba" + Ln Fa 1 + in been obtained 


in the N 5th. corollary for the yalue of the quantity 


4 ＋ T, or the mh power of the binomial. quantity 4 + 6, 
does truly exbibit the value of the ſaid power when the in · 
dex u is equal to either 1, or 2, or 3, or 4, or 5, or 6, or 7, 
or 8, or 9, or 10, or 11; in which caſes the ©. akcicats of 
the terms of the ſaid ſeries are equal to the numbers contained 
in the ſeveral ſucceſſive horizontal rows of terms in the fore- 


going table of combinations, in page 74» beginning with | 
the econd row. ? 


* 


* 


| Additional Bau nof contained in the nel tt of 
ood Jil e r 


8 
'$ 
* 


. F + 4 
3 . * * 4. 
— * 9 2 


— 


98. To theſe five corollaries, which are contained in Mr. 
James Bernoulli's original text, it may not be amiſs to add 
the following corollaries, which are eaſily deducible from 
Mr. Bernoulli's propoſitions, and which will enable us to 
. a general expreſſion os the terms of any of the vents, 
2 
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cal columns in the foregoing table of combinations, or, in 


r words, for the figurate numbers of any propoſed order. 


s 99. Coroll. 6. It has been ſhewn in art. 82, corol. 3, 


Page 112, that the »+1]th terms of the firſt, ſecond, third, 
urth, fifth, ſixth, and other following vertical columns of 
terms in the foregoing table. of combinations are 1, , 1 * 


nr it TH ROD d; #39 n—1 
PP 


* ba” ES = * I &c, But the +11; terms of the 
firſt, bebe third, fourth, fifth, ſixth, and other following 
vertical columns of terms in the ſaid table are the firſt, ſe- 
cond, third, fourth, fifth, ſixth, and other following terms 


of the n+ Th horizontal row of terms in the ſaid table. 
Therefore the firſt, ſecond, third, fourth, fifth, ſixth, and 


3 
= n 22, e KL f. 28 156 . 


cher en, terms of the ee horizontal row of wm. 


&c. 
100. Coroll. 7. Since the ſeveral terms of the » + 1]th 


. _ N—1 N —1 ; — 
horizontal row are 1, , u * , X _ * . 2 A 


8 —1 * — 2 12 2 N 24 
7 58 ** 4 £ 3 * W 
&c, it follows that, if p be any 1 number greater than 
u, as, for example, ui, or 12, or n+3, or n+4, &c, 


the ſeveral terms of the 2 + 1]ch horizontal. row will be 1, p, 


px iD, XD x K* * NA, nd 


* — BY X bar * 1 * 28. &, And conſequently the 


wird: term of the p+ Nh — IE. row of terms, when þ 


is equal to 111, or the third term of * 1.+21th horizontal 
i 4 KY — row 
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[ row of terms, will be the quantity. which ariſes by by ſubſti- 
tuting 144 inſtead of p in the third term, 7 ** _ of the 
. 1 i 
=) or u * =; and the fourth t ce 


tal rom of terms when is =# + 2, or the fourth term of 


the » T 30th horizontal row of terms will be that which 
ariſes by ſubſtituting » ＋ 2 inſtead. of p in the fourth _ 


2 x 2 N. of the laſt ſeries, that is, 2» +2 112 * 4 


A ater: * , or m4 225 x4 ene nts. 


drr enen ſeries, that is, +1 R 


3 


And, in like manner, | 1 we © ſobſtitur uÞ+3 inſtead of p 


/ in the th term 7 * co - x * x 2 of the laſt ſeries, we 
ſhall have 2 +3 ee or 3 
* or N 2 * x , for the 


th. term f the » e horizontal row FM terms; and, if 
we ſubſtitute » + 4 inſtead of p in the 6th term, p x 


— * = * 271 * =, of the laſt feries, we ſhall have: 


n+ 4 X —.— 


5 #+4=2 v | mn n+4=4 
— — R* or v 
N 3 reine oF Tge * 
. . . n+1 ! 1 ＋ 1 n+2 n 
* * Neb or n * * NO * 
14 N 3 4 


, for the 6th term of the 1 ＋ 5 In horizontal row of 


tet, So that the za term of the 1 + Alth horizontal row 
of terms, and the 4th term of the 1 ＋ Ich horizontal row; 


and the 5th term of the "+ 4h horizontal row, and the 6th 


term of, [the + gh, horizontal row, will be # n X =, * 


; C +4 
| > 3 n + I 
' ; . ; — 
3 5 ; 2 
— a 


126 WWF 
2 . x 213, my 


1 1+ p 


= * 80 ben. 
a 101. Coroll. 8. Theſe four terms 1 & 22, „ K 22 
42 aden 22. 


| n+2 "I 

IG and a * = — X — 
57 1 1 Ty Ter 5 Tf 
4, , are derived from the tie n — the continual 


multiplication of the fractions —— . Nee . =, and 5 „ the 


numerators.and denominators of which both be" of con- 
tinually by an unit. Therefore, if we put C for the firſt, 
D for the ſecond, E for the third, tray F for the fourth of 


theſe terms, we ſhall have C = — X n, and D = 55 
Wy and | in 1 x D, ar S ege x E. 


And, from che manner in which theſe four terms were 
den from the 3d, 4th, 5th, and öth terms of the ſeries 


1,9, 5 * E, p * ＋ * 5 px £2 „ E er, 
D * —— * = X N 25 8 „Kc, in the laſt corollary, 
to wit, 'V eee n +1, hd” x +3, and 2 +4, in- 
ſtead of p in the ſaid 3d, 4th, 5th, and 6th" terms, weſpec- 

tively, it is eaſy to ſee that the 7th term of the #+6|h ho- 
rizontal row of terms, and the 8th term of the n+ 7h ho- 
rizontal row, and the .gth term/ of the »+Fth horizontal 


row, and the roth term of the I geh horizontal row, and 
the 11th, 12th, 13th, 4th, 1 15th, other following terms 


of the n+ — * z+11)th, »+121th, n+ 13\h, .n+14\th, 
and other following horizontal rows of terms in che ſaid table, 


reſpeQively, will be equal to — 1 * F, == x X 8 ET 
& H, 
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N. 2 x O, Kc, in which the capital letters, G, H, I, 


K, L, M, N, O, &c, denote the 7th; Sch, th, roth, 11th, 
12th, 13th, tath, 1 fth, and other next following terms, of 
the # + ölth, =» + Ilth, » + Ah, 7 + 91th, # + 1olth, and 


other following horizontal rows of terms, reſpectively, as 


they ariſe, and the generating fractions , 22 2 7s 


J 7 * 8 » 9 
110 it n+12 2 ＋13 . nen 

AER 8 12 9 —— ; =, =D, &c, are a continuation of 
1 Sa 8 = On | 


the foregoing generating fractions , , , .= 


| * a5 157: 2k 545 Bo art cif - 
and are derived from them by the continual addition of an 
unit to both their numerators and denominators. 


102. Coroll. 9. It is ſhewn above in the 6th property of 
the numbers contained. in the foregoing table of combina- 
tions, art. 56 and 57, pages 77 and 78, that in every hori- 
zontal row of terms in the ſaid table of combinations, the 
firſt and laſt term are, each of them, an unit, and the terms 
that are equidiſtant from the firſt and laſt terms are equal 
to each other. It follows therefore that the 3d term of the 


n + 2Ith' horizontal row, reckoned from the end of it, or 
from the right hand to the left, will be equal to the 3d term 
of 1t reckoned from the beginning, or from the left hand 


to the right; and that the 4th term of the »+3Ith horizon- 
tal row, reckoned from the end of it, or from the right 
hand to the left, will be equal to the 4th term of it reckoned 
from the beginning, or from the left hand to the right; and 
that the 5th term of the #+ qlth horizontal row, reckoned 
from the end of it, or from the right hand to the left, will 

be equal to the 5th term of it, reckoned from the begin- 
ning, or from the left hand to the right; and that the 6th 
term of the # + Ath horizontal row, reckoned from the end 
of it, or from the right band to the left, will be equal to the 
öth term of it, reckoned from the beginning, or from 
the left hand to the right; and, in like manner, that the 


Ith, and 8ch, and ↄth, and 1oth, and other following terms 
of the ATelch, 1 lch, 1 +8|th, 2 + ach, and other fol- 
lowing horizontal rows of terms, reſpectively, reckoned from 
the ends of the ſaid rows, or from the right hand to the leſt, 
will be equal to the 7th, and 8th, and ↄth, and roth, and 
other following correſponding terms of the ſame horizontal 
rows, reſpectively, reckoned from the beginnings of the ſaid 
rows, or from the left hand to the right. But it was ſhewn 
in corollary 7th, that the zd term of the » + 2]th horizon- 
tal row of terms, reckoned from the beginning of it, or 
from the left hand to the right, is n X _ ; and that the 
4th term of the #-41\th horizontal row of terms, reckoned 
from the beginning of it, or from the left hand to the right, 
is 2 X — Ke ES ; and that the 5th term of the 7 +4\h 
horizontal row of terms, reck6ned from the beginning of it, 
or from the left hand to the right, is 2 * —— * 2 * 
243 


2 and that the ſixth term of the #F Ath horizontal 
row of terms, reckoned from the beginning of it, or from 


the left hand. to the right, is u * * _ X — * 


, or that, if che ſaid third term of the 342th. hori- 
zontal row of terms, reckoned from the beginning of it, be 


called C, and the ſaid 4th term of the » + 31th horizontal 
row of terms, reckoned from the beginning of it, be called 


D, and the ſaid 5th term of the n + 4}th. horizontal row 
of terms, reckoned from the beginning of it, be called E, 


and the ſaid 6th, term of the # ++ 5h horizontal row of 
terms, reckoned from the beginning of it, be called F, we 


Gal bse = 1 x , and D = x Cod But 


3 
X'D, and F = _ * E. And it is obſerved in the laſt, 
or sch, corollary, that, if che 5th term of the # Uh bo. 


rizontal 


4 ” 
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_ rizontal row of terms be. called G, and the 8th term of the 


„ + 71th horizontal row. be called H. and the gth term of | 
the u +] th horizontal row, and the roth term of the _ 
» + JIth horizontal row, and the 1th term of the Toth 


horizontal row, and the 12th term of the = + 111:h hori- 
zontal row, and the next following terms of the next fol- 
lowing horizontal rows, all reckoned from the beginnin 

of thoſe ſeveral horizontal rows, or from the left hand to 
the right, be called I, K, L, and M, &c, reſpectively, we 


ſhall have G = 5 x F, and H = = Xx G, and 12 
22 „ H, N nd L= 27 x, and M 


_— n+10 


x L, and conſequently that the 3d term of the 


BY 1 +2 ch horizontal row of terms, and the 4th term of the 


n+ 3l: h horizontal row of terms, and the 5th, 6th, 7th, 8th, 
gth, 10th, 11th, and 12th, and other next following terms 


of the n Tah, n+ 5ſth, 1 fh, 1h, „dh, n+ch, 


n+ ohh, and #+ 1 5 8 and other next following horizontal 
rows of terms, reckoned from the beginnings of thoſe ſe- 
veral horizontal rows, or from the left hand to the right, 


will be equal to u *. or C, and 5 * C, — x D, 
34 x E, 2 KF. 2 0, —5 — , 282 x I, 289 
* K, and —— = x L, &c, 9 It follows there: 


fore that = 5 term of the 1 + 12 h horizontal row of 


terms, and the 4th term of the 1 + zith horizontal row of Wa 
terms, and the gh, 6ch, 7th, 8th, gth, 10th, 11th, and 12th; 
and other next following terms of the = T Ah, » + Isch, 


#+6]h, #+7 th, db, gh, 2 ＋ iclth, and à ＋ 1 8 
and other next followin a brew to rows of terms, reckoned 
from We ends of thoſe rod horizontal am or from the 


light 
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_— hand to ho left, will alſo be Wt OW ne 7 nx 
a+: 


2 "ES 


48 2x8, 2 „ V 22 2 X L, 


&c. 


Of the figurate numbers, or the ſignificant terms of the vertical 
columns of terms in the foregoing table of combinations, page 
55 | | 4 


103. Coroll. 10. We come now to conſider che vertical 
columns of terms in the foregoing table of combinations. 


Now it is evident, in the firſt place, that the firſt ſignifi- 
cant term in every vertical column of terms in the ſaid table 
is An unit, and that the ſecond ſignificant term is the num- 
ber which is the exponent of the column ; as has been ob- 
ſerved above in art. 53, page 76. So that, if the whole 
number # be the exponent of the column, the two firſt ſig- 
nificant terms of the ſaid column, immediately following the 

phers at the top of it, will be 1 and #. It remains that 
we find the values of the following terms in the ſaid co- 
lumn, after the terms 1 and n. Now this may be done by 
means of the foregoing corollaries, in the manner following. 


In the foregoing table of combinations the number of 
cyphers at the top of the vertical column of which the ex- 
ponent is u, is 1; as is obſerved above in art. 51, page 
75. And conſequently the firſt ſignificant term in the ſaid 
vertical column, to wit, 1, will be the ath term of it, and 
conſequently | will be ſituated in the mth horizontal row of 
terms in the ſaid. table; and the ſecand ſignificant term in 
the faid vertical column of terms, to wit, 1, will be fituated - 
| in 
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i the 7 Ich Forizontil row of terms; and the 3d ſignifi- 
cant term in the ſaid vertical column will be ſituated in the 
7+21th horizontal row of terms; and the 4th ſignificant | 
figure in the ſaid vertical column will be fituated in the — 
1＋ 3 ʃth horizontal row of terms; and, in like manner, the 
5th, and 6th, and 5th, and 8th, and gth, and 10th, and 
other following ſignificant terms in the ſaid mh vertical co- 
lumn will be fituated in the » + 4th, and u + ;:h, and 


— — 


1 Telh, and n+ 7th, and 14 ölth, and ah, and other 
following horizontal rows of terms reſpectively. 1 


And, further, the firſt ſignificant term, to wit, 1, in the 
aid mth vertical column of terms, is likewiſe the firſt term, 
reckaned from the right hand to the left, of the horizontal 
row in which it is ſituated; and the ſecond ſignificant term 
in the ſaid mh vertical column of terms, to wit, u, is like- 
wiſe the ſecond term, reckoned from the right hand to the 
left, of the horizontal row in which it is ſituated; and the 
za ſignificant term in the ſaid th vertical column is like- £ 
wiſe the third term, reckoned from the right hand to the 
left, of the horizontal row in which it is ſituated; and the 
4th ſignificant-term of the ſaid zth vertical column is lie- 
wiſe the 4th term, reckoned from the right hand to the left, F 
of the horizontal row in which it is firuated ; and, in like 
manner, the 5th, 6th, 7th, 8th, and other following ſigni- 
ficant terms of the ſaid mth vertical column of terms, are 
likewiſe the '5th, 6th, 7th, 8th, and other following terms, 
reckoned from the right hand to the left, of the ſeveral ho- « M0 
rizontal rows of terms in which they are fituated, reſpec- 
tively, | . 

But it has been ſhewn that the 1ſt, zd, 3d, 4th, 5th, 6th, 
and other following ſignificant terms in the nth vertical co 
lumn of terms are fituated in the nth, #+1lb, n+ 21h, 
# ＋. Ach, 1 +41th, » + 51th, and other next following hori- 


Zontal rows of terms, reſpectively. 


| Therefore the 1ſt, 2d, 3d, 4th, 5th, 6th, and other fol- 
SR lowing fignificant terms of the »th vertical column of terms 
| an | S 2 are 


AUS © 


* 
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are likewiſe the 1ſt, 2d, 3d, 4th, 5th, 6th, and other next 
following terms, reckoned from the right hand to the left, 
of the mh, »+ ith, n+ 21h, = + zlth, » T Ach, » + Ich, 


2 next following horizontal rows of terms, reſpec- 
tively. | | 


But it has been ſhewn in coroll. 9, that the 3d term * 


the 1 Talth horizontal row of terms, reckoned from the 
right hand to the left, is equal to # x =, or Fx u, or 
= * B; and that the 4th term of the wh 31th horizontal 
row of terms, reckoned from the right band to the left, is 
nx = x ==, or 22 x C; and that the'gth term of the 
„ 4th horizontal row of terms, and the 6th term of the 
#+ Ich horizontal row of terms, and the 9th, 8th, gth, 
roth, and other next following terms of the » + 6h, 


1＋ kh, #+8lth, n+ elch, and other next following hori- 


zontal rows of terms, reſpectively, all reckoned from the 
right hand to the left, are equal to a * D, _ * E, 


—5 * F. x G, &c. 


T Therefore the 3d ſignificant term of che uh vertical co- 
* B; and the 4th ſignificant term of the ſame verti- 
cal column will be equal to # x — X = or = „ C; 


and the th, and 6th, and jth, and 2th, and gth, and 10th, 
and other following fignificant terms of the lame vertical 


column will be equal to _ x D, I x E, —— * F, = 


p=_| 


3/6, Ly l, 252 x 1, bet and conſequently the 


whole 


lumn of terms will be equal to u * 2, or ASS X n, or 
" #+1 


od a a a 
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hol of che ſaid mh vertical column of terms, including 
the two firſt ſignificant terms 1 and u, or, in other words, 
the whole ſeries of figurate numbers of the mth order, will 


be 1, #, or = A, c, 2, E. F. > 


* 141 225 IT? 5 #+12 FX 
G, — H. I, 1 L, —— e 7 4 


0. 25 1 7. = ad pom his 


E__=_SD_AAMAAMM___ 


Examples of the application of the foregoing ſeries to the compu- 
tation of the figurate numbers of ſeveral ſucceſſive orders. 


—̃ ę2—2— ʒ.· -——— 


104. In the firſt place we will ſuppoſe the letter y to de- 
—_— 1. 

Then we ſhall have 1+1(=1+1)=2, and 1 +2 
(=1 +2) 3, and #+3 (= 1+ 3) = 4, and » + 4 
(=1+4)= 5, andn 5, 1 1 6, 11 7, 1 78, # +9, 
n + 10, &c, = 6, 7, 8, 2 10, 11, &c, reſpectively. 


Therefore the ſeveral terms 1, — = A, — 2 LB, - 0, — 


Dp, , , 2770, 24221 rg K. e 


11 


—.— will, hp ag be equal to 1, . B, 1 C, 


25. 4E. + F, LG, 4 H. 1. D. = L, &c, ao 


tively, 0 1 * 1B, 1 C, 1 1E, 1 b, 16, 1H, 
11, 1 K, 1 L, &c, or to 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, I, 1, 
&cz and therefore the twelve firſt terms in the firſt ver- 
tical column in the foregoing table of combinations, or the 
twelve firſt figurate numbers of the iſt order, obtained by 

4 means 


" = 4, * 
« # of " . 
1 A Tranſlation of the foregoing Extract from 
© S& 3% * rag — . 7 * * 2 y * % 4 - * * — 
* 


means of the foregoing ſeries, will be Ty I, 1, 1, 1, 1, i; | 


1, 1, 1, 1, and, 1, or 2 fet;of units; as they ought to be, 
and as they are in the foregoing table of combinations. 


105. In the next place we will ſuppoſe the exponent.» to 
be equal to 2, in order to obtain, by means of the foregoing 


ſeries, the ſignificant terms in the ſecond vertical column in 


the foregoing table of combinations, or the figurate numbers 
of the ſecond order. 9 F 


» 


Now, if u is = 2, the terms of the ſeries 1 ; _ A 


K, &c, will, be reſpectively equal to 1, = A, 22 B. 22 
C, 2 = 3D, — E. = F, s, 2 5 7 1 5 81, : 
K, &c, or 1, ＋ A, 2 B. 3 C, LD, E, 4 F, I G, 4 


H, 5 I, = K, &c, or 1, 2, 3, 4, 3, 6, 7, 8, 9, IO, 11, 


&c, Therefore the firſt eleven ſignificant terms in the ſe- 
cond vertical column of terms in the foregoing table of com- 
binations, or the firſt eleven figurate numbers of the ſecond 
order, obtained by means of the foregoing ſeries, will be 
the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, and 11; 
as they ought to be. 


106. In the 3d place we will ſuppoſe the exponent to 
be equal to 3, in order to obtain, by means of the foregoing 
ſeries, the ſignificant terms in the 3d vertical column of terms 
in the foregoing table of combinations, or the figurate num- 
bers of the third order, or (as they are often called) the 


triangular numbers. 


Now, if # is = 3, the terms of the ſeries 1, - A, B, 


3 


1 + 2 n+ 3 1 14 F 215 1 1465 7 "+8 
3 C, n. E, Fay "ag F, SY G, 1 H, | 9 £3 


A. 
++ 


a wwe to ts ann 


»— ba | * 


— 464 


As - Oy 


\ 


Mr. Jemet Berwullfs Treatiſe De Arte Conjedtandi. 33 


v 
3 * * 
4 


72 N tp 1 p 276 8 11TH 2481 o | 
=D, 5 E, 7 F, 5 „, 1, &c, or I, L 


1; 3, 6, 10, 15, 21, 28, 36, 45, 55, &c. Therefore the 
firſt ten ſignificant terms in the third vertical column of 
terms in the foregoing table of combinations, or the firſt 
ten figurate numbers of the third order, or the firſt ten 
triangular numbers, obtained by means of the foregoin 

ſeries, are 1, 3, 6, 10, 15, 21, 28, 36, 45, and 55 ; Whic 

are the ſame numbers with thoſe ſet down above in page 74, 
in the third vertical column of the foregoing table of com- 
binations. 5 „ 


1 In che 4th place we will ſuppoſe the exponent to 
be = 4, in order to obtain, by means of the foregoing ſe- 
ries, the ſignificant terms in the 4th vertical column in the 
foregoing table of combinations, or the figurate numbers of 
the 4th order, or (as they are often called) the pyramidal 
numbers. 1 i654 . Tor | 
n+1 
+ 6 47 
B, - = 2 C; — 3 D, TI E, = F, 6. H, ke, 
will be reſpectively equal to 1, <A, —— B, _ C, — 1 


3 ＋5 „ 446 44 L 6 


Now, if u is = 4, the terms of the ſeries 15 = A, 


7 
ER . . 
C, —D, 7 E, 2 F, = G, 7 H, &c, or 1, 4, 10, 20, 35» 


56, 84, 120, 165, &c. Therefore the firſt nine ſignificant 
terms in the fourth vertical column of terms in the fore- 
Feine table of combinations, or the firſt nine figurate num- 
rs of the 4th order, or the firſt nine pyramidal numbers, 
obtained by means of the foregoing ſeries, are 1, 4, 10, 
20, 35, 56, 84, 120, and 165; which ate the ſame 1 
ea O17 7 a 18 


4 


6 * — A | b. 0 . a 2 283 * 
% 5 py 4 4 3 % , 3 
13 * ' : | Ext ret 1 


bers with thoſe ſet, down above in page 7% in the fourth 


vertical column of the foregoing table of combinations. 


108. In the 5th place we will ſuppoſe. the exponent u to 
be = z, in order to obtain, by means of the foregoing ſe- 
ries, the ſignificant terms in the th vertical column of terms 
in the foregoing table of combinatiqns, or the figurate num- 
ber of the 5th order. | ng 1 


Now, if u is = 5, the terms of the ſeries 1, = Av B, 
p ** LS f f 4. 245 37 > 3 it! 


* 0. * D 2 E, I 9 G, &c, will be reſpec- 
rely equal'to , ; A, 5. B $22 ©, 128,24 f. £4 


6 6 8 
F, — G, &c, or 1, TA, 7 B. >C, 2D, & E, 5 F, 


7 6, Ke, or 1, 3, 16, 35. 7%, 126, 210, 330, Ke. There 


fore the firſt eight ſignificant terms in the pth vertical co- 
lumn of terms in the foregoing table of combinations, or 
the firſt eight figurate numbers of the 5th order, are 1, 5, 
15, 35, 70, 126, 210, and 330; which are the ſame num- 
bers with thoſe ſer down above in page 74 in the 5th verti- 
cal column of the foregoing table of combinations. - 


of the ſeries 1,,—A, B. . "3D, n : + E, 2+ 


F, ke, vill be reſpe&tively equal to 1, A, + B. = C, 2 


D, 7 E, = F, &c, or 1, 6, 21, 56, 126, 252, 462, &c. 


and conſequently the firſt ſeven ſignificant terms of the 6th 
vertical column of terms in the foregoing table, or the firſt 
ſeven figurate numbers of the 6th order, will be 1, 6, -21, 
56, 126, 252, and 462; which are the ſame numbers with 
thoſe ſet. down above in page 74 in the 6th vertical column 
of the foregoing table of combinations, . 0 | 
1/4 110. And, 


als load - © ws nds wh =-.c 


* 
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110. And, if the exponent is S . the terms ef ne 


ſeries I, - = A, — e 5 , cer, vin be. 


relpectively — to 1, L A, — 7 0.5 8 D, 5 8 E, &c, or 


1, 7, 28, 84, 210, Woo _ — conſequently we ft Fx 
ſignificant terms of the 7th vertical column of terms in the 
foregoing table of combinations, or the firſt ' fix fig 

numbers of the 5th ordet, will be 1, 7, 28, 84, 210, and 
4 Which are the ſame numbers with thoſe fer down above 


in page 74, in the 7th vertical column of the N table 
of combinations. | 


11 


rr. And, ir the br e, & , the tet of the 
ſeries 4 A. ＋ 3, C, =D, Ke, will be reſpec- 


15 den equal to 1, = A. £ ? B, 2 Pc 2b, &c, or 15 8, 36, 


120, 330, &c; and Gnfointy the firſt five ſignificant 
terms of the 8th vertical column of terms in the foregoing 
table of combinations, or the firſt five figurate numbers of 
the'8th order, will be 1, 8, 36, 120, and 330; which are 
the ſame numbers with thoſe ſet down above in page 74, 


in the 8th vertical column of the foregoing table of combi- 
nations. 


112. 4 if the exponent u is = 9, the terms of the 
£2 5 5 ©, &c, will be reſpectively equal : 


to 1, 2 A, 2B, 2 8 ** or I, 9, 45, 165, &c; and 


3 the firſt four ſignificant terms in the gth ver- 
tical column of terms in the foregoing table of combinations, 
or the firſt four figurate numbers of the gth order, will be 
I, 9, 45, and 165; which are the ſame numbers with thoſe 


ſeries 1, — A, 


ſet down above in page 74, in the gth vertical column of the 


2 table of combinations. | 


138. | 4 Tranſlation of the foregoing Zara from © 


A 113. And, if the exponent ns= ro, the terms 1, = A, 
— 5 B. &c, will be reſpectively equal tor, A, —B, &c, 
or 1, 10, 55, &c; and conſequently the three firſt ſigni- 
ficant terms of the 10th. vertical column of terms in the 
foregoing table of combinations, or the three firſt figurate 


numbers of the 1oth order, will be 1, 10, and 55; which 
are the ſame numbers with thoſe ſet down above in page 


74, in the 1oth vertical column of the ſaid table of com- 
binations. | Mn fo arti fy 755 


114. It appears, therefore, that all the numbers ſet down 
above in page 74, in the ten firſt vertical columns of the 
foregoing table of combinations, may be obtained by the ap- 


plication of the general ſeries I, —A, — B, _ c — 


D, * E, 253 F. d, H, I, K., 251. 


7 8 9 10 11 


xc which is a confirmation of the truth of the ſaid ſeries, 


and of the reaſonings by which it was obtained. 


4 general 


0 WW. on Co” © ith _ * 1 1 — 1 —_— ns VIE 


i 
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** — 
| 14. $I 4 1 5 


A general expreſſion of the value of the frafion = X of th 92 

. 2 | * oh] A "A T3 (ASE 

ciprocal of any integral power of the binomial quantity a + b, 
—. wee hates 


— 


115. Coroll. 11. From the foregoing corollary W may 
derive a general expreſſion for the value of the quantity 


4 ＋ 3 “or N in an infinite ſeries of terms, when the 


index u is any whole number whatſoever. 


. 1 . 3 . . 

For the quantity == is equal to the ſeries which reſults | 
from the diviſion of the numerator 1 by the binomial quan- | 
tity a + & as many times as there are units in the index u. 

And the quotients that ariſe from theſe divifions are a ſet of 
infinite ſerieſes conſiſting of terms marked alternately with 
the ſign — and the ſign +, and of which the numeral co- 
efficients will be the figurate numbers of the ſeveral ſucceſſive 
orders. This will appear by making a few of theſe divi- 
fions; which I ſhall therefore now proceed to make : but, 
in order to render the operations ſomewhat ſhorter and eaſier 
than they otherwiſe would be, I ſhall ſubſtitute the binomial 
quantity 1 + x inſtead of the binomial quantity @ +: 5, 
which will make no change whatever in the. numeral co- 
efficients of the terms of the ſeveral quotients that will re- 
ſult from theſe diviſions: and I ſhall ſuppoſe the quantity 
x to be leſs than 1, to the end that the powers of x in the 
terms of the ſeveral quotients 'may be decreaſing quantities, 


4 
C33 1 


* £ 


116, The firſt of theſe diviſions will be as follows : 
» 


Diviſor. __ Quotient, - - 1 
174) (- aua Treff. &e. 
ON: Dividend. 
* * * 


1 . . 1 . 

By this diviſion it appears that the fraction 2 is equal 
to the infinite ſeries 1 XK 4 —i TEN — & 4 — 7 
„* — TA —4 + &c, in which the ſecond, fourth, fixth, 
eighth, tenth, and twelfth terms are marked with the ſign 
, or are to be ſubtracted from the firft term 1; and the. 
third, fifth, ſeventh, ninth, and eleventh terms are marked 
with the ſigh +, or are to be added to the firſt term 1. 
And it is eaſy to ſee, from the manner of making this divi- 
Gon, that, if the operation was to be continued to any 
. | greater 


Cc. ama oo . iv ww z qa 9 od 


75 > 
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ter number of terms - whatſoever, the 14th, and 16th, 
and 18th terms, and all the following even terms in the quo» 
tient would alſo be marked with the fign —; and that the 
13th, and 15th, and 17th terms, and all the following odd 
terms in the quotient would be marked with the fign +.._ 
And the numeral co-efficients of all the terms in this quo- 
tient are units, or are the terms of the firſt vertical column 
of terms in the foregoing table of combinations, or the figu« 
rate numbers of the firſt order; agreeably to what has been 
juſt now aſſerted. ” | 1 ; | 


I 17. The next diviſion will be as follows: 


Diviſor. „ 7077 3 
172) (t- 2K ＋ 3 42 g -G T7 — 837+ - 10% þ 114% 
124 + &c. Wine E 
Dividend. 


1 TA - - f- t-, . Ke. 
119 ä 
72 L 
— 24 - 24 
* ＋ 34 — x3 
+ 3x? + 3x3 
* r 
— 4x3 — 4.x+ 
+ gx*+ 548 
+ —6x5+ x 
FRY 2625 
595 * +7x%— x7 
+ 73% + 737 
* $1 +x* 
—8 x7 — 8x 
— 
* 
+9." +949 
* 10x? +47? 
— 104% 10 . 
3 ＋II «ä lt. 
+11x%*+ 11x 
Pond —12x*+ &c. 
—12x &c 


By 


N 


* a * 


— 


142 4 Tranſlation of the foregoing Extract from ©. 
By this diviſion it appears that the fraction == is equal 


to the infinite ſeries 1 — 2x + 3 — 4K + 5* — 6 + 74 
— 88 + 9x* — 10 + 11K — 12K + &c, in which, as 
in the former quotient, the ſecond, fourth, ſixth, eighth, 
tenth, twelfth, and other following even terms have the fi 

— prefixed to them, or are to be ſubtracted from the firſt 
term 1; and the third, fifth, ſeventh, ninth, eleventh, and 
other following odd terms are marked with the ſign +, or 
are to be added to the ſaid firſt term. And the numeral co- 
effreients of the ſeveral terms of this quotient are the natural 
numbers 2, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, &c, or the 
terms of the ſecond vertical column of terms in the forego- 


ing table of combinations, or the figurate numbers of the 
ſecond order. SED | 


118. The 


*] * 


4a a 
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118. The third diviſion will be as Neves * 


Diviſor: | Quotient. 


14 ) (1=35+68=100+1560=219)+3816=3b $450 $6994 2 
bse + Ke. a 


| Dividend. 
1=2x+3a* —4x3+ gx*—045 7847 +9x%— 1029 + nen- Kae. 
1+x | 
*—3x +32? 
nn ace 
* + bx — 4x3 
+642 + 6.x3 
* —-10x3+ 5+ 
—10x3— 10x* 
* +154*%=645 
+152*+15a5 
* -21x5 +729 
—21x5 —21x* 
* + 28;5% 8x7 
8 
„31 9 
— 36x7 — 36x* 
1 T4510 
fol + 4549 
| ® -5x9+114% 
A, — 55-5 ce 
ö 7 * +66x—124% 
| +66x2 + 66x"t 
RESET 2780 T&e. 
7841 — &c, 
* + 


| By this diviſion it appears that the fraction = W 


to the infinite ſeries 1— 3 ＋ 6x — 108) + 15x? — 21 +; 
28x — 36%" + 45* — 558% + 66x"? — 78x" + &c, in which, 
as in the two former quotients, the ſecond, fourth, ſixth, 
eighth, tenth, twelfth, and other following even terms have. | 
the fign — prefixed. to them, or are to be ſubtracted from 
the firſt term 1; and the third, fifth, ſeventh, ninth, eleventh, 
= other following odd terms have the ben + prefixed to 
em, 


144 . 4 Tranfation of the foregoing Exiralt res 
them, or are to be added to the ſaid firſt term. And the 


numeral co-efficients of the ſeveral terms of this quotient are 
dhe terms of the third vertical column in the aforeſaid table 
of combinations, or the figurate numbers of the third e 


or the triangular numbers. 


119. The fourth diviſion: will be as beer : 


Diviſor. Quotient. 
1+x) (1=-4x+ Wenn 5 le. 
Dividend. | 
1 —3x +6x%—1047 + 15502198 eee be ke, 
1 112 
74 T6 
— 4x — 4 


* +10x*— tox 
+ 104* +10x3 


* —20x3+15#* 
—20x3 — 204% 

* +354%=2185 

Za 

1 ade 
IE, 
e 
. +84x* +84x7 


* 120 +453? 
—120x7 — 120x* 
. * ＋ 1654 — &c. 
. + 165x®+ &c. 
* —» &C, 


By this divifion it appears that the frafion ===, 15, equal 


to the infinite ſeries 1 — 4x + 3 +. 35 — 36x 
+ 84 — 120 + 16 5x" — &c, ad infinitum, in which, as 

in the three former quotients, the ſecond, fourth, ſixth, .and 
eighth, and other following even terms have the ſigu pre- 
fixed to them, or are to be ſuotracted from the firſt term 1; 
and the third, fifth, ſeventh, ninth, and other following 
odd terms have the ſign -+- prefixed to them, or are 3487 

adde 


N . ac 
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added to the ſaid firſt term. And the numeral co- efficients 
of the ſeveral terms of this quotient are the terms of the 
fourth vertical column in the aforeſaid table of combina- 
tions, or the - figurgte numbers of. the fourth order, or the 
pyramidal numbers. | 


120. The fifth diviſion will be as follows : 


Diviſor. Quotient. | 
I+z) (1=5gx+15x*—3;53* +701*— 12685 + 219425 — &c. 


| Dividend. 
1-4x+ ne &cg 
1+# 
*—5x+104* 
— d ** 
* +15x*—20x* 
1156182 
354 ＋35* 
VSA 
* ＋ 70-5 
+70r*+7085 _ 
* 1264 84 : 
—126x5—126x5 8 f 


| Ss 2 Ke, 2 
J | | a + 21045 + &c. | a * 
j N | FOI THR FEY - Kee, : EEED 


By-this Uiviton i it appears that the fattion al. = ==" is equal 
Ir ; 
to the infinite ſeries 1 58 + 18 . — 3 f + naxk — 1264 
+ 210 — &c, ad infinitum, in which, as in the four pre- 
ceeding quotients, the ſecond, fourth, fixth, and other fol- 
lowing even terms have the fign — prefixed to them, or are 
to be ſubtracted from the firſt term 1; and the third, fifth, 
ſeventh, and other following odd terms have the ſign ＋ pre- 
fixed to them, or are to be added to the ſaid firſt term. 
And the numeral co-efficients of the ſeveral terms of this 
eee are the terms of the fifth vertical column in the 
regoing table of combinations, or the figurate numbers of 
the fifth order. | 
U | 121. 
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121. The ſixth diviſion will be as follows: 


Diviſor. Quotient. 
1+x) (1=-6x+21x*—$62* +1264%=252x5 + &c. 
Dividend, 
4% ad 15 — 35343 + 704*—126x5+ &Kq 


Serge 
— Cx G 
T2127 36 
+21x*+21x3 
8 <56x3+70x* 
= 
* +126x*—126x5 
+ 126x*+126x5 
* —25245+ &c, 
— 252xX5 -\&C. 
. ® &e. 


By this diviſion it appears s that the fraction is equal 


= 
to the infinite ſeries 1 — 6x + 21x* — 56x* + 126x4 — 
252x* + &c; in which, as in the five former quotients, the 
ſecond, fourth, ſixth, and other following even terms have 
the ſign — prefixed to them, or are to be ſubtracted from 
the firſt term 1; and the third, and fifth, and other follow- 
ing odd terms have the fign + prefixed to them, or are to 
be added to the ſaid firſt term. And the numeral co-efficients 
of the ſeveral terms of this quotient are the terms of the ſixth 
vertical column in the foregoing table of combinations, or 
the figurate numbers of the fixth order. 


— 


Po ng 


1 


* a 


* 
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Conclufunes from the foregoing Operations of Diviser. 


a — — 


122. From the operations of the foregoing ſix diviſions with 
the ſame "diviſor 1 + x, I preſume that it will be evident to 
the reader, that, if we were to continue each of the fore- 
going quotients to any number of terms, how great ſoever, 
the ſaid terms would continue to be marked with the figns 
+ and — alternately, and that the co-efficients of the fol- 
lowing terms after thoſe that have been above computed, 
would be the following numbers of the ſame order of figu- 
rate numbers to which the. co-efficients: of the terms above 
computed in the ſaid quotients, belonged, reſpectively. And 
I likewiſe preſume that it will be evident to him, that, if 
we were to divide the laſt, or ſixth, quotient by 1 + x, 
and the next, or ſeventh, quotient, by the fame quantity 
1 + x, and the ſeveral next following, or the eighth, ninth, 
tenth, and eleventh, &c, quotients, continued to any num- 
ber whatſoever, by the ſame quantity 1 + x (whereby we 
ſhould obtain ſeveral infinite ſerieſes that would be equal to 


> 8 1 8 

the fractions = r 24 5 5- &c), and 
were to continue each of the ſaid diviſions till we had ob- 
tained any number of terms in the quotient, how great ſo- 
ever, the ſeveral even terms in every quotient would be 
marked with the ſign —, or ſubtracted from the firſt term 
1; and the third, fifth, ſeventh, and other following odd 
terms in every quotient would be marked with the ſign +, 
or added to the ſaid firſt term; and alſo, that the co-efficients 
of the terms of the ſaid 7th quotient (that would be equal 


to the fraction ]) would be the figurate numbers of the 


2th-order, and the. co-efficients of the terms of the ſaid 8th 
- Rb] 3 D quotient 


[ 
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quotient (that would be equal to the fraftion == +) would 


be the figurate numbers of the 8th order, Ni- is the co- 
efficients of the terms of the gth, roth, 11th, and other fol- 
lowing quotients (which would be equal to the fractions 


1 1 


1 
= FT og Ds &c) would be the figurate numbers 


of the gth, roth, 11th, and other following orders, reſpec- 
vely. 


Obervations on the foregoing Operations of Diviſion, tending to 
 eftabliſh the foregoing ang EI 


- & — IOC " - 
„ * 


123. The foregoing concluſions may be derived from the 

following obſervations, which cannot but occur to every 

perſoh who Thall go tlirough the foregoing operations of 
Ugebraick diviſion with attention, namely, 


iſt, That in every ſeparate opetation of diviſion, by 
which a new term in the quotient is to be obtained, the di- 
vidend will, always conſiſt of two terms which will have dif- 
ferent ſigns' + and — prefixed to them; ſo that, when the 
firſt of rhe 'two has the fign + prefixed to it, the ſecond 
will be marked with the ſign = ; and when the firſt has 
the ſign — prefixed to it, the ſecond will be marked with 
the ſign. To 


_ 2dly, That the ſubtrahend, or quantity which is to be 
ſubtracted from the {aid dividend, will always conſiſt of two 
terms, which will be both markes with the ſame ſign + or 
'—, which ſign will alſo be the ſame with that of the firſt of 
the two terins of the dividend from which the ſaid ſubtra- 
hend is to be ſubtracted; and therefore the ſign which is 


prefixed 
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to the ſecond term of the ſaid fubtrahend will be 
contrary to that which is prefixed to the ſecond term of the 
ſaid dividend, from which it is to be ſubtracted; whence it 
follows that when, in order to ſubtract the ſaid ſecond term 
af the ſubtrabend from the ſecond term of the dividend, 
which is placed juſt above it, we ſhall (according to the rules 
of algebraick ſubtraction) have changed its fign into the 
contrary ſign, and have added it, with its ſign ſo changed, 
to the fecond term of the dividend, the refidue thence re- 
ſulting (which will be the firſt term of the next dividend) 
will have the ſame ſign prefixed to it as is prefixed to the 
| ſecond term of the former dividend, or the contrary ſign to 
that which 1s prefixed to the firſt term of the former divi- 
dend; ſo that the firſt terms of every two contiguous divi- 
dends throughout the whole diviſion will be marked with 
contrary ſigns, and conſequently every two contiguous terms 
in the quotient (which have always the ſame figns with the 
firſt terms of the two dividends from which they. are derived) 
will alſo be marked with contrary ſigns. 


3dly, Since the two terms of the diviſor 1 + x, to wit, 
1 and x, have the ſame numeral co- efficient 1, and every 
new ſubtrahend is produced by multiplying the diviſor 
1 + x- into the laſt-found term of the quotient, it follows 
that the numeral co. efficient of the ſecond term of every 
new ſubtrahend muſt be the ſame with the numeral co effi- 
cient of the firſt term of the ſame ſubtrahend. And con- 
ſequently, when the ſign of the ſecond term of the ſubtra- 
hend is changed, and thereby become the ſame with the 
ſign of the ſecond term of the dividend, which is juſt above 
it, and it is added, with its ſign ſo changed, to the ſaid ſe- 
cond term of the dividend, the co- efficient of the quantity 
reſulting from this addition, or algebraical ſubtraction (which 
is evidently the ſum of the co- efficient of the ſecond term of 
the ſubtrahend and of the co-efficient of the ſecond term of 
the dividend) will alſo be the ſum of the co-efficient of the 
firſt term of the ſubtrahend and of the co- efficient of the 
ſecond term of the dividend, and conſequently (becauſe 
the firſt term of the ſubtrahend is always equal to, * 

6 | x EOS ame - 


\ 
WW 
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ſame with, the firſt term' of the dividend) will 'alſo be the 
ſum of the co- efficient of the firſt term of the dividend and 
the co-efficient of the ſecond term of the dividend ;/ that is, 
the co- efficient of the firſt term of every new dividend will 
be the ſum of the co-efficients of the firſt and ſecond terms 


of the next preceeding dividend. And conſequently the co- 
efficient of every new term in the quotient (which is the 
{ame with the co-efficient of the firſt term of the dividend 
from which it is derived) will be the ſum of the two co- 
efficients of the two terms of the next preceeding dividend. 
But the ſecond term of the next preceeding dividend is a 
term of the laſt preceeding, ſeries, -or quotient obtained by 
the diviſion by 1 + x; and the co- efficient of the firſt term 
of the faid next preceeding dividend is equal to the ſum of 
the co-efficients of all the preceeding terms of the ſaid laſt 
preceeding ſeries, or quotient obtained by the diviſion by 
1+ x. Therefore the co-efficient of every new term in the 
quotient ariſing from the prefent diviſion by 1 + x will be 
equal to the ſum of all the co-efficients of the terms in the 
foregoing ſeries, or quotient, as far as the correſponding 
term, or term involving the ſame power of x, and includ- 
ing the ſaid term. Thus, if the former ſeries, or quotient, 
be called A, and the preſent quotient, now ariſing from the 
diviſion of the ſeries A by 1 ＋ x, be called B, and m be 
a whole number denoting the place of any term in the 
quotient B, the co-efficient of the mth term of the ſeries, 
or quotient, B, will be equal to the ſum of the co- efficients 
of all the terms of the preceeding ſeries, or quotient, A, as 


far as the-mth term of the ſaid ſeries, and including the ſaid 
mth term. 


And therefore, 4thly, that the co-eſficients of the terms of 
the ſeveral ſerieſes, or quotients, ariſing by the continual 
divifion of 1 by the binomial quantity 1 ++ x will be the 
ſeveral orders of figurate numbers, or the terms of the ſeve- 
ral vertical columns of terms in the foregoing table of com- 
binations ; fince both the ſaid co-efficients of the terms of 
the ſaid ſerieſes, or quotients, and the ſaid figurate num- 
bers, or terms of the ſeveral vertical columns of terms nar 
ng: al 
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aid table of combinations, ariſe in the ſame manner from a 
eries of units, 1, I, 1, 1, 1, 1, 1, 1, 1, 1, 1, I, &c, to wit, 
the continual addition of them to each other, and by the 


ike continual addition of the terms of every ſeries generated 
from them to each other. 


w— ̃— . e ͤ—[———— 
; { 2 7 a 


Application of the foregoing reaſonings to the finding of a general 
ries of ſimple terms. 


124. It having been now proved that the terms of the ſe- 
veral ſerieſes, or quotients, that are equal to the fractions 
I I 1 1 3 


a 1 . » 
Wy _ —_—_— —_— T9 Tx” &c, ad infinitum, 
(beginning with the ſecond term in each ſeries), are to be 
marked with the fign — and the fign + alternately, and 

that the co-efficients of the terms of the ſaid ſerieſes will be 
the figurate numbers of the correſponding orders; and it 
having been proved above in coroll. 10, that the figurate 
numbers of the #th order, or the fignificant terms of the 
mth vertical column of terms in the foregoing table of com- 
binations (x being put for any whole number whatſoever) 
are equal to the terms of the following ſeries, to wit, 1, 


r n+1 n4+2 n+ n+ n+ n+6 nJ-9 77 
. =D, 1 E 5 F H. 


4 
. K. e L, xc, ad infinitum; it follows that the 


fraction = will be equal to the infinite ſeries 1 — = Ax 


Tray 
A 


. 


x52 1 Tranfation of the foregoing Entra?? from 
uni n T2 ng | +4 #+ 
F of — [=> G x! + H + Ka 
E L* + &c, ad infinitum. 
125. Now let = be ſubſtituted inſtead of x. And the 
fraction 3 - will chen be = 


_ and the ſeries x —= Ax 


* 
4 2 Cu + D 1 TE 4225 
ce 4 tins - _ 1 + 242 


K * —|- - L &c, ad infnitum, will be 2 1 — —A 


a 2 TI 7 a3 4 2 5 as T 
»+5 36 6 37 142 Uo n+8 139 n+9 
'V F 7 7 8 27 7 H > 10 


fraction . will be equal to the ſeries 1 — A 2 + 


' 1 +2] 
a 


a* 3 a3 4 a* 5 as 
3 n+06 * 1 ＋7 3 1 48 49 n+9 PAL 
r FUF Ie 


1 LE + &c; and conſequently (dividing both 


ſides of this equation by 4) we ſhall have . 
| | 1+ — 


[ 


"y 
or 


Jy 


N= the ſeries 3 —＋ A 34 2 


7s 
E. Sp potty . feE EG tip 4% 


= - ut — 
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1 37 ee 3 1 I * 
or 5 21 a: — -. = —— — A 
1+ A 4 ** 472 * 1 4 f 
3 r bs 2 - 
TI 2 = K == n+3 + _ +6 MY 
—_—- — 4 a 
n+ 4 35 S F. [n+ FA n+7 
5 * N F , IP 7 af +7 + 8 H 


356 + n+8 | 3⁰ 142 zio n+10 : 3 
+8 to. I = 10 K 7 ; 7 en 


+ &c, ad infinitum ;, or, accotding to Sir Ifaac Newton's 
notation with negative indexes of powers, we ſhall have 


2 
pip ED Cont3p 4 ti Dgttntp 7 


np — = le FF 223 K 1 % a 


a+ 10 


It | fry Antal + Kc, ad infinitum. * Q. E. 1. 


126. This laſt ſeries is the ſame with that which would 
reſult from Sir Iſaac Newton's original ſeries for expreſſing 
the value of the quantity 2 ＋ N, or the 7 N of the 
binomial quantity 4 ＋ B, to wit, the ſeries 4 + 7 „ 6 + 


* 4 FF OOY.! F 8 += * 
e xi. * * 44 2 2 * 
= 8 * + &c, by Fa the index u of the ſaid 


power to be negative, or by ſubſtituting — # inſtead of 


> the terms of the ſaid ſeries, 


X For, 
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: For, if this ſubſtitution be made 1n the terms of the ſaid 


ſeries, it will become equal to a I 21 * 22 


„ 3 2 — —1 — 2 — 393 — n - 


wal nu I X WP > 3 a þ e —— — 


gy} 5 —2 2 —3 


K . — &c, and confequently, 
(becauſe ＋ = „ 7245, and * * 
+142 . | 
ij = x *=), 
„ 4 2 +1 4 „ = 3 j5 
FE. * 2 a b fn X 5 * * * 
+» att „ 74 „ 24 . L bat 
7 ads. 2 er Words! whe. Dor woe arte 
F335 x „ = Kc, = „ 
oe of 5 - 


equal to 4 > BUT 3 b 


n vo # a 41 -. LY n+1I TM n+2 
FP F—X a Fre : 
Aer? x  a+1 * ＋ — 2. + * . 
_n+2 —2 [n+4 —n=5 — — 1 
* — 4 2 bs en — 


A 1 —.— 7 2 2 3. 1. — . 
5 3 | 4 
be 5 — 85 —. *. 3 + &c; which is the ſeries 
we juſt now Gerived from Mr. James Bernoulli's doctrine of 
—_—— for the value of the n 7 0 "or 
= or We F E. p. * f * | 


7 

9 « 
. 
© 4 * £ 


4 general 


*" D B = — po 
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A general expreſſion of the value of the fraction — or of the 


I 
s 1 4 — } 4 
reciprocal of any integral power of the reſidual quantity a—b, 
in an infinite ſeries. | 


. 


127. Coroll. 12. The fraction = will be equal to the 


I n b n+1 32 1 ＋ 2 , 3 
Nauen e + — Aogens oþ 5 Din N 
1 ＋ 3 3⁴ 1 ＋ 4 b n+5 36 n +6 
—— 4 2 *＋4 + $ 4 ＋5 Lan +6 T: 7 
57 n+7 b n+8 59  n+9 ro 

af +7 ” 8 4 8 + 9 +9 * 10 * oF 
n+10 r he | 
no = Þ &c, ad infnitum, which conſiſts of the 


very ſame terms as the ſeries obtained in the foregoing co- 
I 


Ty 


+ prefixed to all. the terms after the firſt term — , Inſtead of 


rollary for che value of the fraction 


» but with the fign 


a . 
being prefixed only to the 3d, 5th, 7th, gth, and other fol- 
lowing odd terms of it, as 1n the former ſeries, 


128, This will appear by dividing 1 two or three times 
following by the reſidual quantity 1 — & inſtead of the bi- 
nomial quantity 1 + x. For we ſhall eaſily perceive that all 
the terms, after the firſt terms, in the quotients ariſing from 
thoſe diviſions will be marked with the fign +, or muſt be 
added to the firſt terms. The three firſt of theſe diviſions 

will be as follows: | 


X 2 | The 
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The firſt Divifon 
. Diviſor, | Quotient. 
Ins) (I+#+#+x3+x*+x* T + &c, 

Dividend. 


1 „ „% „„ „„ „ „ 


| The ſecond Diviſion. 
Diviſor. Quotient. 
1-4) (IT 3 +443 bf 9 þ10x9 Ke. 


Dividend. 
ITT T f t &c, 
32 
T 
+ 2x — 2** 
e 
4 —3. 
ne 
14-4 
* +gx*+x5 
+ 5x*— 5.35 
* +6x5+a6 
+ 6x5 — 6x5 
& +7x%+af7 
+7x%* 787 
* +87 2 
＋8 7825 


FT 
195 
. 
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1 | The third Diviſion. | 
Diviſor. Quotient. | 
14) (1+ 3x +6x* + 1043 + 15442145 36 ＋ &c. 


Dividend. 
1+2x+33*+4x3 + 5x*+635 + 745% +837 +9x* + &c, 


1] —X 
+3xÞ 3a® 
+3x—3a" 
* +6x* +4x7 
+ 6x* — bx? 
* +10x3I+ 5 
+ 10x3 — tox 
* +15x*+ 65 
+15x*—15x5 
_® +2145þ+ 5x6 
+ 21x5— 21x 
_* +284x%þ+ 8x7 
+28x%— 28x7 
* +36x7 


129. It is eaſy to ſee that, both in theſe three diviſions, 
and in all the following diviſions that may be made of the 
laſt quotient hereby obtained, by the ſame diviſor 1—x, all 
the terms of the ſeveral quotients, after the firſt terms, will 
be marked with the fign +, or be added to the firſt terms, 
and that the co-efficients of the ſeveral terms will be the very 
ſame numbers as the co-efficients of the correſponding terms 
in the former quotients which reſulted from the diviſions by 
the binomial quantity 14x. It follows therefore that the 


fraction — will be equal to the infinite ſeries 1 + 2 


* e + 222 Co 4 Dm 4122 Bo 
+2535 Fit + 32. Gul He 18 + 


: 2 K * + == L + &c, ad infinitum, and conſe- 
| | quently 
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quently. (fubſtiruting = inſtead of x in this equation) that 
the _ will be equal to the infinite ſeries x +5 
| 13 5 | 
ATB e b g x4 
r 4 02 4 = + E 12 5 


| 21 K * 24 —— 1 2 FR &c, ad infnitum, and conſe- 


quently viding both ſides of the laſt equation by 4) that 


the fraction ( . Of —— ot) 
=o * x1—2| 4 * 1— 
a a a 
= will be equal to the infinite ſeries _ + - A 8 + 


a a 
#+1 ' 142 33 a+ * n+ 83 
2 4 +2 + 3 C * 3 TI 4 D af +4 _— 


F.. K = +2 LE + &e; ad infini- 
4 4 5 3 $A 
tum. 9 D. | 


I 130. If we N uſe of Sir Iſaac Newton's notation wit 
Negative indexes of — the laſt equation will be as fol- 


lows, to wit, Sous "= the infinite ſeries a + = 
PE 3 AD nog s , +2 —2—3 14 
2 ns, 3 4. 3 

Az. of» wok * ＋ Ca 2 * 
D RON + "+4 WE r 6 1 I0 
5 . Ga 


4 alen the foregoing Extralt from. - 


6 + EH 4 . 1.7 why 


K L 291 by &c, 4 me. 


But the other way of expreſſing this equation ſeems to be 
cleater and more natural than this way, and, for ordinary 
er preferable to it. | 


131. This laſt ſeries is the Gee with chat whith would re- 
fult from Sir Iſaac Newton's original ſeries for expreſſing the 


value of the quantity a — P, or the mh power of the re- 


ſidual quantiny 4 — 5, to wit, the ſeries a” — = nn b*+ 


2 _ 2-1 22 15 2 „ene 721 
3 V 
nu—2 23 4 ” 11 22 3 4 
X — * = — Xx —⅜ X — X — —— 
3 4 : "Wag 2 5 3 as 4 al 5 


a"—5 45 + &c, by ſuppoſing the index u of the ſaid power 


to be negative, or by ſubſtituting — # inſtead of 2 in the 
terms of the ſaid ſeries, 


For, if this ſubſtiturion be made in che terms + the ſaid 
ſeries, it will become equal to 4 wes. Pay; * 2 * 


——1 Fans — x _ * 125 1 p x 
* . . += X 12s, X 25 „ ws 
PROD x Hr? x #22 8 * +2 x EA . * 


7 x FOI x "== a kee, + — 


Mr. James Pernoulli's Treatiſe De Arte Conjectandi. 1 


97 +2 x 22 4 * 2 r* K 
e «23, —_—_ 2 
* NN. e ws. 9B 


+ A ap + 35 Bo 22 5 * 2 3 * 


* 


595 F — 1 &c; which is the 


| feries we juſt now derived | in art. 130, from Mr. Jarhes Ber- 
noulli's doctrine of combinations for the value of the quantity 


2 — * „ or — 1. n. 


4 — 3. 


132. We have now ſeen how from Mr. James Bernoulli's 
doctrine of combinations, and his explanation of the pro- 
petties of the figurate numbers derived from it, may be de- 
duced juſt and regular demonſtrations of Sir Iſaac Newton's | 
famous binomial and refidual theorems in the caſe of the 
integral and negative powers of a binomial and a reſidual 
quantity, or, of the reciprocals of their integral and affirma- 
tive powers, as well as in the caſe of their integral and af- 
firmative powers themſelves, in which Mr. Bernoulli him- 
ſelf has demonſtrated them above in coroll. 5. And I doubt 
whether any other. method of demonſtrating theſe two famous 
theorems in the caſe of the integral and 1 powers of 
a binomial and a reſidual quantity Ap yet been found out, 
that is equally clear and ſatisfactory. bus 


Y 44 
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* 
c pan Z 4 
* . 


A Diffculty that may occur concerning the foregoing Theorem 
relating to the integral and negative Powers of a reſidual 
Quantity, as a — b, or 1 — x. 


— 


— 


133. Before we conclude this cubject of the binomial- and 
refidual theorems in the caſe of integral and negative powers, 
I will endeavour to clear up a difficulty which may, per- 


haps, occur to the reader's mind concerning the latter of the 
ſaid theorems. 


It has been ſhewn in art. 129, that t 
3 Io n 5 


— to the infinite ſeries 1 + = Ax + == — B x* * 


c . Dat +5 E x* + "5x 4s 4 25 *G wt! 


&c, ad inſinitum, in which all the terms following the firſt 
term 1 are marked with the ſign +, or are to be added to 
the ſaid firſt term. And the co-efficients of the terms in 
this ſeries continually increaſe, when x is of any magnitude 


greater than 1. Thus, if u is = 2, we ſhall have - ( =) 


= 2. and at (= — £4, =", and a — (= — 255 2 2 


— p 


n+3 Fa n+ n+6 6 $ 
end = ih; . — „&e, equal to 0 TD -, 5 &c, 


reſpectively; in all which fractions the numerators exceed 
the denominators by an unit; and, if » is = 3, we ſhall 


: 6 
have 4. 4, £22, 24, 234, 235, 238, ke, equal to 
| 6 8 N | . * * 
— = 7 I = 7 Sa &c, reſpectively; in all which 


fractions the numerators exceed the denominators by 2. 
And the like exceſs of the numerators above the denomi- 


5 I nators 
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nators will take place in a ſtill higher degree in the ſaid ge- 


. . n n+1 n+2 n+3 n+4 n+5 n+6. 
nerating fractions DE nA ans Tow nm git. > „&c, 


when the index # is equal to 4, or 5, or 6, or any higher 
number. And conſequently the co-efficients B, C, D, E, 
F, G, &c, which are derived from the firſt term 1, or A, 
by the continual multiplication of the ſaid generating frac- 
. aA ' ä 
tions =, =, =, =, _ =, =, &c, muſt ww 
tinually increaſe in ali theſe ſerieſes. And accordingly we 


find that the figurate numbers of every order, or the ſeveral 


fignificant terms in every vertical column of terms in the 
foregoing table of combinations, page 74, (which are equal 
to the co-efficients of the terms of the foregoing ſeries 


1 +ZAs +2 B. +22. Co D +54 


Ex 4 —5 Fe + &c, ad infinitum), increaſe continually, 


And hence it may happen that, if æ is but little leſs than I, | 


the whole terms at the beginning of the ſeries 1 + - Ax ＋ 


c Der B . 
ä J 


+ &c, ad infinitum, may (by means of this increaſe of 


their coefficients) be increaſing quantities. | 


Now, from this circumſtance it may, perhaps, be appre- 
hended, that all the terms of this ſeries will in ſome caſes 
diverge, or increaſe, continually, to what number of terms 
ſoever the ſaid ſeries may be continued, and conſequently 
that the ſaid ſeries (conſiſting of an ifi micthet of 
terms that are every one greater than that next before it) 
will be infinite in magnitude as well as in the number of its 
terms, and therefore cannot be equal to the finite quantity 


_ This is a difficulty that ſeems naturally to ariſe upon 


this ſubject. But it may be removed by the following con- 
lderations. Ws, 
| | 1 2 4 


hg 


\ 
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a | An Explanation of the foregoing Difficulty. 


w_ 4 


134. The proportion of the numerators of the ſeveral ge- 
nerating fractions , 2, = , =, SEN =, &c, 
to their denominators (though it is always 4 proportion of 
majority, when , is greater than 1) approaches, continually 


[nearer and nearer to a ratio of equality, as its limit; ſo that, 


if n be ever ſo great a number, we may, by continuing the 
ſeries of theſe generating fractions to a great number of 
terms, come to one in which the ratio of the numerator to 
the denominator ſhall be leſs than any propoſed ratio of ma- 
Jority. Thus, for example, if x is = 1000, and the ratio 
of majority that is propoſed, or given, and with which the 
ratios of the numerators of theſe generating fractions to their 
denominators is to be compared, is that of 1 to 0.99999, or 
of 100,000 to 99,999, it will be poſſible, by continuing the 
ſeries of the ſaid generating fractions, to aſſign one in which 
the ratio of the numerator to the denominator ſhall be leſs 
than the ratio of 1 to 0.99999, or of 100,000 to 99,999. 
This may be ſhewn in the manner following. Let z be the 
general repreſentative of the ſeveral numbers added to the 
index 2 in the numerators of theſe ſucceſſive generating frac- 
tions; ſo that the ſaid numerators ſhall be equal to the ſe- 
veral ſucceſſive values of z+2z, or, on” the preſent ſuppoli- 
tion that # is = 1000, to the ſeveral ſucceſſive values of 
1000 ＋ 2. Then will the denominators of the ſaid ſucceſ- 
ſive generating fractions be denoted by the ſucceſſive values 
of z + 1, and the ſaid generating fractions themſelves will 
be equal to the ſeveral ſucceſſive values of the fraction 


= *, Or —— Now it is evident that, by continually 


increaſing the number z, the proportion of the numerator 
z + 1000 to the denominator z + r may be made to ap- 
| | | proach 


— 
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proach as near as we pleaſe to the proportion of z to x, or 
the proportion of equality. The number 2 may therefore be 
increaſed till the ſaid proportion of z + 1090 to z + 1 ſhall 
be nearer to a proportion of equality, or ſhall be a leſs ratio 
of majority, than the propoſed ratio of - 1 to 0.99999, or of 
' 109,000, to 99,999. And the fame thing might be done 
if the propoſed ratio, inſtead of dey {veg of 1 to 0.99999, 
or of 100,000 to 99,999, had been that of 1 to 0.999,999, 
or of 1000,000 to 999,999, or that of 1 to 0.999,999,9, 
or of 10,000,090 to 9,999,999, or any other ratio of majo- 
_ rity, how ſmall ſoever. I herefore, however nearly the quan- 
tity x may approach to an equality with 1 (than which it is 
always ſuppoted to be fomewhar lefs) it wilt always be poſſi- 
ble to increaſe the number 2 till the proportion of z + to 
2 +1, or of 1 ＋ 2 to 2 + 1, becomes leſs than the pro- 


portion of 1 to x, or till the fraction _ becomes leſs than the 
 fraftion _ And, as the number 2 increaſes with the num- 

ber of terms of the ſeries 1 + 1 Ax + = B * + = 
Cx? + — + 24 Be + F + E Ga 


+ &c (being always leſs by 2 than the number of the terms 
from the beginning of the ſeries to the term in which it oc- 
curs, including the ſaid term), it is evident, that, by con- 
tinuing the terms of the ſeries, we muſt always come to 


a term in which the generating fraction — ſhall be leſs than 
the fraction = And when we are arrived at this term, the 


next term of the ſeries will be leſs increaſed by being mul. 
tiplied into the next generating fraction (which will be leſs 


than the ſraction =) than it will be diminiſhed by being mul 
tiplied into the fraction —, or the reciprocal of the fraction 
= 3 and conſequently it will be leſs than the laſt preceeding 

term of the ſeries trom which it is derived, And * 
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when we are come to this term, all the following terms of 
the ſaid ſeries (which have hitherto been increafing quanti- 
ties) will decreaſe continually, and in a greater and greater 
proportion continually, as the ſeries advances. And conſe- 
quently the ſaid ſeries will in all caſes be of a finite magni- 
tude, however nearly the quantity x may approach to an 
equality with 1. Q. E. D. . 9 


End of the Additional Corollaries not contained in the ori ginal 
text of Mr. James Bernoulli, which began in page 123. 


—— ———————————— 
A SCHOLIUM. 


* 
- — — 
— — 
a | 


- 135. We may here take occaſion to obſerve, that, though 
many writers on mathematical ſubjects (as for example, 
Faulhaber and Remmelin of the city of Ulm in Germany, 
and Dr. John Wallis of Oxford, Mr. Nicholas Mercator in 
his Logarithmotechnia *, and Monſieur Preſtet, a learned 
French mathematician) have made the properties of the 
figurate numbers the ſubject of their conſideration, yet no 
one has hitherto given the publick a general and ſcientifick 
demonſtration of the foregoing important 12th property of 
them. At leaſt I may ſay, that no ſuch demonſtration has 
ever come to my knowledge. Dr. Wallis, indeed, in that 

of his learned treatiſe on the arithmetick of infinites, in 
which he eſtabliſhes the foundations of his method, has in- 
veſtigated by arguments of induction the proportions which 
a ſeries of the ſquares of a given number of the natural 
numbers, 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, and a ſeries of 
their cubes, and a ſeries of their fourth powers, and ſerieſes 


„ * See Vol. I. of the Collection of Tracts, in quarto, intitled, Scriptoret 
Legarithmicis pages 192, 193. | | 


of 
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of their following higher powers, would bear to a ſeries con- 
fiſting of the ſame number of terms all equal to the laſt, or 
greateſt, term of the former ſeries ; and, after performing 
theſe inveſtigations, has, in his 176th propoſition, made a 
tranſition to the contemplation of the trigonal, or triangular, 
and the pyramidal, and trigono-pyramigal, or triangulo- 
pyramidal, numbers, and other following orders of the figu- 
rate numbers. But I apprehend he would have acted more 
judiciouſly and more agreeably to the nature of the ſubject 
he was conſidering, if he had taken the contrary courle, and 
begun with the inveſtigation of the properties of the figurate 
numbers, and then, after having diſcovered. thoſe proper- 
ties, and given a juſt and general demonſtration of them, 
had proceeded to inveſtigate the ſums of the powers of the 
natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c. For, beſides 
the objections that may be juſtly made to his method of 
making theſe inveſtigations by inductions from particular 
examples, as being by no means ſcientifick or ſatisfactory 
to a mind accuſtomed to more accurate. modes of reaſon- 
ing, and likewiſe as being more prolix and tedious than 
need be, on account of the neceflity of having a ſeparate 
inveſtigation for every new ſeries of powers ;—1I ſay, beſides 
theſe objections to his method of treating this ſubject, it may 
be conſidered as inelegant and unnatural on another ac- 
count, namely, becauſe it treats of the more abſtruſe parts 
of the ſubject, to wit, the inveſtigation of the ſums of powers, 
before the more ſimple and eaſy parts of it, or the doctrine 
of the figurate numbers. For theſe numbers may be juſtly 
eſteemed to be more ſimple and eaſy to be underſtood than 
the powers of the natural numbers, partly, becauſe the ſe- 
veral orders of them are generated one from another by the 
ealy operation of addition ; whereas, the powers of num- 
bers are produced by the more complicated operation of 
multiplication ; and partly and eſpecially, becauſe the ſums 
of the ſeveral orders of figurate numbers (reckoning from 
the beginning of the foregoing table of them, or including 
the ſeveral. cyphers prefixed to the ſignificant terms of the 
ſeveral vertical columns of the ſaid table) are (as we have 
ſeen) exact aliquot parts of the ſerieſes that conſiſt K the 

| ; ame 
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fame numbers of terms all equal to their laſt, or greateſt, 
terms, reſpectively; whereas the ſums of the powers of the 
natural numbers. 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, never are 
exact aliquot parts of the ſums of equal numbers of terms 
equal to the laſt, or greateſt, of them, reſpectively, but al- 
ways exceed, or fall ſhort of, ſuch aliquot parts by ſome ſmall 
finite quantity, how great ſoever the number of the terms of 
ſuch ſerieſes may be ſuppoſed to be, and what number of 
eyphers ſoever we may prefix to the ſaid ſerieſes conſiſting 
of the powers of the natural numbers. Nor can it be al- 
ledged, that it was neceſſary for Dr. Wallis to begin by in- 
veſtigating the ſums of the powers of the natural numbers 
1, 2, 3, 4, 5, 6, 7, 8, 9, &c, on account of the difficulty 
of deducing the values of thoſe ſums from the doctrine of 
the ſums of the figurate numbers. For, it is full as eaſy to 
deduce the ſums of the ſaid powers from the ſums of the 
ſeveral orders of figurate numbers, as to deduce the latter 
from the ſums of the powers of numbers in the manner 
adopted by Dr. Wallis: as I ſhall now proceed to ſhew by 
deducing the ſums of the ſaid powers from the ſums of the 


ſeveral orders of figurate numbers, which we have already 
inveſtigated. | 


An inveſtigation of the ſum of the natural numbers 1, 2, 3, 4, 
5, 6, 7, 8, 9, 10, 11, Ec, continued to any given number 
of terms, and of the ſums of their ſquares, and of their cubes, 
and of their fourth powers, and other big ber powers, continued 
to the ſame number of terms. 


—— ——  — 


136. If the letter x be made to denote the ſeveral ſucceſ- 
five terms of the ſeries 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, 
continued to the xzth term, which, it is evident, will be u, 


the 


the ſucceſſive values of. the reſidual quantities x — 15 * — 1, 


fg—TI, „ — 1, „ — 1, X — 1, «„ — 1, «1, $1, TI, 
4 1, &c, continued to # terms, will be 1 — 1, 2 — 1, 
3—1, 4—1, 5—1, 6— 1, 7 —1, 8 —1, 9 —1, 10—1, 
11— 1, &c, continued to x terms, or o, 1, 2, 3; 4, 5, 6, 


7, 8, 9, 10, &c, continued to # terms. But, by coroll. a, 
of the foregoing propoſition, art. 81, the ſeries o, 1, 2, 3, 


4, 5» 6, 7, 8, 9, 10, &c, (which are the terms contained 
in the ſecond vertical column of the foregoing table of com- 


y * . : . . of 5-8 ” : 21 — AM 
| binations), continued to ꝝ terms, is = — — 3 


0 
— = Therefore the ſum of all the n ſucceſſive values of 
1 ='t will be equal to = — =; and conſequently, if we 
denote the ſaid ſum by S.x—1, we ſhall have S.x—1 = 


= — = But the ſum of the »# ſucceſſive values of x — 1 


Is equal to the exceſs of the ſueceſſive values of -x above 


the n ſucceſſive values of 1, or (making uſe of the ſame 
kind of notation) to S. x — S.1, Therefore S.x — S. 1 will 
Sos AR n 


be = — — 2, and conſequently (adding S.1 to both ſides) 


2 
S.x will be = 2 = 2 BY S.1, But the ſum of the # ſuc- 
ceſſive values of 1 is evidently the number ». Therefore 


S.x will be = — 2 + » == s or the ſum of all 
the u ſucceſſive values of x, to wit, 1 #2 +3 +4+5 
+6 +7+8+9 +10 Þ+ 11 + & + #2 will be 


nn n 
1 Q xk. D. 


Thus, for example, if u is = 14, the ſum of the twelve 
terms of the ſeries 1 + A4 6 1718 ＋T 


9 + 10 + 11 + 12 will be = 22 + == 12X6 +6 
| ESD . 14 


=72 +6 = 78. F 
up the terms. 


— | 
£15: 5. o On Þ 


* the ſum of the ſquares of the One numbers, 1, 2, 3, 4s 54 
&c, continued to any given number n. 


* 
* y ® . 


1 . : ” 


1 37. Let it now be ad to find the ſum of the ſquares 
of the natural numbers 1, 2, 3, 4, 5, 6, 7, &c, continued to 
u, or the ſum of the numbers 1, 4, 9, 16, 25, 36, 49, &c, 
continued to the »th term, which will be an. This may be 
done in the manner following. 


Let x be put, as before, for the ſeveral ſucceſſive terms 
of the ſeries 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, u. Then, 
fnce by coroll. 4, of the foregoing propoſition, art. 83, 
the »th term of the third vertical column of the foregoing 


table of combinations is = — = f, it fol- 
| 5 | lows, 
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lows, t that every xth term of the ſame vertical column will be 


- 34 ＋2 


„or chat, if be made ſucceſſively equal to 1 . 
2, 3, hs 3. Os &c, the ſucceſſive values of che fraction | 
E, will produce the firſt, ſecond, third, fourth, fifth, 


ſixth, and other following terms of the ſame vertical co- 
lumn, which are o, o, 1, 3, 6, 10, &c. Thus, for ex- 


_ ample, if * is = 1, we ſhall have — 2 IE a. 


2 Þ +: 


So; and, if x is = 2, we ſhall have E £255 


== =0; and, if x is = 3, we ſhall have ©3532 = 


L292 a= I; and, if x is = 4, we ſhall have 
xx — 3x +2 


16—12+2 


= =>=3 ; and, if x is = 5, we ſhall 


2 SM 
m ax —3x+2 — 25—15+2 
have — = — 


= ==.6; and, fs =& 
we ſhall have Z=222 = E re = 29 = 10; which 


numbers o, o, 1, 3, 6, and 10, are the firſt ſix terms of 
the ſaid third vertical column. And the ſame thing will be 
found to be true in any greater number of its terms. But, 
by the ſecond corollary of the foregoing propoſition, art. 81, 
the ſum of all the » — 2 ſignificant terms, or, including the 
two cyphers at the beginning of it, the ſum of all the = 


terms, of the ſaid third vertical column is = — I — 


#X mn — 3 ＋2 2 ——— — 


= a * Therefore the ſum of all the 


1 ſucceſſive values of the fraction p will be = 


10 — zun T 21 


tons But the ſum of all the n ſucceſſive * of | 
Xx —3x+2 
e, 


— — Is evidendy equal to the ſum of al the 1 ſucceſlive 
©» | values 
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values of Fi together with the ſum of all the # ſucceſſive 
values of - 2 or 1 diminiſhed by the ſum of all t the n ſuc- 


geſſive values of =, or (according to. our former notation) 


8... — is 8. 1 reren 1— 


8. 2 8. 2 14 — DE Therefore 8. ITT - 


will be = "F7==. But S. E is evidently = = * S. x. 
Therefore 8.Z + n — 4 x S. x vill be = S. 2 +#— 


1 . 


8. =, and conſequently will be = ———-—, But it haz 


been ſhewn in art, 136, that S. & is = = + 5» Therefore 
= XS. * will be'= 2. * 222 _ + = Therefore 


Xx BE IE — * Xxx FEI 


un 2 21 xx gm # » 


* — + | Therefor (adding —— — to both ſides) we 
ſhall have S. 2 + 1 = = + 25 — + 23 -; and (cubtracting is 
frm bck Gd) — * have S. -. = = + 2 7 77 — 
7 7 + = and conſequently S. xx _ 2 X 5.5 
+ = = += < 3 that is, the ſum of all the 1 ſquares I, 4 9 
16, 255 36, 49» &c, of the n firſt mo numbers 1, 22 


3. 4, 5, 6, 7, GW 1 will be = + ® 54 = or pne- 
| third of the cube of the greateſt number 15 together with 
halt 


<1 


half che ſquare of the ſaid number, and a ſixth part of the 


0, . 

Thus, for example, if à is = 12, we ſhall have mn = 
144, and of = 1728, and = + = + 7 ( + = += 
EZ = 576 + 72 + 2) = 650. Therefore the ſum of the 
following twelve numbers, to wit, 1, 4, 9, 16, 25, 36, 49, 
64, 81, 100, 121, and 144, (which are the ſquares of the 
twelve natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 
and 12) will be equal to 650. And ſo, upon adding them 
pp together, we ſhall find them to bg | 


I 


1 
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of the ſum of the cubes of the natural numbers r, 2, 3 45 My 
2 N e eee | 


— . i 
6 4 
þ * 
a — — 
2 
* s 


138, Let x be put, as before, for the ſeveral ſucceſſive 
Am f the ſeries 1, 2, 3, 4, 5, ©, 7, 8, 9, 10, 11, &c, n, 
Then, ſince by coroll. 4, of the foregoing propoſition, art, 
83, the nth term of the fourth 1 column of the fore- 


—t] x N— X — 2 


2X3 


going table of combinations i is = 


mm —3n+2 3 af —Gan+t1n—6 
— — 


ds e WS%O it follows, that every xth 


x3 - bxx+11x—6 
6 3 
or thar, if x be made ſucceſſively equal A I, %, 3s ids 55 6, 


xc. the ſucceſſive values of the fraction — will 
produce the firſt, ſecond, third, fourth, fifth, ſixth, and 
other following terms of the ſame vertical column, which are 
o, o, o, 1, 4, 10, 20, 35, &c. But, by the 2d corollary of 
the foregoing propoſition, art. 81, the * of all the terms 
of the ſaid fourth vertical column (the number of which, 
including the three cyphers at the beginning of it, is 1) is 
_—_— FX g—1I X 2—2 * 1—3 11 6 + 112 — bx 


— — 2 — a Therefore the 
NIN 5 "gs > 24 


ſum of the # ſucceſſive values of the fraction — = —— — 


* 625 ow 
will be = of +1198 S or, according to our former nota- 


term of the ſame fourth column will be = 


=_—_ 
— — — . | — 3 0 — 
tion, . —— 0 will be — ——.— E. But $. | 
77 a" Ml FOE 
[ —— is = 8.5 8. E 7 8. 5 —8.5 528. 


7 


7285 +2 * 824K —8 = (by the two foregoing 
articles 136 and 137) S. DPI r 
3 nn 1 11 


15 6 21 In 112 3 
3 8 12 12 2. * 


—— F F771. Therefore 8. 71 7 * 


. — 0113 4- — 
gun nn will i 615 4- 1 116 
11 4 24 


5 and conſequently 


(adding 5 — += — to both ads) 8. = 5 7 =: will be = 


Gn any „ 843 
| 24 +5 5 +7 TINT ＋ 44 7 ae” 
6 1 cubrrating re = from both Pig 8. = 
will be = +200 +1108 gon . + ant rim Fs _ 
| i _ 24. 12 8 . 
== 55 tee. Therefore S. * will be = 6 * — 
— = 7 + Fr —, or the ſum of the v ſucceſs 


ſive values of x3, or of 25 ſeveral cube numbers 1, 8, 27, 
64, 125, 216, 343» 512, 729, 1000, 1331, &c, continued 


n vill be = + © += Q. E. I, 


2 


Thus for example, if u is = 12, we ſhall hawk. un = 


144, and * = 1728, and »* = 20,736, and conſequently 
"+ 1 
7 = — 5 = =, 5184, and = - (5 — = 864, and = = 7 (A 


* = 36, and = + 52 * (= 5184 Nan 0 = 


6084. Therefore the ſum of the twelve numbers 1, 8, 2 «> 
4, 125, 216, 343, $12, 729, 1000, 1331, and 172 
(which are the cubes of the firſt twelve natural numbers 1, 

1 2, 


-. 


2, 3, 4, 3, 6, 7, 8, 9, 10, 11, and 12), will be = 6084] 
And ſo we ſhall find the ſaid ſum to be, if we actually add 
up together the ſaid twelve cube numbers. FB 


_. Of the ſum of the foarth powers of the natural nuinbers 1, 2, 3 E 
4, 5, Ec, continued to any given number n. . 


= 
- * * OY 
. = o * 1 5 
— —  — — — —\——>— 


139: Let x be put, as before, for the ſeveral ſucceſſive 
terms of the ſeries 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 17, &c; u. 
Then ſince by coroll. 4, of the foreg oing propoſition, 
art. 32, the nth term of the fifth "vertical column of the 


foregoing table of combinations is. 


| 2X3X4 
3G meth > — 10#3 — . 
== —— * — = LIL 2 22729, it follows 


that 


K 


® . ** 2 * 8 1 8 3 355 
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that every /xth tern of the ſame fifth column will be = 


mrs or that, if * be made faceeltively . 


equal to 1, 2, 3, 4, 55 88 „ 9, 10, IT, &c, the ſucceling - 


valdes of the fraction ö will produce the 
firſt, ſecond," third, fourth, fifth, ſixth, and other following 
terms of the ſame vettical column, which are o, o, d, o 


1, 55 1 5. 35, 70, &c. But, by the ſecond corollary of 


the foregoing propoſition, art. 84, the ſum of all the terms 
of the ſaid fifth vertical column (the number of which; 
including the four cyphers.: at the beginning of it, is n) is 
„„ 2 Xn—3x — 2 BLEND .. . 
* BT. 777 6-408 120 | 
Theref6rs the ſum of all the u fuccell e valdes of che faction 
—— — vill be. 2 — + — —.—.— 25 
or, according to our former notation, 


8 = — — be , . $8 etw, 


n ol F 50 
But S. — ETD — . 8 S 2: 461) 


24 24 24 
hea Tv _ 24 — U eG Dui 
LT ERIE EE Ss 


5 24 


* — Ws — Ws ＋ 35m 4 __ 1 e 4 by 
| e 4 4 I 8 
„5“ 30 10 702 2 roco 


24 4 144 90 144 44 95 
Uo £6 — 8 8 3 402 N . 


N . rt <4 T 444 N 
S A 18 14 8 ee 
2 A | There- 
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Therefore 8.— 3 ＋ . — N 
3 


— —; and * (adding 1 + 
PI 

= to both ſides) we ſhall have S. 3 * 

5 hos od + 5 4 £8 — * 

(= 120 % D 24 


| 221 
a „ „ bee 
7 0 + 5 OT I and ſubtrafting 44 


+ 745 from both ans. (== FEE TIN 
er. 3 5 22 2 1450 nt 
"144 144 120 48 144 "; 10 77 120 

1* 283 1 


r r — and 3 


2 on 


_ quently S. K will ans 24 * 255 ＋ 24 * 4 + 24 * 5 


— 24 X 7200 = — 3 ＋ 2 + 3 — 353 or the ſum ==, 1 


ſucceſſive values of x*, or of the ſeveral founh powers of 
the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, 


continued to , will be = 8 + — + — — 2. qa. E. I. 


Thus, for example, if à is = 12, we ſhall have * = 
1728, and * = 20,736, and 1 (= 2 X # = 20,736 x 


12) = 248,832, and conſequently — ” = 989, and — 
N = 10,368, and — (= 2) 576, and = (= 9 : 


. and . + E + 10,968 + 


376 — _ = — + 10,368 + 576 = 451766 + 10,368 


+ 5 2 = Gs i Therefore the ſum of the twelve 1 "ow 
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bers 1, 16, 81, 266, 625, 1296, 2401, 4096, 6561, 10000, 
14641, and 20,736, (which are the fourth powers of the firſt 
twelve natural numbers 1, 2, 3, 4, 5. 6, 7, 8, 9, 10, 11, 
and 12), will be = 60, 710. And ſo we ſhall find the ſaid 
ſum to be, if we actually add up together the ſaid twelve 


numbers, or fourth powers of the firſt twelve natural gum- 
bers; which may be done as follows. 1 Ours] 


1 
16 
81 
256 
625 
1,296 
2,401 
4,096 
6,561 
10, ooo 
20, 736 


60,7 10. | 


+ tht 


— — — — 


140. The foregoing examples are, I preſume, ſufficient 
to ſhew how the ſums of the ſeveral powers of the natural 
numbers 1, 2, 3, 4, 5, 6, 7, 8z 9, 10, 11, &c, continued to 
any number », may be deduced from the ſums of the ſeve- 
ral correſponding orders of figurate numbers contained in 
the foregoing table of combinations. I ſhall not therefore 
add the iriveſtigations of the ſums of any higher powers of 
the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, than the 
foregoing ones, but ſhall only ſet down the reſults of the like 
inveltigations which 1 have made for my own ſatisfaction 


with reſpect to the ſums of the fix next higher powers of 5 
ö thoſe numbers, to wit, the fifth powers, the ſixth powers, | 
the ſeventh powers, the eighth powers, the ninth powers, 
F and the tenth powers of them. Theſe reſults are as follows. 
, 8 a Aa | The 


Wo _ £Lirmbiny tefnwie Inne/es”: .« 
The ſum. of gl the, fiſth powers of the natural —_h_ 
I, 2, 3, 4, 5, 6 » 7» 8, n 10, 11, ee, continued ** *, 


; is N 
— 
* 


The _ of all the Gxth powers of the ſame numbers = = 
=+ = —+E—E +2 


LS +242 —2, 


The * of all the 3 powers of the ſame numbers is = 


15 17 DAS AE. 
TR” 24 T 7 

The ſum of all the eighth powers of the ſame numbers is = 
3 227 725 2nd 1 


The _ of all the ninth powers of the ſame numbers is = 


+ EE Sd Bo; 


10 10 3 20 


11. the 3 of all the tenth powers of the ſame numbers is = 


111 110 gu 2 
W 


„N. B. In computing the laſt term of this expreſſion (which is . ta 
the ſum of all the ninth powers of the natural numbers 1, 2, 57 4» 5» 6, 7, 
8, 95 ke, continued to a) the author has fallen into a miſtake, h aving made 


the faid laſt term to be fr, inſtead of 2, I have therefore ſet down 22 
inſteadof => in this trandation. I had not diſcovered this miſtake when the 


ſheet containing it in the original text of the author 2, was print- 
Wee have let it right before, nm 


Evanpler of the ſummation Xx the fifth, fixth, ſoo, cighth, 
ninth, and tenth powers of the natural numbers 1, 2, 35 4» 
55 6, 7, 8, 9, 10, 11, &c, de to bg by means 7 
the E expreſſions. 11 e 


8 * N 
2 
a — — —— 
M 9 * f I . 


a= os; | | .. OR 
Then for the ſum of the fifth powers of the fiſt tele 


| natural numbers I, 2, 33 45 5, 6 » 72 8, 9, IO, 11, and 12, 


(which are 1; 32; 2433 1, 024; 3,1253 7,776 16,8% 


32,768; 59,0493 099 161,051 ; ; and 248,8325) we. 


122 2 12 TL K 
ſhall have 5 + = 2 — 2, 0 — + 
@(= 1 730 


1 


= == r 
—+5 X 1728 — 12 2 x 248,832 + 2 860 


— 12 = 497,664 + 124,416 + 8628) S 630,8. Ant 
fo we ſhall find the ſaid ſum to be, if we add up together 


the ſaid twelve numbers, or fifth _ of the firſt twelve 


natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, and 12. 
This addition will be as follows. 


I 
13A 
243 
1,024 
3,125 
73776 
16,807. 
32,708 
59,049 
100,000. 
161,051 
248,832 


630,708, 


And 


F 


* 
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wW- 


* : And for the ſum of the fixth 
powers of the firſt twelve natural numbers, 1, 2, 3, 4, 5, 
6, 7, 8, 9, 10, 11, and 12, (which powers are 1; 64; 
7293 4,096; 15,625; 46,656; 117,649; 262, 144; 531, 
441 ; 1,000,000; 1,771,561 ; and 2,985,984), we ſhall 
2, ab 3 JN 6 5 3 
have = + - +5—7+ f. or N 4 2 . 


12 _ 12x12 4 D . . 8 2,985,984 x 12 
— 555 


„ . 2 7 


42 7 2 2 
* f 832 1728 25,831, 808 
+ 222 4. * — 55 T I = EE 1,492,992 
+ 124,416 — 288 + - _ a + 1,492,992 + 124, 
416 — 288 = 5,118,830 + 1,492,992 + 124,416 — 288 
= $,118,830 -+ 1,492,992 ＋ 124,128) = 6,735,950. And 
ſo we ſhall find the ſaid ſum to be, if we add up together 
the ſaid twelve numbers, or ſixth powers of the firſt twelve 


natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, and 12. 
This addition will be as follows. 


531,441 
1,000,000 


1,771,561 
 2:985,984. 


6,735,950- 


And 


+ 
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And for the ſum of bi ſeventh 5 
powers of the firſt twelve natural numbers 1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 11, and 12, (which powers are 1; 128; 2 11873 : 
16 3843 78,125; 279,936; 823,543; 2,0912; 4,782, 
969 ; N ; 19,487,171 3 ; and 35,831,808), we ſhall 


have + 2 = + E E — * „ 
pF A (12D 1D 4D 2 1 ye HH ay, 
= + 7 +7 3 PV 1 = ee 


+ HED + 7 X 248, 832.— FELT] 4 rind = 3 K 
17.915,04 1 17.915,94 T 1,741 7 —7 * 864 + 12 
= 4 X 17,915,904 + 1,741,824 — 6048 + 12 = 
21,663,616 + 1, 741,824 — 6048. + 12 = 73,405,452 — 
6048) = 73,399,404. And ſo we ſhall find the ſaid ſum 
to be, if we-add up together the ſaid twelve numbers, or 
ſeventh powers of the firſt twelve natural numbers 1, 2, 3, 
4, 5s 6, 7, 8, 9. 10, 11, and 12. This 3 will be 
as follows, | | | 
: ; : 
128 
2,187 :, 
16,384 
18 25 
279,936 
823,543 
2,097,152 
4,792,969 
10,090,000 
19,437,171 
35,831,808 


13,399,404. . | 
"I be, And 


— 
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| | And for the ſum of the eighth 
powers of the firſt twelve natural numbers 1, 2, 3» 4, 53 6, 

7, 8, 9, 10, 11, and 12, (which powers are 1; 250; 6,561; 
65,530; 390,025; 1,679,616; $5,764,801; 16,797,216; 
43,046, 721; 100,000,000; 214,358,881; and 429199 696) 


ve ſhall bave= + 5 . , of = +4 


5 
= + 2 = EDT + MD — 2 
2K. 12222 2 . . 2 1“ 
3 — L i 9 * : . 5 P 4 bi 
. * | , , 

— —— —+ = — k = 555 96 + 
2X 369831,808 _ 7 x 248,832 + 3456 _ 2 4 1 82155 + 
3 15 9 TRA ee 

„66 6 bl , | 1 2 
214,990,848 + ws _ + 384 2 i=. 
573-308, 928 + 214,990,849 + 23,887,872 — . + 
334 — 7 = 812; 188,032 — we = 3 — 


116,12) = 812,071,910. And fo we ſhall find the ſaid 
ſum to be, if we add up rogether the ſaid twelve numbers, 
or eighth powers of the firlt twelve natural numbers 1, 2, 


3. 4» 5, Oz 7, 8, 9, 105 11, and 12. This addition will 
be as follows 5, ; 
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55764, 801 
10,772 16 
43,046,721 

100,000,000 
214,358,881 
429,981,696 


812,071,910 


. © 
* x 
4 ” 
* g F % * 


And for the ſum of _s ninth 
powers of the firſt twelve natural numbers 1, 2, 3, 4 5» 6, 


7, 8, 9, 10, 11 and 12, (which powers re 1; 522.5 19,683; 
262,144 3 1,953,125; 19,077, 96; 40, 353560 6432175 | 
728 ; 387,420,489 3 es es oe 223572947 ,6 91; and 


5 ) we ſhall have 1 N — 2" — 4 — 


10 2 
| I | 
— , or — + Te El 3 LE 
(= Ba 4 Te 2 3X 120 1 2 . 8 
4 10 aq” 
n | | $1159,780,352 8 
18 T / 
* „0 8 20,36 X144 — SLE 64,22 
7 . 2259 4 8 — — — 3X144 5 3 . 2,579,890, 
| r,3890945,088 _ 20, 901, 888 N 
176 ＋ : E 10,368 — * 


61,91 


136344 + 2, 579,890,176 oY 5 064 &. DID 


10 
| 6 * 9 6 5 * 7 . 
1,836 = SSI — PIR . 4, 75a 


2 B 176 


x86 „ Trayation of the foregoing Extra from - 
176 + 322,486,272 + 10,368 = — + 2,902, 


336,816 = 6,189,646,212 + 2,902, 386,810) = 9,092, 
033,028, And ſo we ſhall find the ſaid ſum to be, if we 
add up together the ſaid twelve numbers, or ninth powers 
of the firſt twelve natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 
Io, 11, and 12, This addition will be as follows; 


1 
512 
19,683 
262,144 

1,953,125 
10,077,696 - 
40, 353, 60) 
134,217,728 
387, 420, 489 
1,000,000,000 
2,357»947,091 
5,159,780, 352 


9,092,033,028, 


- 
. - 
* —_— 6 — a Fs * 
— . * E 9 
* 2 * 4 — 
. * . 
* 


— 


| And for the ſum of the tenth 
powers of the firſt twelve natural numbers, 1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 11 and 12, (which powers are 1; 1,024 ; 
$9,049 3 1,048,576; 9,765,625; 60,466,176; 282,475, 
249; 1,073,741;824 3 3,486,784, 4013 10, ooo, ooo, ooo; 


25,937,424,6013 and 6,9 7, 364, 224), we ſhall have + 
= + Bw += * — + ＋ — or * 4 E E 125 


* 66? 11 2 6 
; 1 gXI2, zx lz“ 721 6X 121 
— 6 
as I2\ 4 12] — 2 + 75 = — — ts 
61,917,364, 224 


- 
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61977-36420 4 LL Le DLO 5,831,808 - + 1856 32 
I þ 12 eee 30,988. 66a, 110 K 3 X 
ee 4 30, 98,682,112 + 4,299,516, 96ů — 


35,831,808 + 248,832 — 864 = 67, 546,215,518 + 

30, 958,682,112 + 4, 299,8 16,960 — 35,831,808 ＋ 248, 

832 — 864 = 102, 804, 963, 422 — 35,832,672) =. 102, | 
769,130,750. And ſo we ſhall find the ſaid ſum to be, if EH 
we add up together the faid twelve numbers, or tenth 

powers of the firſt twelve natural numbers, 1, 2, 3, 4, 5» | 


* 7» 8, 9, 10, 11, and 12. This addition will be as fol - | 
ows : | | . | TE 427 | 


I 
15024 
, 59,049 
1,048,576 
9,705,025 
60,466,176 
282,475,249 
1,073,741, 824 
3,486, 784, 401 
10, ooo, ooo, ooo 
25,937,424, 601 
61,917,364, 224 


102, 769, 130, 750. 


141. If the foregoing expreſſions of the values of the ſums 5 
of theſe ſeveral ſets of powers of the natural numbers 1, 2, 
3, 4, 5» 6, 7, 8, 9, 10, 11, &c, continued to u, be ſet down 


one under the other in a regular table, the ſaid table will be 
as follows: $ | | 


| EI 2 B 2 5 A Tabh 
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A Table 7 the _— of the ſums of the natural n r, 2, 
3. 4, 5, 6, 7, 8, 9, 10, 11, Cc, continued to n terms, and 

- of. the ſqharts, and the cubes, and the fourth powers, and 
other following powers 75 the aid burt, as far as the 
- tenth powers, incluſtvely. 


— — — 


The. ſam * the firſt terms of the ſaid eres of natural 
numbers is - to 


The fam of the ſquares of the ſaid n terms is 
l 
T he ſum of the cubes of the ſaid terms is 
n+ 1 nn 
The ſum of the fourth powers of the ſaid x terms is 
SER n+ n n 
* 3 5 wo 


The _ of oy fifth powers of the ſaid # terms is 
57K mn 
= + =>+ = 


Nr 
The 1 of the be pow _ of the fad x terms is 


a7 
— 7 * — + — — — 7 * + 5 
The ſum of hs ſeventh powers of the ſaid n terms is 
2 mh S.... 
3 2 142 a4 T 77 
The ſum of the eighth powers of the ſaid = terms is 
2 + Sn EG DO 
5 - 3 15 9 30 
The ſum of the ninth powers of the 4 terms is 
we 1 zus 25 Zyun 
2 e 8 . 
And the ſum of the tenth powers of ths ſaid terms » 
2 PLS 1179 gu 43 
SOT * 9 15 1 . = * + & 


The 
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The- law of the generation, or derivation, | of the terms of the 
ſeveral expreſſions ſet down in the foregoing table, one from the 
4 Fe "AI TR 111 2 


mn 


142. By an attentive conſideration of the foregoing table 
we may diſcover the law by which the terms of the ſeveral 
expreſſions of which it conſiſts, may be derived one from 
"the other; after which we ſhall be able to continue the ſaid 
table to the ſums of the eleventh and twelfth and other 
higher powers of the numbers 1, 2, 3, 4, 5, 6, &c, without 
entering into the long trains of reaſoning and making the 
laborious ſubſtitutions of the ſums already known in the ex- 
preſſion, of the value of the new ſum, which have been uſed 
in obtaining the foregoing ſums. This law will be found to. 
be 48 follews: 7 j 137 2 15 3 


Let che natural numbers 1, 2, 3, 4, 5,6, 7, 8, 9, 10, IT, 
&c, be ſuppoſed to be continued to any number ; and let 
it be required to find the ſum of the cth powers of the ſaid 


2 terms, or the value of. the ſeries al 4-2 + If + 4} 
+ +6 + 7Ff+FF + of + 1Qf + Tn +&c,con- 


tinued to F. Let the capital letters A, B, C, D, &c, be 


ut for the co-efficients of the laſt terms of the ſums of the 
quares, and the fourth powers, and the ſixth powers, and 
the eighth powers, and the other following even powers of 
the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, al- 
ready computed, with the ſame figns + or - prefixed to 
them, as are prefixed to the ſaid laſt terms, of which they 
are the co-efficients. Thus, becauſe the laſt term of the 
ſum of the ſquares of the numbers 1, 2, 3, 4, 5, 6, 7, &c, 


is + f, or ++ N, A will be = ++; and, becauſe 
; 882 ; | | 
| 1755 the 


% 


tos 4 Tranfation of the foregotig Eau from 

the laſt term of the ſum of the fourth powets of the ſaid 
numbers is — =, or — 25 X 1, B will be = — 2 In and, 
becauſe the laſt term of = ſum of the ſixth powers of = 
ſaid numbers is + 2 or + = x n, C will be = + =; 
and, becauſe the laſt term of the ſum of the eighth powers 


eng W * , D will be = 


. and, becauſe the laſt term of the ſum of the tenth 
powers of the ſaid numbers is + E, or + & * n, E will 
be = + 1 Theſe being the ſeveral values of the apitel 
letters A, B, C, D, E, Kc, the feries If + 2f + f 


T NTT NTT FFT TTT FTI +0 + 


* + A will be equal to the ſeries I X "gy =_ — 


—̃ v— \ 
—1 en nr 22 CZ 
Xo + £ x An 3 X BN 


XC -i xe 2 * 3* 4 4 —5 
+ 2X3X4X5x0 * Cn 


Fs CXESTXES2 Nc NN CAN = = 
2 X 3 xðx 4X CX GX XS 


* D / 


3 * ES 
3+.4+5 7 9 


+ &c; in which the indexes of the powers of u, after the 
third term = = An", decreaſe continually by 2, till we 


come at laſt to # or un, and the co-efficients of A #x* 
Bu”?, CY , Dy, En ?, &c, are formed by the 
: - continual 
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continual multiplication of 1 into the fractions _ SJ 6 


D. * . x 827 Ee 849 C 


* c 
1 | Aw, eee 22 c- 1 22e 
&c, till we come to ——— = * A, or ZE x DS, or 
1 y Ce 1 0 5 AY 3 
i * Tp r Xx 55» which will be = o. And thus 


we ſhall determine the powers of 1 in all the terms of the 
ſaid ſeries, and alſo the co-efficients of the ſaid powers of » 
in all the terms of the ſaid ſeries, except the laſt term. And 
this laſt co-efficient may be derived from the co-efficients of 

the preceeding terms, by an eaſy addition or ſubtraftion, 
being always the quantity which is neceſſary to be added to, 
or ſubtracted from, the refult of all the preceeding co-effi- 
cients, in order to make ſuch reſult become equal to 1. 


Thus, in the firſt ſum in the foregoing table, to wit, = +5» 
the co-efficient of the laſt term — a = which is the quan- 
tity which muſt be added 0 = the co-efficient of the firſt 
term 2 „in order to make it equal to 13 and, in the ſecond 
um, = + — + =, the co-efficient of the laſt term 5 is 8 
which is the quantity that muſt be added to 7 * — or che 
ſum of che co-efficients of che firſt and ſecond terms, = + 
= in order to make it equal to 13 and in the third ſum, 
5 + 8 + 7 the co- efficient of the laſt term is 7, which 
is the quantity that muſt be added to 7 + — or the ſum of 


the co-efficients of the firſt and ſecond terms, = + = in 


order 
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order to make it equal to 1; and in the fourth ſum, = + 
10 wb: 88 1 „ 
2 3 the co- efficient of the laſt term is = which 


15 the quantity which muſt be ſubtracted from - + A +72 
or the ſum of the co-efficients of the three firſt terms = + 


= = =, in order to make it equal to 1. And the ſame 


thing is true with reſpect to the co-efficients of the laſt terms 
of all the following ſums * ; and conſequently, the ſaid co- 
efficients, and the ſigns + or —, to be prefixed to them, 
may always be determined, by means of the. co-efficients of 
the preceeding terms of the ſums to which they belong. 


And -thus all the terms of the ſeries — X 1 * 4 - * n 


cr 81 


„ 1 
P—XAs +—X 3 * BN Ns by g 


And hence it will appear that the co- efficient of the laſt term of the 
expreſſion that is equal to the ſum of the ninth powers of the natural num. 
bers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, continued to u, muſt be — 


> and not — _ ; agreeably to what was obſerved above in the note at the 
bottom of page 180. For, as the ſeveral terms of that expreſſion preceeding 


ſ 10 9 8 6 4 
the laſt term are e ual + INES oh 4 ib of which the co-efficients are 
__” 4 10 2 


1 a I 2 2 10 I 14 10 
10 2 4 10 : 20 20 20 20 20 

26 £2 23 20 | 
— * Or — 7 or 


3 N . . . . 
20 2 20 FFT 


20 20 


ſubtract the fraction 25 in order to make it become equal to 1), it follows, 
according to the rule here laid down by the author, that the co-efficient of 
the laſt term of the ſaid expreſſion muſt be — — and conſequently that the 


| g D 
laſt term er mh nid expreſſion muſt be — Es” q. E. D. 


* 
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x 2x * tx CHATTER * E Na dr-- 


2 em? ve 8 -9 
CCC OY ICS + &e, 
may be determined, and conſequently the value of the ſeries 
V+ T ＋ TI N f TF r A K 


+ 10] + 11 + & c + if (to which the ſaid ſeries is equal) 
LT be aſſigned, without the help of the long reaſonings 
and laborious ſubſtitutions that were employed for this pur. 
poſe in the foregoing articles. The method of doing this 
will appear more Cry from the following examples” 


An ex ample , - the computat on of the Te © that is equal to 
the ſum of certain powers of the natural numbers 1, 2, 3, 4. 


5, 6, 7, Ce, continued to n, by means of the foregoing ſeries, 


o ' , 
Fg % _— 9 * 4 4 
8 ' k 
at 
ET TE * = N F 
- > 


143. As an example to the foregoing ſeries, let it be re- 
quired to find the e of he: ſeries OY + A = nl + 
1.+9 +.+7 +1 +J- + +11] Se 


+ * „or. the ſum of the 1oth powers of the ſeveral na- 
tural: numbers 1, 2, 3, 4, 5, 6, „,. 8,9 0, Il, &c, con- 
tinued to n _ which ſum, as ſet down in the forego- 


ing table, is = — + N 55 — * + 22 + =, 5 
In this dal the index c is = 10, wy conſequently c 4 1 


is = Its and c — 1 is = 9, * c- 2, —3, C—4, —5, 


2 66, 
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46, — 7, 8, c—9, and c—10 are, reſpectively, 
equal to 8, 7, wy 4, 3, 2, 1, and o. We ſhall there+ 
fore have e 2 | 


and —— (TNS 6 
and —= _ = x7) . 
and —_ = = x T* 
n 
and — * —1 5 = =2'0. 


Therefore the ſeries = X "He : - X 1 + < * 


821 4 CT Cm2 CZ c 81 42242 
1 3 3 + 2 3 4 
CJ 42—4 4—5 c cr. 422 EZ C-=4 
X * x Cn ? + : 8 „ Ip 1 ora 
c—5g  c—b —7 c —1 ,, 2 —3 5 64 
80 8 8 Os 6 
eee 
7 8 9 10 11 


＋ * 1 +5 * Are ＋ 5 * EN BA ＋ S* * A 
n 3 
* c * D NN AN 


% * En= +> +5 An 30 B +42 C + 42 
" ; 4 I 2 1 A 

* 1 * Do + 42 X = Tz X DEE Fb * + 5 An 
+ 30 B + 42 CN + 15 DPA + En=+ Saks 6 X 


2 


I Ws 7 4 1 5 
+73 * ＋ 30 K 5 * 42 N NA: ick 


| the preceeding terms are = + = + - > * e 
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git io 883 . #3 
ent ain; c 
＋ Ez; of which expreſſion all the terms, except the laſt 
term E n, are known quantities. And this laſt term En may 
be found in the following manner. The co-efficients of all 


. 
61 


— ＋1 28848 
which are equal to , T >= © + Z=T 


to which it 


i neceſſary to add 25 2-, iff order to make the reſult equal to 1. 


T ms E, or the co-efficient of the laſt term Ex, will be 
= + = 5 ; and conſequently the compleat value of the fore- 
going ſeries in this caſe of the 1oth powers of 1, 2, 3, 45 55 
6, 78. by 10, 11, &c, continued to n terms, will be =+ 


+ 5. — — = + 85 =; Which is the value ſet 


Gon for the ſum of the ſaid rk 1 in che foregoing 
table. | | 


2 C 2 | A numerical 
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A numerical example of the computation of the ſum of the tenth 
powers of the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 
10, 11, Ec, continued 10 1000, by means of the foregoing 
expreſſion. 


— H — — 


144. If 2 is = 1000, we ſhall have 
m (= 100c}) 
= 1000,000,000, 
and i (= 100) 
= 1000,000,000,000,000, 
and m (= ioo 
= 1000,000,000,000,000,000,000, 
and 1 (= 1000?) | 
25" 1000,090,000,900,000,000,000,000,000 
and n'* (= 1000}*) 
= 1000,000,000,000,000,000,000,000,000,000, 
and * (= 100d”) 
= 1000,000,000,000,000,000,000,000,000,000,000, 
and conſequently 
icoo, ooo, ooo, ooo, ooo. oco, ooo, ooo, ooo, ooo, ooo 
11 11 oY 75 
90,909,090, 909,090, 909, 090, 909, o9o, 909, 090, 
looo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo 


and ( : = 


500,000,000,000,000,000,000,000,000,000, 


and * (= =X I 000,000,000,000,000,000,000,000,000, 
© - $299,000,000,000,009,000,000,000,000 \ _ 
= - = 
$33333-333-333-333-333-333+333+33: 333,333, &c. 
and Z adit — (= I000,000,000 


= oo, ooo, ooo; 


and 


/ 
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5X 1000 _ 


and g (= = = 7G) = 75.757575, Ke; 


+ 90,909,099,909,090,909,090,999,090,909,090.909,090, .&e 
+ 5$02,000,000,000,000,000,009,000,000,000.000,000, 


+ 833333»3331333»333» 33393339333» 333+ 3334333, Ke 
n= 4 1, ooo, ooo, ooo, ooo, ooo, ooo, ooo. ooo, ooo, 


+ 1, ooo, ooo, ooo, ooo, ooo. ooo, ooo, 
5 Foo, ooo, ooo. ooo, ooo, 
+ 75˙757,575, &c 
— 91,409, 924, 242,424,243, 424, 242, 42 4, 242, 499.999, 998, &c 
— 1, ooo, ooo, ooo, ooo, 500, ooo, ooo. ooo, ooo, 
= 91, 409, 924, 241, 424, 243, 424. 241, 924,242, 499 999,998, 
or 91, 409, 924, 241, 424,243, 424,241,924, 242, 500. 
Therefore the ſum of all the tenth powers of the firſt thou- 
ſand natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, 
. . . . L000, is 91,409,924, 241, 424, 243, 424,241, 924, 242, 
500, or more than 91 quintillions, or 91 times the fifth 
pover of a million. 


145. I cannot but obſerve on this occaſion, that the learn - 
ed Iſmael Bullialdus, or Bouillaud, has been rather unfortu- 
nate in his manner of treating this ſubject, in his Treatiſe on 
the Arithmetick of Infinites “; fince the whole of the folio 
volume which he has written upon it does nothing more than 
enable us to find the ſums of the firſt fix powers of the na- 
tural numbers 1, 2, 3, 4, 5, 6, 7, &c, continued to any given 
number ; which is only a part of what we have here ac- 
complilhed in the compaſs of a dozen pages. 


* See an account of this book of Monſieur Bouillaud in Dr. Wallis's Al- 
gebra, chapter xx. pages 310, 311. 


A come 
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A computation of all the other expreſſions given above in the Table 
ſet down in art. 141, page 188, for the values of the ſums 
of the powers of the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 


9, 10, 11, 12, Cc, continued to the number n, by means of 
the foregoing general ſeries Ar N — x 1 + 
— * 2 — x Bn”? 
re ki 
EEE Do” 


+ . XE=DXE—]XeB „ En”? 
c 2X3X4X5xX0x7x8x9x10 „ 


+ &c. 


— —— 


— 


146. If the foregoing ſeries be applied in the ſame man- 
ner to the compuration of the ſums of the preceeding powers 
of the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 
&c, continued to the number n, as it has here been applied 
to the computation of the ſum of their tenth powers, it will 
be found to produce the ſeveral expreſſions ſet down above 
in the table in art. 141, for the values of the ſums of thoſe 

powers ; to wit, for the value of the ſum of the firſt, or 
ſimple, powers of the ſaid natural numbers, continued to 
the number , or for the ſum of the ſaid natural numbers 
themſelves, continued to the number x, the expreſſion 


mn A 
— cas — 
2 TS | 


And for the ſum of the ſquares of the ſaid » terms the 
expreſhon 


n 8 
* 


573 


And 


Mr. James Bernoulli's Treatiſe De Arte Conjettandi, 199 


And for the ſum of the cubes of the ſaid 7 terms che 
expreſſion 


f 


And for the ſum of ths fourth powers of the fad » 1 terms 
the expreſſion 


15 1 n n 
Far 


And for the ſum of che fifth ban ol the faid 2 terms 


the expreſſion . 
ns 15 81 un : £ 5 
KS „„ ö N 


Aud for the ſum of the arch por of eur cn 
the expreſſion. 


a 
N 


21 6 e n | 
e 
7 * 2 6 T 4 ; 4 
And for the ſum of the ſeventh . of the ſaid » terms 
the expreſſion 7 3 
ns al | 716 7n⸗ ©: : 
. mag ee e 


And for the ſum of the eighth powers of the laid n 1 terma 
the expreſſion 


1 us 227 15 21 2 
— — ou 9 cs * — ew — 2 
. 15 9 300 


And for the ſum of the ninth powers of the ſaid 1 terms 


the ex preſſion 


28 
1 n+ 3un 
10 "Mas 1 20 


This may be done in the manner following. 
In applying this ſeries to the firſt caſe, or the ſum of the 


firſt; or ſimple, powers of the natural numbers 1, 2, 3, 4, 


5, 6, 7, 8, 9, 10, 11, 12, &c, continued to u, or to the ſum 
of the ſaid natural numbers themſelves, it is evident that we 


* compute N the two farft terms of the ſaid ſeries, 
| to 
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to wit, the terms = N and — X 1; becauſe the 
following terms involve in them the numbers A, B, C, D, E, 
&c, which are derived from the values of the ſums of the 
ſquares, and the fourth powers, and the ſixth powers, and 
the eighth powers, and the tenth powers, and the other fol- 
lowing even powers of the ſaid natural numbers, with which 


ſeveral ſums we have as yet nothing to do. 


+ 


Nou, becauſe c is in this caſe = 1, the two firſt terms 

I +1 £ 
—_— X 27 
Se obs = X * (= = X * + — Xn) == +-. 
Therefore the ſum of the firſt, or ſimple, powers of the na- 
tural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, &c, 
continued to x, or the ſum of the ſaid natural numbers them - 


felves, will be = 5 Q. ml 4 


+ - X 1 of the foregoing ſeries will be = 


Secondly, When c is = 2, and the ſum of the ſquares of 
the ſaid natural numbers is to be inveſtigated by means of 
the foregoing ſeries, we muſt compute only the three firſt 


terms of the faid ſcries, to wit, the terms — Lge? x 


+ — * 1 + = x An"; becauſe the following terms 


involve in them the numbers B, C, D, E, &c, which re- 
late to the ſums of the fourth, and the ſixth, and the eighth, 
and the tenth, and the other following even powers of the 
ſaid natural numbers, with which ſums we have as yet no- 
thing to do. | | 


Now, when c is = 2, the three terms _ 5 
| I "OI; 3 3 „2 7 1 
TN r x An will be (= — Xx, * * 


, 


* 


=* aaa BY Ar of which expreſſion the two 


firſt terms are known quantities, and-only the, third, or bag. 
term An remains to be inveſtigated. Now this laſt t 


An is to be found in the following mander. The, corcthy 


cients of the two preceding terms ate 7 — ++ — which ate 


equal to + 8 * + = 2 z to which it is 9 add © „in 
ve reſult equal to 1. Therefore A, or the 
co-eficient of the laſt term An, will be = + 5 ad con- 


ſequently the compleat value of the three firſt terms of the 
foregoing. ſeries in this caſe of the ſquares of the natural 
numbers Ly 2, 3» 4, 55 6, 7, 8, 9, 2 11, 12, AE to 


| ene will N N * * Nor ss 


3 When c is = 3, and the ſur of the ao of the 


ſaid natural numbers. js, to be inveſtigated by means of the 
foregoing ſeries; we muſt (as in the laſt caſe) c compute only 


the three firſt terms of the ſaid ſeries, to W, che terms 


5 : x * += Xn +: XxX An - 


lowing dates 1 


; becauſe the fol- 
W E. D, E, 


&c, which relate to the ſums of the fourth, and, the fixth, 


and the eighth, and the tenth, and the other following even 


powers of the ſaid natural numbers, wien which ſums we 
8 e as yet ng to do. p 


68. when © is. = 3 5 the three terms RY * 4 ' 
* * $* "4 \ * . , 
. 1 = TS => 1 


2 j 


a ahmed ans Deke 


4 


2D, 


— 
: — 
* 7 
wy 
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=Ixm bx e +2 * = * * 4d 


* * 2 * * 1 = + = Thel de ſum 


of the aha of the * Weber 1, 2, 3, 4, 57. 6, 75 8, 
9 10, 155 * 5 continued to the number , will be = 


4 


* > *. Is 0 
e e I; 


-, athly, When e is = 4, andthe ink of HP vn 
pe the ſaid natural numbers is to be inveſtigated by means 


of the R ſeries, we muſt only bee the four firſt 


terms of the ſaid ſeries, to din the terms — 4 * n* *t 


* 


— ——— 


K * 2 * An an AE K* By Frey ; be- 


cauſe the Cowie terms involve in them thè numbers 2 
D, E, &c, which relate to the ſums of the ſixth, and the 
bh, and the tenth, and the other following even powers 
8 the ſaid natural numbers, with which ſums we have 
ee _ to do. * „„ . e 


os : 6 * 5 
*. . angeln oy" N :.& 


Now, bes c is 4, the four terms _ X 750 # 


16 1 2 23 * 
L A- + ED —= x BY will 


de = 1 x #7 42 * 124 * Ae 


* G=IX 42 2 II . 
3 X B 1 = x i + = KX A 


5 


4X3X2 
＋ 2734 2X3X4 


Ba = AN +5 X28 + 5 0 = 
ur. += x K + Bn; of which expreſſion 
= "the laſt term B n is to be dcermied in e . 


— ing. 


17 8 f e g 


Pa 


4 * 


a James Bama Tre De re Crt 
ing: The co. eficienis of the three firſt terms = _ x * += 3 


; the 2 10 
x + ASE w_ hea 2 , 


25 = 1 ＋ 75 = 3 from, which it is bee to bens 05 in 


ria, 


ak: to make the reſult _ to 1. Tn B, 2 the 
co- efficient of the laſt term Bn, will be . 5, and con- 
ſequently the compleat yalue of the four firſt 118 of the 
ſaid fries i in this caſe will be - = N * — * * + * ** 


35 Xt, 7 ＋ 74 5 wa the 0 


the found powers of the hunt a I; 2, 3, 4, 5, 6, 
7, 8, 9, 10, i 12, &c, continued to the number ”, will 15 


18 5 F 4 
be ="> + XIE FN A , . 


* 


«ly, When gis='5, and the fac of the fifth powers of 
the ſaid natural numbers is to be inveſtigated by means of 
the foregoing ſeries, we muſt, as in the laſt caſe, compute 
only the four firſt terms of the ſajd ſeries, to wit, the terms 

er c X 1 * = 


| — 1 
N 1 . T SRINT a7, 


x Bus; becauſe the following terms involve i in chem 


the MOT C, D, E, &c, which relate ta the ſums of the 
fixth, and the eighth; and the tenth, and the other follow- | 
ing even powers of the ſaid natural numbers, with which 
ſpms we have hitherto nothing to do. 


Now, when cis = = x5; the four terms —— — * 2 


c XCSC—-1I X C22 


TT +I x As"; e * By 


wile = r 5 
: 1 + 


204/⁵i2 l Tranſlation-of the foregoing Extra? from . 


ee * 4 


1 


e e * 742 e 


Ar KB x * Xx E 
1 * 58 ee . 
— 2 * 20 ＋ 7 7 — "=o Therefore the ſum 


of 90 fifth powers of the 3 numbers 1, 2, 3, 4, 5, 
* 7, 8, 9, 10, 11, 12, jt continued to *, will be = 


= += 1 


6tly, When c is = 6, and the ſum of the Gxth powers 
of the ſaid natural numbers is to be inveſtigated by means 
of the foregoing ſeries, we muſt compute wy the five firſt 


terms of the ſaid en to wit, the terms — x 1 Th 


—— ; 


+ > x * +=X An + DS: x 55 55 


— 


72 2 „C5; a the fol- 
2X3X4X 5X6 

lowing terms involve in them the 3 D, E, F, G, 

&c, 'which relate to the ſums of the eighth, and the tenth, 

and the twelfth, and the fourteenth, and the other following 

even powers of che ſaid natural numbers, with which ſums 

we have hitherto nothing to do. 


Now, when e is = 6, the five terms —— * 


| c=1 e * IN 2 —3 
+ - A, = 1 x BA 


— —— — 
e * -I X c —2 * 73 X 1 


2K XAX X 


* 


* 8 
KOs vill be — . 
T_T 


4 


6+r | 61, 6x 6=1/x 63 
* 17s * WET 1 eee 


x C 5, (= =, 


63 r 88 2 x . — 
By + * 


A A + 25 * B 


2&3 * 4 


 bX5gXK4X3xX2 * 
2X3X4X5X0 


Hs x# + x +3 x + = 
x# + N + Ca) == X wb 2 8 + 


n R * + 3 * Av 


| 7 * 4 * nt + Cn; of which expreſſion the laſt 


term Cn is to be determined i in the manner following, The 
e of the four firſt terms of the expreſſion 7 * 15 


4. % 
iT 


14 X * += e 
| 1 * 


3 ente et lng e in or. 


der to make the reſult be equal to 1. en ot the < 
co-efficient of the laſt term Cn, will be + 7 * conſe- 


quently the whole expretfion - I * 1 2 x nf +4 * * 


1 


A e * 


{ 
_ X n f + — X EO ISL II) 


Therdfore the farm of the 120 powers of the natural no 
bers 1; 2, 3, 4, 5» 6, 7, 8 , „ We. . 12, &c, continued 
to the number 1, will be ==+= en 


3 x. .. 
* oo 7tbly, 


N 


p 
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When c is = 5, and the ſum of the ſeventh powers 
of he Mid natural numbers is to be inveſtigated by means 
of the foregaing ſeries, we muſt, as in the laſt cafe, compute 
only che five fifſt terms of the ſaid ſeries, to wit, the terms 


— 


W x wt 4 LK +L£x Af + EXEZIXe>2 


2X3X4 


P 3 c c=T * C—2 X.7=3.X 24 75. | 
K 32 ＋— 5 X Cn; becauſe 


the following Gries involve the numbers D, E, F, G, &c, 
which relate to the ſums of the eighth, and the tenth, and 
the twelfth, and the fourteenth, and the other following even 
powers of the ſaid natural numbers, with "agen * we 
have hitherto My to do. N 


Lion, when cis =  T> the laid five terms = 10 1 80 
13 + W = 
8 * An + NEE x By 7 
3 


— 


* * 


"i 


x Ci"Suill be g X 7. 


—— EAT 


+7X# ++ e 4 11 


2 


. e 5 4 giz att, 4 + 
eee = x Cn” (= T . 


75 rf OT 
* * * Ar 3. FTE „ By* Ege 


Six +2 K x An + Sx But +2 


I K 4 © e 4 


e — Tx nf 7 
*. 5 . A * 14 2 
4 2 * n yu X nf) = +242 2 — 
2 „* 


7 . T herefore the ſum of the ſeventh powers of the 


i. Jamar Delis aaf De Arte Conjeandi. 20 
vatural numbers 1, 2, 33 4, 59 6,77 8. * 10 Ii ger 125 
continued te to the a number *, will be = =T.*5 — . 


7 
5724 | «4 KN EE 
C55 * I 

an Ton 7 — 4 * * 1. r. . | ; 

F 24 12 * wh 4 >, 3 . ; : : 


Sthly, When 6.18; '8, and the ſum of he n po powers 
of the laid natural numbers is to be inveſtigated by means 


of the foregving ſeries, we muſt compute oply the fix firſt 
Fe. of 5%; 8 ſeries, to wit, the terms —— X 1 55 +1 


” 


1 a 6 7 ? * 
2 2 —3 
. C ““ 
+ 'S — n 955 
b. . INTERESTS Xe ET p. c * 118 1 * A 
** ip. 6 #X3X4X5X0x7Xx8 obs 1 5 beef 


the following terms involve in them the e E, F, 'G, 
| &c, which relate to the ſums of the tenth, and the twelfth, 
and the fourteenth, and the other following even powers of 


the ſaid: natural numbers, 1 10 which ſums we have hitheno 
e, ah, flo, 


» 
* 


| Now when c is = D 3, the'fix terms — 0 | 42 


I . * „ ; 
* c Nc = = 3 
| A nn 
ace —5 * A 
oy 2X3X4Xx5Xx0", * Cy MOT Y i * 
e | 6. 7 
I 34 * We IITY my . will, vill be = 
1 81 $2505 * 8—3 
; . 1 — —— — 
DD TT = * + > LN * : "+ | and 
3 8—3 2 1 62 . 1 22 
* — EPI D 1 N "4 
PRs LES, it 2 ö 
8 Xx 8-18 2 * 8—3 x 8—4 x 8—5 ——5 Sx Dn 97 0 
l ZX4X5XOX7XE 1 | 


. A 7 3 


a+ 


(S N X 4 4 x An 4 2222 Bu + 


3X3X4 
n BX7XEX gR4K4X2 bunt, 
Fe NA x Cm 3 + 2X3X4X5X0x7x8. * D. 5 ** 


＋ ** + 4 x An +7 X2XBu +29 x Cn 


* 


＋ Dbase r ＋ * * 4 NN 
ee * b * ＋ ＋ 
15 


expreſſion ths laſt term Du is to be determined in che man- 
ner following. The co-efficients of * five firſt terms of the 


expreſſion . W 4 4 * # + > LEETLES 


x f + — * 1 — 5 Dn; of which | 


2 + E+ LESS, , Which are (= 
2 ＋ 2.9 3 4 * 
_ += + 2 gh . P. = 

e 4 from which it is neceſſary to ſubtract 


| 2 in arder to make the reſult be equal to 1. Therefore 
D, or the co-eficient of the laſt term Dx, will be = =z 


3⁰ 
and conſequently the whole expreſſion — X ” + * + 
* 2 * ＋ * + Da ein de = 5 * * 


1 ** + = x EG =p + > * 


1 "ny ons 20" „ 
—*——*+—*—- I efore the 
7 „ ber 


fatn of the eighth Power of the natutal. numbers 1, 23 3, 4, 
5, 6, To 8, 22 Hs &c, 1 to the number n, 


will be = += + — 5 . . 
f * * And, 


1 


12 * 9—2 X 9 - 3 X 9=4 Xx 9=5 X 9=6_ 


2X3X4X5x6* 
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„And, gthly, When c.is S 9, and the ſum of the ninth 


powers of che ſaid natural numbers is to be inveſtigated by 


means of the foregoing ſeries, we mult,» as in the laſt caſe, 
compute only the fix firſt terms of the ſaid ſeries, to wit, 


the terms —— apa * 1 ＋ 2 x A 


R* ti x2 er 
2X3X4. GER. BY 


EX e=—1 XxX pomp Woe x 73 K* c=4 4 ; 
5 _ Cm 2 — Cn . .C 
+ — — + x C 
IX Z3X4X5 
— — — 
DDr 


7 - 
1 IX 4X 5X6 * D SEE 
the following terms involve the numbers E, 7 G, &c, 


which relate to the ſums of the tenth, and the twelfth, and 
the fourteenth, and the other following even powers of the 


faid natural numbers, with which ſums we have hitherto 


* to do. 


Now, when e. ge ke fix terms —- i aft. + - 


1621 c X 1X 2 

Xu An” 2 32 

+ 27 * R 
e 4—5 

a 2 2X3X4X5Xx0 x Cn 


— 
2 Ne XK c ä p=5 Xc=6 
2XZX4X5X6X7Xx8 


* Ni be 
— 10 F + K* 4 e 
d 


9=3 4 2 K 
n 
x B 92 ee * Cn? 


9=7 
TRAIT ot * D. 


(SS x #* + 4 x + 2 x AN + 29 x BA. + 
«a+ 


tc than: 
X Cw 2X3X4X5X0X7xX8 


2 E | ; +, 
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B anats P AR 


X D* = = Tl 


—— e4 Leng 
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L* EAN Cn 
rr 5s Bo cp! 
. Ne . ＋ 3 ** 
+ 7 C + = X 


= X#* ＋ — * += Xx * — 5 x * 


+ = 3 E + 2 2 + 


10 
NS Therefore the ſum of the _ powers « of the | 


2 
natural number I, 2, 3, 4, 3 Os: 7. 8, 9, 10, Hy 12, 3 


continued to the number #, will be = _ * - * 
— 4 2 Q. E. I. 


2 20 


Theſe ſeveral expreſſions of the values of the ſums of the 
firſt nine powers of the natural numbers 1, 2, 3, 4, 3, 6, 7, 
8, 9, 10, 11, 12, &c, continued to the number n, are the 
ſame with thoſe ſet down above in the table in art. 141, 
page 188. And it is evident that this way of obtaining 
them, by means of the foregoing general ſeries, is much 
leſs e. than the former method of obtaining them, ſet 
forth above in art. 136, 137, 136, ne 139. 


End of the applications of the foregoing general ſaries = — 

| 8. "oy — ef EX C=1X 2 CZ 
x ** 2 B —Xn + Le > oj 2 2 X 1 
+ Ec, to wy inveſtigation f the Gee * down above in 
art. 141, page 188. 


of 


- 


"x 2 J Privy op 4 * s . 5 p * | | "B43 ; 


by 


* 


2 
% 
+ < 


* 8 t ' 4 4 £ 
7 4 * P * 4 " *} " * —_ * _— 4 _— 
16 1 * - i . : | i £ 2 , ; 1 1 Fx * 4 t 
© 117 q 1 1 z * : I l 4 — TY a 43 $ g 4 
* 0 d .* « | | 
certain ſer con n 5 ous to be ate 
: i E 14 wt 3.8 2 S Me 3 k IT | 1 N , », 
[ ö / 6: - 4 
L 7 x : ; | 
h " 4 wy $5 F ; 4 F Watts , v 1 +3 PL % $45 © — 33 
: 1 rn 2 f 1 
A * 48 N 


1 


"© 
3 
. 7 : * 7 
' . 
1 Fry Fr 0 1 a 3 
i 7 11 5 FF 1 N ———_—_—— g 4 4.1 S * * 1 £3 SUED 
: F $4.20: EN 1 OY k 


14% Before we conclude: this chapter, it will not be amiſs 
to ſhew how certain other ſerieſes, which bear a great re- 
ſemblance to the ſerieſes formed by the figurate numbers, 
may be reduced to, or compared with, the correſponding 
ſerieſes of thoſe numbers, r their values, or the ſums 

of their terms, and likewiſe the values of their laſt terms, 
may be thereby determined. The ſerieſes J here ſpeak of, 
and which I call analogous to the figurate numbers, ate ſuch as 
have the differences of their terms, or the differences of 
thoſe differences, or the differences of thoſe: ſecond differ- 
ences, or the differences of the differences of forme femoter 
order, equal to each other, and which therefore are gene- 
rated by the continual addition of a ſer of equal quantities, 
Let d, d, d, d, d, d, &c, be a ſet of equal quantities, by 
the continual addition of which to another quantity c we ob- 
tain the quantities c, c ＋ d, c ＋ 2d, c 34, c ＋ 4d. 6 + 54, 
&c. And let the terms of this ſecond ſeries c, 4d, c 2d, 
c + 34, c + 4d, &c, be. continually added | to each other, 
and to a third quantity &, whereby we ſhall ohtain a third 
ſeries of terms, which will be 3, 5 + c, I + 2 + d, 
b + 3c + 3d, b ＋ 40 4 6d, b + ge + 104, &; and let the 
terms of this third, ſeries be continually added to each other, 
and to a fourth quantity a, whereby we ſhall. obtain a fourth 
ſeries of terms, which will be 4, 4 + b, 4 ＋ 26 ＋ c, 4 + 
3 ＋ 3c * d, 4 ＋ 46 + 66 4. 4d, 4 + 560 ＋ 10% ＋ 104 
&c. And let the firſt ſeries d, d, d, d, d, d, &c, be calle 

D; the ſecond. ſeries c, c ＋ 4, c + 24, © +:3d, c T 4d. 
0 ＋. 5d, &c, be called C; the third ſeries 5, 5 ＋ c, 5A 
2c * 4, b ＋ 306 + 34, Þ + 4c + 64, © + 5 + 104, &c, be 
called B; and the fourth, or laſtz ſeries a, 4.-＋ ö, 4 Tae, 
273% + 36 d, 4 4 4. 6c . 4d, and a+ 5b +106 + 104, 
Ke, be called A. This laſt ſeries ie ed e 

a | 2 2 | 


* 
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the terms of which conſtitute the terms of the third ſeries B, 
and the ſecond differerices of the terms of which conſtitute 
che terms of the ſecond” ſeries C, and the third differences 
of che terms of which conſtitute the terms of the firſt ſeries 
D, which conſiſts of the equal quantities 4, d, d, d, d, d, 
&c), may, I think, with-proprtety be called a ſeries ana. 
logous to the figurate numbers. The generation of the terms 
ofthis ſeries will, pear __ more . frown the 
plowing table. 


* oc riet 251312914 15 01 9571 
e 
nt 24 e ene © fe nnn 
ILL 4 + 4 34 £c i 44 1 2 1 


dil STAT d | a+2b+* "1; 
4434/13 34/434 . 4 | 
44 c+44 | b+4c+ ol a+4b+ 60 ＋ 4d] 
4 2 b+5c+100 ö 
2 doch Now in the laſt ſeries” A'it is Fic is thi co- 
efficients of the letters 4, which are the firſt members of the 
ſeveral terms a, a ＋ b, 2 2 K c, 4 4 30 + 30 + 4, 
1 ＋ 45 ＋ be + 44, and u . + fc 4 10d, are à ſet of 
units, or the firſt order of the figurate numbers ; and that 
the co-efficients of the ſeveral letters 5 in the ſecond mem- 
bers of the ſaid terms ate the lateral, or Hatutal, numbers 1, 
2, 3, 4, 5, &c, or the ſecond order of the figurate num- 
bers; and that the co-effitients of the ſeveral letters c in 
the third'merabers of the ſail terms are the trigonal, or tri- 
angular, numbers 1, 3, 6, 10, 2&e, or the third order of the 
Kgirate numbers; and that che co- efficients of the ſeveral 
letters 4- in che fourth members of the faid terms are the 
ed numbers 1, 4, 10, &c, or the fourth order of the 

rate numbers. And therefore, as we have above ſhew 
— the ſums of the figurate numbers of che ſeveral ſucceſ- 
five orders, and likewiſe the values of the laſt terms in them, 
may be determined, when the number of terms contained 
in them is known; it will be eaſy to find both the ſum of 
all che terms of the ſeries A, by multiplying the ſujt das 
ine ſucceſſive columns of Seta — into Ae Je 
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4, 5, c, and d, reſpectively, and adding the products ſo. 
obtained into one ſum, and likewiſe to find the value of 
the laſt term of the ſaid ſeries, by multiplying the laſt tema 
of the ſeveral dolumns of co-efficients, or figurate num 
bers, into the letters a, 5, c, and 4, reſpectively, and 
adding the ſaid products into one ſum. For, if the 
number of terms in the ſeries A be denoted by the let- 
ter u, it follows from coroll. 2, art. 81, pages 109, 1 10, 
111, that the ſum of the co-efficients of the letter 2 
will be n; and the ſum of the co-efficients of the let- 
ter 5 will be n * — and the ſum of the co- efficients 


* 


— — ON 


2X3 4 
. #X n—I X#—2X#2—3_ | 
of 4 will be 7 and conſequently the ſum 
of all the terms of the ſaid ſeries A will be = x a + 


n N T4 b + 5 WEN ak X 2—42 X © + 1 X 2 —2 * 1—3 
2 2X3X4 

* d. And it follows from coroll. 4, art. 83, papes 112, 

113, that the co-efficients of the letters a, 5, c, and d, in 

the laſt, or mth, term of the ſeries A will be 1, 1 1, 


of c will be ,; and the ſum of the co-efficients 


E I * n 2 Un -I XA a-—-2 XK 2 
. and - 


; = ogg 25 reſpectively; and con- 
ſequently chat the ſaid laſt, or »th, term will be = @ + #—1 


— 


N 1—1 X #— 2 n—IXnu—2Xzxzx= 3 
x 6 + > . E 20th” 


a E. 1“. 


* See upon this ſubject Mr. Thomas Simpſon's Eſſays on ſeveral curious 
and uſeful ſubje8s in ſpeculative and mixed mathematics, publiſhed in the year 
1740, pages 98, 99, 100, 101, 102, 103, 104, and 105; and likewiſe his 
Algebra, 6th Edition, publiſhed in the year 1790, Sections XIV and XV, 
pages 201, 202, &. — —— 228. a : 


End of the Tranſlation of the foregoing Extract from Mr. James 
Bernuulli's Treatiſe De Arte Conjectandi. 
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BEING THE TENTH OP THE LATE LEARNED 


MR. THOMAS SIMPSON'S MATHEMATICAL ESSAYS, 


PUBLISHED IN THE YEAR 1740. 


aides we 
Pe 9 


Mr. Srursow's Tenth -Mathematical- Eſſay *, 
PROPOSITION! 

To find the ſum of any Series of Powers whoſe roots are in arith- 

metical progreſſion, as m T4 + +24" to: m+ 34| —_ 


.. . . 4, m, d, and n, being am numbers whatfoever. 


ET AY + Bx + Cn! + DL: + Ex 3 
+ F , &c. — K, if poſſible, be always equal to 
m + 4 + m 24“ 5 x", and A, B, C, &c, deter- 
minate quantities. Then, if any other number in the pro- 
greſſion m ＋ d, m+ 2d, 1 ＋ 34. „ 4d, x + 24, 
* + 34, &c, as x + d, be ſubſtituted inſtead of x, the 
equality will ſtill continue; and we ſhall have | 
AX x Far. +B X * 1 * el + Dx 

2—2 A T 6 POLAR Pang; 10 2m A*. 

x + d| &c. — K equal m+4| nd . T4; 
from which if we take the former equation, there will 
remain A X x + wr 3 + B * * ; ys & 


+ C * +4"! _ 1 Kc. = * +7)", ſhewing how 
much each ſide is increaſed by augmenting the number of 
terms in the giyen ſeries by unity; where, by tranſpoſing 


x+4\", and the dwing the ſeveral powers of x + into ſe- 


rieſes, we thall\have* 8 


* This Eſſay of Mr. Simpſon's is the part of his Eſſays alluded to in the 
Note at the bottom of page 213. As it is ſo nearly connected with the ſub- 
ject of the latter part of the foregoing Extract from Mr. James Bernoulli's 

reatiſe De Arte Conje&andi, relating to the ſums of the powers of the na- 
tural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, and is not very long, I 

thought it would be agreeable to the Reader to ſee it here immediately after 
the ſaid Extract, and therefore I have — it to be re · printed. F. M. 
We Es | — * 
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— „F a 0 G = | S ee 
2˙3˙ 4. LY 0” 72 55 * 4.3.4.5. 0.7.0 Ry 5 
H o, &c, 1 the values of A, B, C, &c, being 


ſo aſſigned, the whole expreſſion, or its equal — * + . 


2 _ 4 FS . A 


— AX T a 71 + Bxz+d* e &c, muſt 


be equal o, and. conſequently Ax N — * N + 
BXx+4] —x", &, Al; that is, let 1 855 n be 
what they will, the foreſaid increments of A * 4 B 


4 


f . 
1 


brd be. — K d Tt. F. , will, u- 
der the won e valor af -A. , he be —_—_ to 


rt 


Bm m* + ca- * Kc, ſo i Shes” To m, or = = 
* (ne 0 


poſe ſeries is tos to nothing, * 82, &c, "hoy 


K may be alſo S o, it is manifeſt, that theſe two expreſ- 
ſions, as they are increaſed alike, will, in all other circum- 


ſtances, ! be equal 3. that is, let c be what it "ill 2 
＋ BI TC TDU Kc, — An .. 
C D , &c, under the (aid values of A, B, 


C, &c, will be always equal jo T ZE. K T 244 
m ＋ 4d“ . *; which values N therefore ſubſtituted, 


? +1 *7* 2 SO n= 
there will be = + = - PW __ uyXn—1 X a3 3 


e 1 X 4 2.3˙4˙5˙0 by 4 — 
4 I 23 * 45 5 . ; obere * 
2.3450. 7. 0 W* bi IT > | CEN; JOKES 2. ” ; 8 a N 


4 ; | 2 F 2 | | 7 * 
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con. I. 
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* 


"Had, if „ n poſitive * d be 
taken 3 o; chen all the terms in che ſecond { ſeries 


05 $1 9 2 —1 TTL F 
— Eee * 27 ng 2 &c, vaniſhing when 1 is even, 
and all Var 6 that where the exponent of m is. nothing, when 


odd, we ſhall, in this caſe, Rong 4 + 24 ＋ 3% + 4d\" 


+1. +£+ nds 2 
#+1xd er 


. o wc equal to 


Sa oma 
— 80 2 „ el the firſt ſeries continued till it 


terminates, provided that the laſt term, when 1 is an odd 
„ be rejected. 


* 


» : 1 * 
" * 1 
3 
* 
* - 
. . 
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COR OL. II. 


Wherefore, by taking d equal to 1, and 1 n equal to 2, 3, 
4, 5, &c, ſucceſſively, we have 


8 . 1+2 
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ri +# 5 9 * . = © += 2 S2 
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Moreover, if d be n en and m equal to 1, 
our general en will become 2 + 3˙ + 4owts +, 


£ | © hs ns „ - 1 5 
= +5 + e f 


1 -K 22 


"> be, each ſide of which being increaſed. by 
unity, and the whole, multiplied by 4˙ gives d* + 24 
| . 
* Fly r. 2000 +l = ＋ A +, 
5 


_ 1 —— * a=2 dee. I 


ER 34.80 1. e 
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Let it be its to find the ſum of a Wiel, conſiſt. 
25 of 100 cube munten, whoſe roots gre, > 23 $424 
— * Kc. | 2: BS : „ 


+ 'T 
t * 
Of 


Here 4, Wed common Uifreves of the roots, being equal, 
2 = =3, and * = o, let theſe values be ſubſtituted in fie 


equation in Cor: n. and it will become = in, = + 
= 1 2 —— 2) 177513 55 th Foros; that was to be 
w_— 3 > 

20% inns tf "| XAML 2 I. 13 
E 0 : 


9 


Lets = IF — — Then 8 equation 3 in tha ry Co- 


rllary & vin become I I 3 . 5 1 - 3 


on 2 3 


: 7 1 _—— I 339 
X * 5 + * W Kc, OG very nearly; ſo that, 


raking a 8 45 it will be a + 2] + 2 + 1.07313 


which differs from the true value by leſs ON robe; and 
if more terms had been uſed, the anſwer would. {till' have 
been more exact; hut never can comę accurately true, when 
oy is e or a fraction, becaule then both (cycles run on 


ad infini;um 


285 91 4 5 
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Do 4 


The theorems, above found, are not only uſeful in find- 
ing the ſum of a Series of Powers, but may be of Tervice - 
allo in the r of Curves, &c, eſpecially as the con- 
cluſions will be accurately true, and the reaſoning thereupon 
ſcientific. | 2 121091 tm ei node gd 
| This T ſhall endeayour to ſhew by the following inſtance z 
wherein AC, being ſuppoſed a curve, whoſe equation is 


„ (AB being equal z, and C B equal 5) the area 
ABC is required. oY . 
Cc Let AB be divided into 
any number, x, of equal parts, 
* as Ad, bc, cd, &c, and from 
N the points of diviſion let per- 
N pendiculars be raiſed, cutting 
| ; the curve in the points, 1, 2, 
3, &c, and having made p1, 
| q2,7.3, $4, &c, parallel to 
AB, let the baſe As, bc, cd, 


1 
9 
. &c, of each of the rectangles 
| pb, qc, rd, &c, be repreſented 


by 4: Then 61, c2, d3, &c, 
| | | the heights of thoſe rectangles, 
C being ordinates to the curve, 

3 will be 4", 24\", 3d\", &c, 
reſpectively, each of which * being multiplied by 4, the 
common baſe, and the ſum of all the products taken, will 
give d into d” + 2% + 33] xd\", (= Ap19q2r, &c, 
CBA) for the area of the whole circumſcribing polygon ; 
and this ſeries, according to the above faid Theorem 


T1 of * a+1 


ABI A . 


eh Mb. yrs Td Hotmail Be. 


+ 
+ 27 „ &c, or, becauſe du = 2, it will be = 271 + 


2 Kc. Now, if from this the difference of the inſcribed | 


and circumſcribed polygons, or the re&angle BD = dE 


+1 * 
ae there will remain = — 2 for the arts Wits 


lygon. Hence, it is manifeſt, that, let 4 be 
— will, the inſcribed polygon can never be fo great, 


+1 
nor the circutnſcribed fo ſmall, as _ ( — And 


therefore this expreſſion muſt be W equal to the re- 
ang curvilinear area A CB. 


A CON- 
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AN 
INVESTIGATION 


DEMONSTRATION 


OF 


SIR ISAAC NEWTON'S BINOMIAL, THEOREM, 
m THE C48E or 


INTEGRAL, AND AFFIRMATIVE POWERS; 


1 WHICH 


The Law of the generation of the numeral co-efficients of 


the Series which is equal to the quantity a+A”, is diſco- 
vered by a conjecture grounded on the obſervation of 
ſome particular inſtances; but, when ſo diſcovered, is 
ſhewa to be true univerſally in all other Integral and Af- 


firmative Powers whatſoever, by a ſtrict and accurate De- 
monſtration. 


4 


2 G A General 


— 3 — — 


— —— — m — —ũ—64ꝓ— — ſ—— — — 


4 General Statement,.. or r Expreſin, of ie. 
Binomial Theorem... oa 91 


Art. 1. Qu ISAAC NEWTON's Binomial e 1 | 
2 Propofition affirming that, if m be any num- 


| ber whatſoever, either * or fractional, affirmative. or. 


negative, the quantity a+", or the th power of the bi- 
nomial quantity a+6, will be equal to che ſeries 4 + LY 


* 5 28 * . 5 
2 2424. M 


1 2 3 4 | * 
„„ „ . 4 + Kc, or (if we put A for 1, or 


— 3 3 ä 


OA + = * — 


the co-· efficient of the firſt term 4, and B for 2 — or the 
co: efficient of the frond term = * 4 ay an 55 for = aw 


X —, or 7M 9 of oh third term S 


, and D, E, F, G, r oF i WY 


cients of the fourth, fifth, ſixth, ſeventh, eighth, ninth; 
tenth, and other following terms, reſpectively) to the ſeo 


ries 4 + = Sm As... b + Ba e 23 
+ DM 9. 4s + be % + PEP 
WS | _ 


228 Inveſtigation of Sir I. Newtor's Binomial Theorem, 


. 
„ 


+ O + H + EE Ip 


&c, in which ſeries the powers of a, to wo 
; 8 has.” AY 6. 0 8 * 1 ) bay ty 8 . 1 OK A 
of 1 22 , pu 5. 7 ä 2 Ar, 
are produced from each other by a continual diviſion by a, 
and the powers of 5, to wit, 5, , &, , 5, 5, b', Þ*, 39, 
&c, are produced from each other by a continual multipli- 
cation by 4, and the numeral” co-efficients B, C, D, E, 
F, G, H, I, K, &c, of the ſecond, third, fourth, fifth, 

Gxth, ſeventh, . eighth, ninth; tenth, and other plowing 
terms are derived, or generated, from 1, or A, the numera 
co efficient of the firſt term 4, by a continual multiplication 
of it into the fractions =, or 22, —, , , , 
5 | 8 F 
e 6 % d lp 2d iiw d 23419, | 
=, _ 5 =, ＋ &c, continued ad infinitum, or to 
the end of the ſeries When the number of its terms is 
finite. | RI 


7 


5 4: 


Of the Invention of the ſaid Theorem. 


"4 
— 


\ o 


2. Sir Iſaac Newton was the firſt perſon that expreſſed 
this important Theorem in the foregoing ſhort and convenient 
Algebrajck notation, - and likewiſe the firſt - perſon that 
diſcovered that it would be true, not only when the index 

m of the power to which the binomial quantity is to be raiſed 
is a whole number, as 2, 3, 4, 5; 6, &c, but alſo when 
3 9 one n 
it is a fraction of any kind, as =, 7» To Of , I, 2, or 


[2 
* » * 


On 


2? 


ix the caſe of Integral and en. 229 


25 45 * e, or even a fes quantity, as — 2 — 3. 

1 1 | * AT | ; » 
ak = 17, or 78 090: 0p . —Þ, = 5 
or = 1 F _ 25 — Z, Kc. But he was not the firſt perſon 
that Aifcovered it is be true in the firſt, or fimpleſt, caſe, 
or when the index » is equal to an integral and affirmative 
number. For in that caſe it was known to Mr. Henry Briggs, 
the celebrated improver and computer of Logarithms, above 
o years before it was diſcovered by Sir Iſaac Newton; and 
it was publiſhed by Mr. Briggs, in his learned Treatiſe on 
Logarithms, intitled, Aritbmetica Logarithmica, in the year 
1624-3 as bas been clearly ſhewn by the learned Dr. Hutton, 
of Woolwich Academy, in his very curious, hiſtorical, In- 
troduction to the new edition of Sherwin's Mathematical 
Tables, publiſhed in the year 1784. 


3. But, though Mr. Briggs had publiſhed this FOR, 
Theorem, in this firſt caſe of it, in his Arithmetica Logarith- 
mics, in the year 1624, yet it feems to have been but little 
known to Mathematicians till about 60 years after. For 
even the famous Dr. John Wallis, of Oxford, (who was a 
very extenſive reader of Mathematical Works, as well as a 
great improver of the Science,) appears to have been igno- 
rant of it till a little before the year 168 5, in which he pub- 
liſned his learned, hiſtorical, Treatiſe of Algebra, at which 
time he was about 69 years old. For he there tells us, in 
page 319, that he had formerly ſought to diſcover the law by 
which the numeral co-efficients' of. the terms of the ſeries 


which i is equal to @ + I are generated from each other, but 


had not been able to find it; and that he had lately been 
made acquainted with it by the peruſal of a very learned 
letter of Mr. Iſaac Newton, the Profeſſor of Mathematicks 
in the Univerſity of Cambridge, to Mr. Oldenburgh, Se- 
cretary to the Royal: Society, written in the year 1676. 
His words are theſe, after ſpeak ing of ſome other excellent 
inventions in the Mathematicks contained'1 inthe 8 8 letter | 


+» 
* 8 4 "> 


' y." 31 * 466 
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c — Newton] then obſerves (what I bad formerly 
« ſought after, but unſucegſifully), that the following number: 
E « art, from the two firſt, to Be faund by continual multiplication 
« of this feries 1 XP X LEON ER ox ED x 2 x 
« Fc. From this paſſage of Dr. Wallis's Algebra, I am 
inclined to think that this famous theorem was never gene- 
rally known to Mathematicians till this publication of it in 
that work. And from its having thus been communicated 
to the learned world as a diſcovery of Mr. Newton (who 
was afterwards better known by the title of Sir Iſaac New- 
ton), it has uſually been called bis Theorem. - Brag 


4. This Theorem had been diſcovered by Sir Iſaac New- 
ton about the year 1665, as appears from his letters to Mr. 
Oldenburgh in the year 1676, copies of which were ſent to 
Mr. Leibnitz by Mr. Newton's direction. But theſe letters 
do not appear to have been known to the Mathematical 
world in general, till the year. 1712, when they were printed 
in the Commercium Epiſtolicum by the order of the Royal 
Society. And no part of them ſeems to have. been publiſhed 
before the year 1685, when the foregoing account of the 
nga of the numeral co-efficients of the terms of the 
eries that is equal to the mth power of a binomial quantity, 
and a few more curious diſcoveries contained in them, were 

inſerted by Dr. Wallis, in his Treatiſe on Algebra. 
8. It has been obſerved above, that Mr. Briggs, and not 
Sir Iſaac Newton, was the firſt inventor of this Theorem in 
the firſt and ſimpleſt caſe of it, or when the index m is an 
affirmative whole number. Yet I am inclined to think that 
Sir Iſaac Newton was likewiſe an inventor of it even in that 
caſe, though not the firft inventor. For it is well known 
that he was not an extenſive reader of Mathematical Works; 
and he appears to have applied himſelf principally in his 
younger years to the ſtudy of Des Cartes's Geometry, with 
Schooten's Commentary on it, and the other Tracts pub- 
liſhed by Schooten with it, and of. Dr. Wallis's Arithmetica 
Hnitorum, and his other works on mathematical 8 
| en 


then publiſhed ;, in none of which books is any mention 
made of this uſeful Theorem that had been diſcovered. ſo 
many years before by Mr. Briggs. And, as theſe were the 
books to which Mr. Newton is known to have given the 
greateſt part of his attention at that time, he may very well 
be ſuppoſed not to have ſeen Mr. Briggs's Aritbmetica Loga- 
rithmica, in which this Theorem is contained, at the time of 
his diſcovering it himſelf, which was about the year 1665, 
or when he was only 23 years old. And, if he had ſeen 
that hook, and obſerved this diſcovery to be contained in it, 
I can hardly conceive that, when he was ſpeaking of this 
Theorem, and ſetting forth its great utility in mathematical 
inveſtigations, he would have omitted to make mention of 
the name of Mr. Briggs, and to acknowledge that what he 
had delivered upon the ſubject in his Aritbhmetica Logarithmice 
contained: the ſubſtance of the ſaid Binomial Theorem in 
the cale of Integral Powers, though not expreſſed in Alge» 
braick Symbols. For theſe reaſons I am inclined to think 
that Sir Iſaac Newton had not ſeen Mr. Briggs's Arithmetic 
Logarithmica when he invented the Binomial Theorem, = 
conſequently that he was truly an inventor of it even in the 
caſe of Integral Powers, though not the firſt inventor. 


6. But it ſeems; more ſurpriſing that Dr. Wallis, who 
was 4 much- more copious reader of Mathematical Works 
than Sir Iſaac Newton, and who actually bad ſeen and read 
Mr. Briggs's Arithmetica Logarithmica, and makes mention 
of it in his Algebra, chapter XII, page 60, ſhould not have 
attended to the contents of that ingenious Treatiſe enough 
to have obſerved that it contained this moſt uſeful Theorem. 
Poet this appears to haye been the fact, from what the Doc+ 
tor tells us in the 85th chapter of his Algebra, page 319, in 
the paſſage that has been already cited in art. 3, where he 
mentions the law of the generation of the co-efficients of the 
terms of the ſeries that is equal to the mth power of a bino- 
mial quantity, as a diſcovery that had recently come to his 
knowledge by the peruſal of Mr. Newton's letter to Mr, 
Oldenburgh. For, ſurely, it muſt be concluded from this 
declaration, that, though he had ſeen Mr. Briggs's Aritb- 
7 F Fe | metica 
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metica Logarithmica, he had not read it with ſufficient atten- 
tion to diſcover that this method of generating the co- effi- 
cients of the terms of the ſeries that is equal to the mth 
power of a binomial quantity, when was equal to any 
whole number whatſoever, was contained in it: though it 
ſeem indeed unaccountably ſtrange that he ſhould not have 
taken notice of it. 1 s 


7. We may therefore, upon the whole matter, conſider 


the Binomial Theorem, in the caſe of Integral and Affirma- 


tive Powers, as having been firſt invented by Mr. Briggs 
before the year 1624, and publiſhed by him in that year in 
his Aritbmetica Logarithmica, but in ſuch a manner, and in 
ſuch expreſſions, as did not much engage the attention of 
Mathematicians towards it; ſince it does not ſeem to have 
been generally known amongſt Mathematicians till it was 
aſterwards publiſhed in the year 168 5, as an invention of 
Mr. Iſaac Newton, by Dr. Wallis in his Algebra. And we 
may conſider it as having been invented a ſecond time by 
Mr. Newton about the year 1665, and extended by him at 


the fame time to the other caſes of Fractional and Negative 


Powers, and alſo expreſſed in the very ſhort and convenient 
Algebraick notation, in which it is ſet forth above in art. 1, 
ol which has contributed ſo much to give it currency 
amongſt Mathematicians. And, laftly, we may conſider it 
as having been communicated by Mr. Newton to Mr. Ol. 
denburgh and Mr Leibnitz, and probably alſo to his friend 
and patron Dr. Iſaac Barrow, the Maſter of Trinity College, 
Cambridge, and a few more of his Mathematical friends, 
in the year 1676, in the letter above-mentioned ; and as 
having afterwards been communicated to the world at large 
in the aforeſaid extracts from the ſaid letter to Mr. Olden- 
burgh, which Dr. Wallis publiſhed in his Algebra in the 
year 1685, ,- Key . 997 5 p ' 
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Of Mr. James Bernoulli's demonſtration of the ſaid Theorem , in 
his Treatiſe on the Doftrine of Chances, intitle, 
De Arte'Conjectandl. 
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8. But, by what ſteps, or what train of reaſoning, Sir 
Iſaac Newton diſcovered this law of the ſaid co-efficients to 
be ſuch as he deſcribed it, is not known; nor is any demon- 
ſtration of it, even in the eaſieſt caſe of it (or when the 
index m of the power to which the binomial quantity is to 
be raiſed, is a whole number), any where to he found in all 
his works. -Nor has Dr. Wallis attempted to fupply this 


defect, nor, as I believe, any other mathematical author 


whatſoeyer in the laſt century, from the year 168 (when, 
the Theorem was firſt publiſhed by Dr. Wallis) to the end 


of it; nor do 1 know of any demonſtration af it given in 


the beginning of the preſent century before the year 1713, 
when the learned and ſagacious Mr, James Bernoulli's ex 
cellent Treatiſe on the Doctrine of Chances, intitled, De 
Arte Conjectandi, was publiſhed at Baſil, or Baſle, in Swit- 
zerland. But there we find an excellent demonſtration of 
it, in the caſe of Integral Powers, derived from the doctrine 
of Permutations and Combinations, and the properties of the 
Figurate numbers, which are the true principles to which it 
ought to be referred. This demonſtration is contained in 


the 3d chapter of the ſecond part of that valuable Treatiſe, 


and may be perfectly underſtood by a careful peruſal of the 
three firſt chapters of that ſecond part, without the help of 
the firſt part of the Treatiſe. For the doctrine of Permu- 
tations and Combinations is explained from its firſt priga 
ciples in the two firſt chapters of that ſecond part of the 
Treatiſe, without any reference to the firſt part; and the 
properties of the Figurate numbers are derived from that 
doctrine in a moſt ſtrict and ſcientific manner, in the third 
chapter of the ſame ſecond pr ; and amongſt theſe proper- 
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ties of the Figurate numbers, ſo derived, 1s the Binomial 
Theorem, in the caſe of Integral and Affirmative. Powers, 
or the law of the generation of the numeral co-efficients of 
the terms of a ſeries that is equal to any integral and affirm. 
ative power of the binomial quantity @# + 3. This demon- 
ſtration therefore deſerves to be generally known and ſtudied 
by Mathematicians, as the true foundation of this celebrated 
and moſt uſeful Theorem. And upon that account I have 
re-printed the ſaid three firſt chapters of the ſecond Part of 


that excellent Treatiſe De Arte Conjectandi, in the foregoing 


* 


part of this volume, in the author's original Latin text, 

with ſome explanatory notes on a few of the moſt difficult 
paſſages of it, and have afterwards added a very full Tranſ- 
lation of the ſame three chapters, with ſome examples and 
additions of my own, which I thought might be uſeful to 
my readers, and which I have taken care to diſtinguiſh 


from the other parts which are tranſlated from the Author's 


text. And I hope that, by thus exhibiting this part of 


that excellent work in an Engliſh dreſs, and removing the 


difficulties that occur in the original, in conſequence of the 
Author's extreme conciſeneſs, I ſhall induce the young 
Students of the Mathematicks in England, to make them- 
ſelves acquainted with this maſterly and ſcientific demon- 
ftration of this. moſt important Theorem, which . ſeems 
hitherto to have been adopted by too many Mathematicians, 
upon the mere ground of induction, and the experience of 
its truth in the ſeveral trials they have made of it, without 
endeavouring to find a demonſtration of it. 
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9: But, though the demonſtration of this propoſition given 
by Mr. James Bernoulli in this excellent Treatiſe, De Arte 
Conjetandi, Part 2d, Chapter 3d, (and which may be ſeen 
above in this volume in the original Latin text of Mr, James 
Bernoulli in page 28, and in my Tranſlation of it in pages 
116 and 116), is the firſt, and, in my opinion, the beſt that 
has yet been given of it, yet I doubt not that the Mathe- 
matical Reader will be pleaſed to ſee another demonſtration 
of it, that is ſomewhat ſhorter than Mr. Bernoulli's (inaſ- 
much as it does not require the previous knowledge of the 
Doctrine of Permutations and .Comoinations, and the pro- 
perties of the Figurate Numbers), and yet is equally accu- 
rate and concluſive. Such a demonſtration I ſhall therefore 


now endeavour to lay before him in the remaining part of 
this Diſcourſe, 


10. Now in order to diſcover the general relation of the 


terms of the ſeries that is equal to a T to each other, when 
m denotes any whole number whatſoever, it will be proper in 
the firſt place to examine their relation to each other when m 
is equal to ſome particular whole numbers, and thoſe not 
large ones, that they may be more eaſily managed and their 
properties more readily ſeen into. And, if, when we have 
examined theſe particular ſerieſes that are equal to certain 


particular values of a T, when m is equal to certain fmall - 
whole numbers, we can find any common properties that be- 

long equally to all of them, and can alſo perceive that the 
fame properties muſt likewiſe belong to all thè ſerieſes that 


ſhall be equal to any other values of a + A”, as well as to 

thoſe which we have conſidered; or, if we cannot immedi- 

ately perceive this to be the cafe, but can find fome method 

of demonſtrating that it is ſo; we ſhall then arrive at the 
|  eHz2 knowledge 
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knowledge of the general relation of the terms of the ſeries 


that is equal to 2 T, to each other, which is the object of 
our purſuit; We will therefore raiſe the binomial quantity 
8+6 to its ſquare, and cube, and fourth power, and fifth 
Power, and ſixth power, by multiplicati6n ; which Lond be 
done in the manner . 
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aa+ ab 
+ ab+bb 


aa+2ab+bb = _ a+. 
| a+b 


034-207 *b + ab* 
+ NZA +Þ* 


rn, + 4 aN. 
475 : 
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” FT 325 + 30+ ab? 
12 ib + 30b*+ gab? T 


4 ＋ 44% + 6 ＋ 446 77 = 44. 
a ＋ 


—— ap + 44˙ + ab* 
+ db + 49*6* + 4 + 4ab%4- 6%. 


&+50%+ r0a%* + 10a + 5a +8 SAA. 


at+b 
che bh as Le ot ae oaks 


12 + eh trot + 2008+ 5a IYER abs 
2 &b+ 54"4 ＋ 104, +104 6%+ cab*+Þ* 


22 
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Olfervations on the terms of the foregoing Serieſes that are equal 
to TA, a+8Þ, a+8Þ, aN, a+8)\, and a + , ex. 
Plaining the Compoſition of the Literal parts of the ſaid terms. 


0 af 


». * 


11. If we examine the compoſition of the foregoing pros 
ducts, or ſerieſes, which are obtained by continual multipli- 
cations by the binomial quantity a+8, the firſt obſervation 
that will occur to us will be, that the firſt term of the ſe- 
ries aa + 2ab+bb, which is equal to the ſquare of a+85, js 
aa or 4; and that the firſt term of the ſeries 4 + 34% + 
$ab* + 55, which is equal to the cube of @ +8, is @; and 
that the firſt term of the ſeries a* + 44% + 64˙ + 4aÞ + &, 
which is equal to the fourth power of a +56, is a*; and that 
the firſt term of the ſeries a* + 54% + 104%* + 104% 
+ 5ab*+8*, which is equal to the fifth poweg of a+6, is a5; 
and that the firſt term of the ſeries a* +:64% + 1 54%* + 
20a + 154 + 6ab* + 5, is a* ; or that the firſt term of 
the ſeries that 1s equal to any one of the ſaid five powers of 
the binomial quantity a+8, is the ſame power of the ſingle 


quantity 4. 


And it is eaſy to ſee that, if we were to continue theſe 
multiplications by the - binomial quantity @ + & ever ſo far, 
the ſame thing would take place with reſpect to the firſt 


terms of the following products, or ſerieſes, which are equal 


to any higher powers of the binomial quantity 4 + 3, let 
their number be ever ſo great; or that, if the letter „ be 
any number, how great ſoever, the firſt term of the product, 
or ſeries, that is equal to PI or the mth power of the 
binomial quantity 2 T5, will be , or the ſame power of 

the Hingle quantity 2. | | 
| For, as che firſt term of every new product, or ſeries, 1s 
produced by the multiplication of the firſt term of the next 
5 | pPreceeding 
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preceeding product, or ſeries, by a, or 1 X a, the co- eff. 
cient of the firſt term of the new ſeries, which is the product 
of the ſaid multiplication, muſt be the ſame with the co effi 
cient of the firſt term of the next preceeding ſeries, which 
is the multiplicand of the ſaid multiplication. And conſe- 
quently, as the co-efficient of the ſaid multiplicand, or firſt 
term of the preceeding ſeries is originally 1, (namely, when 
a+b is multiplied into a +86, in order to produce the ſeries 
aa+2ab4+6bb, which is equal to its ſquare), the co-efficients 
of the firſt terms of all the following products, or ſerieſes, 


which are equal to 2 T, a +ÞÞ, 4 T , a + WP, 4 ＋ e, 
a+)", 2 Th, a+, TA, &c, 4d infinitum, muſt like- 
wiſe all be equal to 1, &. E. 5. | 


12. The ſecond obſervation that will occur to us, 15, that 
the indexes of the ſeveral ſucceſſive powers of à in the terms 
of every product, or ſeries, that js equal to any power of 
the binomial quantity @+8, decyeaſe continually by an unit, 
and that the indexes of the powers of 5 in the terms of 
the ſaid products, or 'ſerieſes, increaſe by an unit at the 
ſame time. Thus, in the ſerhes a*+ 245 , or (as it is 
ſometimes expreſſed in Sir Iſaap Newton's Notation of In- 
dexes, becauſe a is = 1, andi is likewiſe = 1), 4 + 
24"D*+4*Z, which is equal tg the ſquare of the binomial 
quantity 25, the indexes gf the powers of @ are 2, 1, 

o, or 2, 2 — 1, and — 2, and the indexes of the 
wers of þ are o, 1, and 2, or o, o, ando+2; and 
in the ſeries 4. + 34 Y 3ab* +, or a + 3a*b* g + a, 
which is equal to the cube of the binomial quantity 4 ＋ b, 

the indexes of the powers of @ are 3, 2, 1, and o, or 3, 
3-1, 3—2, and 3—3, and the indexes of the powers of 5 
are o, 1, 2, and 3. And the fame thing takes place in 
the following products, or ſerieſes, a*+ 44% + 64*6* + 4at? 
+82*, and 4 + 549% + 1019%* + 104% + ga + , and 
4 + 6a + 154 + 204*b? + 1 54˙⁰ + G +: 4, which 
are equal to the fourth, fifth, and ſixth powers of 4 ＋ 5. 
And it is eaſy to ſee that the ſame thing will likewiſe take 
place in the terms of the products, or ſerieſes, eee 
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to any higher powers of 2+ 83 whatſoever, if the ſaid multi- 


plications by @ + & were to be continued till the ſerieſes 
equal to ſuch higher powers were produced. Therefore the 
literal parts of the ſecond term, and of all the following 


terms of each of the ſaid products, or ſerieſes, may always 


be generated, or derived, from the firſt term of it, by the 
continual multiplication of it by the fraftion =. 


13. But, by che firſt obſervation, the firſt term of the ſeries 
which is equal to aM, or the mth power of the binomial 
quantity @ + 6, when m is any whole number whatſoever, 
is an. | 

It follows therefore, in the 3d place, chat the literal parts 
of the terms of the ſeries that is equal to 4277 will be 
45 a", . „ 4 , — 535, N , ; 
h, sh, d, be, till we come to the quantity 
4 (or 4 3®, or 1 0, orb”, dats | 

And thus we have diſcovered the compoſition of the literal 
parts of the terms of the ſeries which is equal to 2+ IP, 


as fully as can be deſired, And we have likewiſe diſcovered 
that the co-efficient of the firſt term, of which the literal 


part is , is always 1, or that the firſt term of the ſaid ſe- 
ries is 4 itſelf, and not any multiple of * a. E. k. 


14. In the 4th place it is evident that all the terms of 
every product, or ſeries, ariſing from the multi plication of 
the binomial quantity 4 ＋ & into itſelf, muſt be connected 
together by the ſign , or added to each other. And con- 


ſequently the literal parts of the ſeries that is equal to T. 


will 
0 Fa 
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will be a” + gb + e IP ap . 
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Of the numeral co-efficients of the ſecond and other following terms 
of the product, or ſeries, that is equal io a +b\", 
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15. We come now to inquire into the numeral co- effi- 


cients of the ſecond and other following terms of the pra- 


duct, or ſeries, which is equal to @ + “, or the mth power 
of the binomial quantity a+6, | = | 


Now the numeral co-efficient of the ſecond term of this 
ſeries will always be equal to m, or the index of the power 
to which the binomial quantity a + & is to be raiſed. This 
may be demonſtrated in the manner following. 


In raiſing the ſeveral powers of the binomial quantity 
4 ＋ by the continual multiplication of that quantity into it- 
ſelf, in the manner above 2 in art. 10, it is evi- 
dent that the ſaid ſecond term of every new product, or ſe- 
Ties, that is equal to a new power of a + , is always pro- 
duced by adding the product of the multiplication of the 


- firſt, term of the ſeries that is equal to the next lower power 


of a + 5 (of which firſt term we have ſeen that 1 is always 
the co-efficient) by & to the product of the multiplication of 
the ſecond term of the ſaid foregoing ſeries by a; the effect 
of which addition is, to increaſe the co- efficient of the ſe - 
cond term of the new ſeries by an unit, or ſo as ta make 
it exceed the co- efficient of the ſecond term of the foregoing 
ſeries by an unit. Thus, the ſecond term, 246, of the feries 
my = 4 ＋ 
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240 + #, which is equal to the ſquare of 4b. is produced 
by the addition of the product 5a, or 46, (which ariſes. from 
the multiplication of à, the firſt term of the for ner ſeries 
a+b, by b,) to the product ab, which ariſes from the muE 
tiplication of the ſecond term 5 of the former ſeries a + & by 
a; the effect of which addition is, to make the co efficient, 
2, of the ſecond term 2ab in the new ſeries, exceed the co- 
efficient, 1, of the ſecond term 4 of the former ſeries, by 
an unit. And, in like manner, the ſecond term, 34˙5, ef 
the ſeries a + 34˙⁰ + 3a#* HR, wiich is equal to the cube 
of the binomial quanrtity-@ + 6, is produced by the addition 
of the product a* r ariſes from the multiplication f 
a*, the firſt term of the former ſeries a* ＋ 245 + , by b), 
to the product 24%, which ariſes from the multiplication of 

the ſecond term 246 of the ſaid former ſeries a* + 29h ＋ b* 
by a; the effect of which addition is, to make the co effi- 
cient, 3, of the ſecond term ab of the new ſeries, exceed 
the co efficient, 2, of the ſecond term 24+ of the forme 
ſeries, by an unit. And, in like manner, 44%, the ab, 
term of the next ſeries, is = a3 X6# + 34 Xa, or 4˙ + 
3 =1+3]X +; and 5, the ſecond. term of the 


next ſeries, is = a*Xb + 4X 4 = 4% + 40% = 1:+ al 
Xa#b ; and Ga, the ſecond term of the next ſeries,” is = 
a6 Xb + F Xa = ab + 54% = 1475 X 4. And this, 
it is eaſy to ſee, muſt be the caſe in any higher powers 
wuhatſoever of a+6, if we were to continue the multiplica- 
tions by a+6 fill the ſerieſes that were equal to ſuch higher 
powers of 4 4b were produced. And conſequently, fince 
in the firſt power of the binomial quantity @ +86, to wit, in 
the ſaid quantity itſelf, the co- efficient of the ſecond term 5, 
to wit, 1, is equal to the index of the ſaid firſt power, which 
is alſo 1, and in the ſecond, and third, and fourth, and fifth, 
and fixth powers of the ſaid binomial quantity, re co effi- 
cient of the ſecond term of the ſeries chat is equal to each of 
the ſaid powers of a +5 is alſo equal to the index of the ſaid 
powers; it follows that in all higher powers whatſoe ver of 
the faid binomial quantity 2 ＋5, the co-efficiear of the ſe- 
cond term of the ſeries wee is equal to every ſuch power 
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vill be equal to the index of the ſaid power; or, in other 
words, the co-efficient of the ſecond term of the ſeries which 
is equal to a A“ will always be equal to the index m. 

| | . 


16. From what has been ſhewn in the foregoing articles 
we may conclude with certainty, that the two firſt terms of 


the ſeries that is equal to 4 + 3)", when m is equal to any 
whole number whatſoever, will be 4 + m x ©», and 


that the literal parts of the following terms ofthe ſaid ſeries will 


Fad a 4 P44 Kc, , (or 4? 


N, or 14", or) + 3". It remains that we inquire what 
will be the numeral co-efficients of the ſaid third and 
other following terms of the faid ſeries, or by what law, 
or rule, they may be generated, or derived, from the two 
firſt co-efficients, 1 and mm. This is a matter of confi- 
derable difficulty; and I am not acquainted with any di. 
rect and ſcientific method of inveſtigating this law of the 
generation of the ſaid co-efficients, beſides that of Mr. James 
Bernoulli above-mentioned, which is grounded on the Doc- 
trine of Permutarions and Combinations, and the properties 
of the Figurate numbers. But I can point out a manner of 
conſidering the ſubject and attempting to find this law of 
generation, which ſeems likely enough to have occurred to 
a Mathematician who was in purſuit! of this inquiry, and 
which, if it had occurred to him, would have led him di- 
rectly to form a juſt conjecture concerning this law by which 
theſe co-efficients are to be generated ; after which he would 
have been induced to try the law, ſo diſcover:d by conjec- 
ture, in ſome eaſy particular inſtances, and, having found it 
to be true in all of them, he would naturally conclude that 
it was true in all other caſes whatſoever. This conjectural 
method of inveſtigation, I conceive, may have been as fol- 


lows. 
| A Con- 
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A Conjeftural Inveſtigation of the Law by which the co-efficients 
of the third, and fourth, and fifth, and other following terms 
of the ſeries which is equal to 2 ＋ b, or the mib power 

| of the binomial quantity a + b, may be generated, or derived, 
from 1 and m, the co-efficients of the two firſt terms of the 
ſaid ſeries. : 


N 


17. Now, in order to diſcover the manner in which theſe 
co-efficients may be derived from the two firſt co- efficients 1 
and m, I ſhould think it would be natural to examine the 


co-efficients of the terms of the ſeries that is equal to 4 +6 [® 


in ſome of the lower powers of 4 ＋ which we have actually 
raiſed by multiplication, as, for example, in the ſeries which 


is equal to a + A', and which we have found above in art. 
10, to be 4 + 64% + 154 + 204%* + 5a + Gab + 66. 
In this ſeries the co-efficients of the terms are 1, 6, 15, 20, 
15, 6, and 1; and our object is to diſcover, iſt, by what 
number, integral or fractional, the ſecond of theſe co- effi- 
cients, to wit, 6, ought to be multiplied in order to pro- 
duce the third co-efficient, to wit, 15; and, 2dly, by what 
number, integral or fractional, the third co- efficient, to wit, 
15, ought to be multiplied in order to produce the fourth 
co- efficient 20; and, 3dly, by what number the fourth co- 


efficient, 20, ought to be multiplied in order to produce the 


fifth co- efficient 15; and, 4thly, by what number the fifth 
co- efficient, 15, ought to be multiplied in order to produce 
the ſixth co- efficient 6; and, laſtly, by what number the 


ſixth co- efficient, 6, ought to be multiplied in order to pro- 


duce the ſeventh and laſt co- efficient 1. Now theſe multi- 
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and 15 x D is = 6, and 6 X is = 1. We mult there- 


15 
fore now Examine theſe five generating fractions F, =>, 28. 


= and 5 together with the preceeding generating fraction 
=, by the multiplication of which into the firſt co efficient 1 


the ſecond co- efficient 6 is produced; and muſt endeavour 
to find out ſome remarkable, or regular, property in them, 
which we may reaſonably ſuppoſe to belong alſo to the go- 
efficients of the terms of other powers of a+6, as well as to 
thoſe of the terms of this, its fixth power. And, in order 
to examine theſe fractions with the greater eaſe, it ſeems na- 
tural, in the firſt place, to reduce them to their loweſt de- 
nominations, by dividing both their numerators and their 
denominators by the factors which are common to them 
both. Now, if this be done, the ſaid generating fractions 
5 6 ES lp oe ER 
D 5 =» 2, So and = will be found to be equal to = 
6X3 4X5, 3X5 , and 3, or) , L, 4, 2, =, and 
2X3" 3X5" 4&5 5x3 6% 1 2% 3% 4 5 
= z in which laſt, fractions it is impoſſible not to obſerve 
chat the numerators regularly decreaſe by an unit from 6, 
which is the index of the power to which the binomial quan- 
tity a & has been raiſed, to 1, and the denominators regu- 
larly increaſe at the ſame time by the ſame quantity of an 
unit from 1 to the ſaid index 6. This regularity is very 
firiking, and naturally raiſes a ſuſpicion that the fame thing 
may take place in the generating fractions of the ob- efficients 
of the terms of the ſerieſes that are equal to other powers of 
the binomial quantity a, and is an inducement to try it 
in the other ſerieſes that have been produced above in art. 
o, by multiplication, and which are equal to 4 ＋ 4“, a, 
a+8P, and 2 TIF. We will therefore now proceed to try it 
3 1 5 


w “ ˙ Fo. ett ns 


1 


-” 
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19. Now we have ſeen in art. 10, that 2 1 e is S the 
ſeries a + 5 + 109%* + 104˙ + gab + , in which 
the numeral co-efficients of the terms are 1, 5, 10, 10, 5, 
and 1, Therefore the generating fractions, by the multipli- 


cation of which the.ſecond of theſe co-efficients, to-wit, 5, 


is derived from the firſt, or 1, and every following co-eth- 


cient from that which is next before it, will be 5 = =, ; 


| 87 210 > which are reſpectively equal to the fractions & 8. 


41 


* e and F* And in theſe laſt fractions we cannot 


bos obſerve that the numerators 5, 4, 3, 2, and 1, regularly 
decreaſe by an unit from 5, or the index of the power to- 
which the binomial quantity 2 45 is raiſed, to 1, and the 
denominators 1, 2, 3, 4, and 5, regularly increaſe at the 
ſame time, by. the ſame quantity of an unit from 1 to the 


 faid index 5. It appears therefore that the lame rule takes 


place amongſt _ generating nen J ; N S and. 


=, as took place amongſt the generating fractions -, 2. 


75 = 52 and , of the co- efficients of the terms of the 


former ſeries which was equal to ae. 

gs 19. We will now try whether the ſame rule will take 
Place in the ſeries Which is equal to the fourth power of 
n 5 e e e ee 


This ſeries is a 4 A 6a 4423 +34, in Which the 
numeral coefficients of the terms are 1, 4, 6, 4, and 1. 


Now the generating fractions by the multiplication, of which 


the ſecond of theſe co-efficients, 'to wit, 4, is generated from 
the firſt, or 1 and every following co-efficient is generated 


2 . 8 . % 6 : 1 
from that which is next before it, are evidently =, 75 2. 
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and 2 ; which are reſpectively equal to -, 4,5 and 7 
And in theſe laſt fractions the numerators 4, 3, 2, and 1, 
regularly decreaſe by an unit from 4, which is the index of 
the power to which the binomial quantity 4 + 5 bas been 
raiſed, to 1, and the denominators 1, 2, 3, and 4, regularly 


Increaſe at the ſame time by an unit from 1 to the ſaid in- 


,, 


dex 4. 


20. We come next to the ſeries which is equal to the cube 


of a+6. NO 
This ſeries is 4 + 34˙ + 3ab* + 3, in which the co- 


efficients of the terms are 1, 3, 3, and 1. New the gene- 


rating fractions, by the multiplication of which the ſecond of 
theſe co-efficients is derived from the firſt, and the third 
from the ſecond, and the fourth from the third, are evidently 
3. 3 and = which are reſpectively equal to 2, = and 


1? 392” | 
= And in theſe laſt fractions che numerators 3, 2, and 1, 


decreaſe regularly by an unit from 3, which is the index of 
the power to which the binomial quantity @ + 5 has been 
raiſed, to 1, and the denominators 1,'2, and 3, increaſe re- 

ularly at the ſame time by an unit from 1 to the ſaid in- 

ex 3. | 1 ys | 

21. And the ſame thing takes place in the ſeries which is 
equal to the ſquare of a+4. For this ſeries is a* ＋ 2a4b +, 
in which the co-efficients of the terms are 1, 2, and 1. Now 
the generating fractions, by the multiplication: of which the 
ſecond co- efficient 2 is derived from the firſt co- efficient 1, 
and the third co- efficient 1 is derived from the ſecond co- 


efficient 2, are evidently => and =; which admit of no re- 
duction to lower denominations. And in theſe fractions 
＋ and =, the numerators 2 and 1 decreaſe by /an unit, as 


in 


1 
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to which the binomial quantity a+ has been raiſed, to 1, 
and the denominators 1 and 2 increaſe at the ſame time by 
an unit from 1 to the ſaid index 2. WER” $8 


22. It appears therefore that this law of the generating 
fractions of the numeral co-efficients of the terms of the 
ſerieſes that are equal to the powers of the binomial quantity 
a + 5, takes place in the caſes of the ſquare, the cube, the 
fourth power, the fifth power, and the ſixth power, of the 
ſaid. binomial quantity. This is a very ſtrong ground for 
conjecturing that the ſame law will take place in the gene- 
rating fractions of the numeral co-efficients of the terms of 
the ſerieſes which are equal to the powers of the ſaid bino- 
mial quantity in all other caſes whatſoever ; or that, if the 
index of the power to which. the ſaid binomial quantity is 
raiſed be any whole number whatſoever, denoted by the 
letter m, the generating fractions, by the continual multipli- 
cation of which the numeral co-efficients of the ſecond and 


other following terms of the ſeries which is equal to a+ , | 
or the mth power of the ſaid binomial quantity, may be de- 
rived from 1, or the co-efficient of the firſt term, 4, or 
1 x 4, of the ſaid ſeries, will be =, or (as it is ſometimes 
called) 278, and F, =, , , 2s, xc, ill we 
come to the term = which is = ©, or till the ſaid ſeries 
is terminated, or exhauſted. 


23. And the ground for conjecturing that this is a gene- 
ral law that tak es place among the generating fractions of 
the terms of theſe ſerieſes in all caſes, or when the index is 
equal to any whole number whatſoever, will become ſtill 
ſtronger if we try it in a few more examples of ſerieſes that 
are equal to higher powers of the binomial quantity 4 ＋ 3, 
than the fixth power. I ſhall therefore now proceed to try 
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it in che ſerieſes which are equal to. a+A?, T, and 
42 + p. IE # | » bs 243130 : | 

24. Now 2 TA is (= a+# x a+b = a" + 64% + 
154** + 204% ＋ 154 ＋ G + Þ* X a+8) = 47 + 14% 
+ 2140 + 3564%* +-3508* + 2106 + 2ab* +87; in 
which ſeries the numeral co-efficients of the terms are 1, ), 
21, 35, 35, 21, 7, and 1. The generating fractions, by 
the multiplication of which the ſecond. of theſe co-efficients, 
to wit, 7, is derived from the firſt co-efficient 1, and the 

third and other tollowing co-efficients are derived from thoſe 


which immediately preceed them, are evidently 2, =, T, 


1 
| 7 
2, E, 27 and : Which * reſpectively equal to 25 
2, 4, 2,3, => and = in which laſt fractions the nu- 
merators 7 6, 65:45; fn 2, and * regularly decreaſe by an 
unit from 7, (which is the 1ndex of the power to which the 
binomial quantity 4+6 has been raiſed), to r, and the de- 
nominators I, 2, 3, 4, 5, 6, and 7, regularly increaſe at 
the ſame time by an unit from 1 to the ſaid index 7; agree- 
ably to what was obſerved in the five former examples. 


25. And 4 T 4] is (= a + * X a+b S 47 + na% + 
214 + 3 + 35% + 214˙ ＋ na +8 Xa+6) 
=" + 84% + 284˙ + 564% + 70 + 564% + 2840) 
+8447 + i; in which ſefies the numeral co-efficients of 
the terms are 1, 8, 28, 56, 70, 56, 28, 8, and 1, The 
generating fractions of theſe co- efficients are evidently =, = 
1 5 8 =, LY and _—_ which are reſpeQively equal to 


=, — =, — 2 5 2, and ＋ in which laſt fractions 


larly by an unit from 8, (which is the index of the power to 


" which 
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- whichothie binomial quantity 4 + b has been raiſed), to 1, 
and the denominators 1, 2, 3, 4» 5, 6, 7, and 8, regularly 


increaſe at the fame time by an unit from 1 to che ſa:d in- 
dex 8; r to what has been obſerved in the fix m 
examples. 


6. And, laſtly ſtly, TIF; is (= —> X. Bos 

KL + 284%" + 364˙̊5 + 70a + 564%%* + 284. 8457 
1 a+b) = = a* + ga'b + 36a%* + 840% + 126994 
1264 + 849%* + 364% + ga +8 ; in which ſeries the 
numeral co-efficients of the terms are 1, 9, 36, 84, 126, 


» Fl 
LS 


126, $4, 36, 9, and 1. The generating fractions of theſe 


2, 4 84 126 126 84 36 9 
co-efficients are evidently 9 38 F wt 736% 84, 36% 


98 7 6 ; 
and 7 s which are reſpectively equal to 2, % 55 


12 = * and - ; in which laſt fractions the numerators 
0, „ M 05 „ hs 3, 25 and 1, decreaſe regularly by an 
unit from 9, (which is the index of the power to which the 
binomial quantity a+b _ been raiſed), to 1, and the de- 
nominators 1, 2, 3, 4, 3, 6 Fs 8, and , regularly increale 
at the ſame time by an unit from 1 to the ſaid index 9; 


agreeably to what has been obſerved in all the former ex. 
amples. 


27. After obſerving this law of the coefficients to ud 
place in ſo many different examples, it would be impoſſible 


for our mathematical inveſtigator not to conclude with a very 


high degree of confidence that it would take place in all 
other caſes whatſoever; or that, when the index m is equal 
to any whole number whatſoever, the generating fractions 
of the numeral co-efficients of the terms of the ſeries that is 
equal to @ Te“, will be 2, A *. 
2 3 + 3 

&c, till we come to the fraction a —— wich i is 

2 K ee 


m—b 127 


— — —ů— 
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= o, or till the ſaid ſeries of fractions is terminated, or ex. 
hauſted. And then it would follow, from what has been 
ſhewn above concerning the literal parts of the terms of the 


ſaid ſeries, that the ſaid ſeries which is equal to 2 + #4”, 
or the mth power of the binomial quantity a + , would 
be 4 + = Ag" 3 + B34 + = Ca" "3p 
ESD: + $356LCD = F. þ 

4 1 | | | 
&c, continued to b*. Qu; Bo 1 


28. This method of difcovering (by a conjecture ground- 
ed on ſome trials in particular examples) that the genera- 
ting fractions by which the numeral co-efficients of the third, 
and fourth, and other following terms of the ſeries that is 


equal to 4 + * (or any integral power of the binomial 
quantity a ＋ 5), are derived from m (the index of the power 
to which the ſaid binomial quantity is raiſed), or from the 
co-efficient of the ſecond term of the faid ſeries (which is 
always equal to the ſaid index) are = mn. — =, | 
">, &c, is ſuggeſted by Profeſſor Saunderſon, the ſe- 


cond volume of his Algebra, in the chapter on the Binomial 
Theorem; where the Reader will find a good explanation 
and illuſtration of the ſaid celebrated Theorem, by a va- 
riety of examples, both in the caſe of Integral powers, and 
in the caſe of Roots and other Fractional powers, and even 
in the caſe of Negative powers, and of powers that are both 
fractional and negative; but no demonſtration of it in any 
caſe, not even in that of Integral and Affirmative powers. 


29. We have now ſhewn with demonſtrative certainty 
that the literal parts of the terms of the ſeries which is equal 


to 4“, or the mth power of the binomial quantity a+b, 
"0 * | when 


— —— — 2 


— TS” 
w 
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when the letter m denotes any affirmative whole number 
whatſoever, are a” hf on #.mþ ob ie ada: | 
4 % $160 +970 2 +8 15 + &c, till we come 


to the term a *, (r & * or 1 & 3%, or 8", 


and that the numeral co- efficient of the literal part of the 
firſt term of the ſaid ſeries is 1, and the numeral co- efficient 
of the literal part of the ſecond term of it is m, and conſe- 
quently that the two firſt whole terms of the ſaid ſeries are 


1X 45 and m X & 'b, or a” + mXa , or 4 . 
— * 33 or 4 + _ X 2 . And we have alſo 
ſhewn that in the ſerieſes which are equal to a Leh, 2 Th, 
a+), a+I\, a a+ Ik, 2 T, a+, and a+ds, or when 


the index m is equal to 2, or 3, or 4, or 5, or 6, or 7, or 
38, or 9, the numeral co-efficients of the third, and fourth, 


and fifth; and other following terms of the faid ſerieſes are 
derived from m, or the numera] co-efficient of the ſecond 


term, 1 the continual e wh of the fractions — 


— 


S ESD, Ie, 2D, and} wich 
affords a very ſtrong ground for conjecturing _ the nu- 


meral co efficients of the third, and fourth, and fifth, and 5 


other following terms of the ſerieſes that are equal to any 


higher powers whatſoever of the binomial quantity 4 T5, 


will, in like manner, be derived from m, the co- efficient of 
the ſecond term, by 921 continual multiplication of the ſame 


e 20h; ns, OE 
generating fractions 2 3 3 3 4 5 5 þ 6 9 7 5 


m-7T m—8 m—g 'm—10 m—11 
bo 4 J , Io? TT 0 IT, » &c, till we come to the 


term = . which 1 2 o, or till the ſaid ſeries of gene- 


rating! fract ions is terminated, or exhauſted. Now this con» 
fri 8 2 K 2 | JRurs 


id 
4 
1 

| 
| 

1 
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jecture may be changed into abſolute certainty, and the {aid 
law of the generation of the co- efficients may be ſhewn to 
take place in all the ſerieſes that are equal to the quantity 


2+)", or the powers of the binomial quantity +6, when 


the index m of the ſaid quantity a+db,”, is equal to any whole 


number, bow great ſoever, by ſhewing that, if it takes place 
when the index m is equal to any one particular number, 
(as we have ſeen that it does when the index m is equal 
either to 2, or to 3, or to 4, or to 5, or to 6, or to 7, or 
to 8, or to 9), it muſt alſo take place when the index m is 
reater by an unit than in the former caſe. For then it will 
ollow that it muſt be true likewiſe when the index m is 
greater by any multitude of units than in the former caſe, 
or when it is equal to any other whole number, how great 
ſoever. This we ſhall now proceed to ſhew in the remaining 
part of this diſcourſe. 


. 
— 
— ——————  — &ð — 


Of the numeral co-efficients of the third, and fourth, and fifth, 
and other following terms of the Series that is equal to a&b, 
and the law of the generation of the ſaid co-efficients from m, 
the co-efficient of the ſecond term of the ſaid ſeries, and from 
each other. 


3 * - 


30. In order to demonſtrate the law of the generation of 
theſe co-efficients, it will be convenient to get rid of the 
powers of à and &, in the terms of the ſeries that is equal to 


2 TN, and to fix our attention only on the generation of 
the numeral co-efficients of the third, fourth, fifth, ſixth, 
and other following terms of the ſaid ſeries. This may be 
done by ſuppoſing à and þ to be, each of them, equal ro 1h 
$2484 eee. Bs ES 7 0 
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and confequentiy 4 g. ö to be equal to 141, and d TA to 
be equal to 1+ . For, as all the powers of both 2 add 


þ will, on this en e be equal to 1, the Binomial 
Theorem fer forth above in art. t, will chen be reduced to 


this, to wit, that 1411" will be equal to the ſeries 1+ = 


ART 5 e . 
be Sg 0 oe ar abr whe <= + ue, con- 
ct Sls term = x * ts N 
„ Gr the bm ox r. * — 7 * 2 
e 


* == x &c, X — or to the term 1. For the laſt 
term of this ſeries muſt 3 be 1; becauſe the numeras 
tors of the ſeveral factors in it form a decreafing progrefſion 
of numbers, decreafing by an unit, from m to 1; and the 
denominators of the fame factors form an increaſing pro- 
greſſion of numbers, increaſing by an unit, from 1 to mz 
and conſequently the product of the multiplication of all 
the denominators 1s equal to the product of the multiplication 
of all the numerators, and therefore the product of the mul- 


tiplication of al the ſaid fattors, or fractions, — — 


* 2 3 


2 2 „ Ke, into each other, or the laſt term ' of 
3 5 


the ſeries, muſt always be equal to . 


1 9 


We are therefore now to paſa that 1 +11” is equal 
| 1 Annes: mT m—2 „ 
to the'ſeries 1. = 1 * 75 "+= 7 > 2 
8 . a . ; =; 1 . +4 21 obs Þ 2 1 
F ann 4 adde Donau 01 £ i u eee 
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xc, ＋ 1. And this we propoſe to do by ſhewing, 
by abſtract and general redſonings, that, if this Theorem is 
true when the index m is of any particular value, as, for 
example, when it is equal to 9, it muſt likewiſe be true 
when the index m is increaſed by an unit, or that, if be 
taken = m+1, the quantity 1+1]", or the mh power of 
the binomial quantity 1+ 1, will be equal to the ſeries 1 + 


1 n n—T n n—1 1—2 1 8 hs 
I on otr Rome poke arg ot 7 as 
#—=3 , „ n—I  n—2  #—3 —4 OA 
—+ I + &c, continued 


to che term g — X— D x Kc, X 2, 
or to the term. 


31. To facilitate the demonſtration of chis propoſition, it 
will be convenient to premiſe the following Lemma. 


„ e ere 
7 * N Nee 
* —2 MZ 


Xo IX = + &c, + 1 (in which m repreſents any 


whole number whatſoever), be ſet down twice together in 
two parallel lines, or rows, one under the other, but with 
the terms in the lower row advanced one ſtep further ta the 


right- 


right-hand than the terms in the upper row, ſo that the firſt 
term in the lower row ſhall ſtand under the ſecond term of 
the upper row, and the ſecond term in the lower row ſhall 
ſtand under the third term in the upper row, and the third, 
fourth, fifth, ſixth, and other following terms in the lower 
row ſhall ſtand under the fourth, fifth, ſixth, ſeventh, and 
other following terms in the upper row, reſpectively; and 
both rows are continued to the ſame number of terms, name- 


ly, to the whole number of terms in the ſaid ſeries, or to 


ni terms; and then the terms in the lower row (each of 
which, it is evident, will conſiſt of one factot leſs than the 
correſponding term, or term ſtanding immediately above it 
in the upper row) be reduced to the ſame denomination as 
the terms that ſtand immediately above them in the uppet᷑ 
row, and, after being ſo reduced, are added to the ſaid terms 
that ſtand immediately above them in the ſaid upper row ;— 
upon theſe ſuppoſitions the new ſeries of terms ariſing from 
this addition of the {aid two rows of terms to each other, will 
þe as follows, to wit, 1 + —— + = X —— + - * 


—— 


4 
n I 2 „ 22 2  m—I m2 
e ee 3 n ic 98 


chan X —— + &c + 1; in which ſeries the laſt term 


is 1, as well as in the two ſerieſes from the addition of which 
this ſeries ariſes; and the numerators of the laſt factors in 
all the terms, except the laſt, are always equal to m+1, in- 
ſtead of being equal to m—1, 1 — 2, 1 — 3, 1 — 4, 
&c, as in the two foregoing ſerieſes; and the number of 
terms in the ſaid new ſeries is m + 2, inſtead of m + 1, 

which is the number of terms in each of the ſaid foregoing 


ſerieſes. 
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21 = EL de La SL 


. &c, + 1. And this we propoſe to do by ſhewing, 
by abſtra& and' general redſonings, that, if this Theorem is 


true when the index m is of any particular value, as, for 


example, when it is equal to 9, it muſt likewiſe be true 


when the index m is increaſed by an unit, or that, if » be 


taken = m+1, the quantity 1+], of the mth power of 
the binomial quantity 1+ 1, will be equal to the ſeries 1 + 
1 n 1—1 n  n—1 1 —2 n n—1T 1— 2 
Tr 1 X — 7 X 9 N X 55 
ee eee my OT 
ö 7 — + &c, continued 


"tothe term, So = X X N AAA a 
to che term N EN * &c, & —, 


or to the term 1. 


31. To facilitate the demonſtration of this propoſition, it 
will be convenient to premiſe the following Lemma, 


LE —— — —— mn — — ———— 


A LEMMA. 


If the terms of the ſeries 1 + - Was a, 


I 2 1 
r 
7 * r TN 


mz m —3 


* = + &c, + 1 (in which m repreſents any 


whole number whatſoever), be ſet down twice together in 
two parallel lines, or rows, one under the other, but with 
the terms in the lower row advanced one ſtep further to the 


right 


this addition of 
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right-hand than the terms in the upper row, ſo that the firſt 


term in the lower row ſhall ſtand under the ſecond term of 
the upper row, and the ſecond term in the lower row ſhall 
ſtand under the third term in the upper row, and the third, 
fourth, fifth, ſixth, and other following terms in the lower 
row ſhall ſtand under the fourth, fifth, fixth, ſeventh, and 
other following terms in the upper row, reſpectively; and 
both rows are continued to the ſame number of terms, name- 
ly, to the whole number of terms in the ſaid ſeries, or to 
ni terms; and then the terms in the lower row (each of 
which, it is evident, will conſiſt of one factor leſs than the 
correſponding term, or term ſtanding immediately above it 
in the upper row) be reduced to the ſame denomination as 
the terms that ſtand immediately above them in the uppet᷑ 
row, and, after being ſo reduced, are added to the ſaid terms 
that ſtand immediately above them in the ſaid upper row; 
upon theſe ſuppoſitions the new ſeries of terms ariſing from 

ffehe ſaid two rows of terms to each other, will 


be as follows, to wit, 1 + — + - X = + - Xx == 
m4 $I TH n — 1 4＋ 1 m 1 —1 2 
X — T Xx — Xx — A wh ee eee 
aro * == + &c + 1; in which ſeries the laſt term 
is 1, as well as in the two ſerieſes from the addition of which 
this ſeries ariſes; and the numerators of the laſt factors in 
all the terms, except the laſt, are always equal to m+1, in- 
ſtead of being equal to m—1, m—2, M—3, 1 4, 
&c, as in the two foregoing ſerieſes; and the number of 
terms in the ſaid new ſeries is m + 2, inſtead of m + 1, 
which is the number of terms in each of the ſaid foregoing 
eee, . MO POS 15! 
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32. This will appear by ſetting down the ſajd ſeries 


r r 
TOP LES f "TS Wi 2 * 


* * x 15 + &c, raged. twice over, in the manner 
that has been juſt deſcribed ; which may be done as follows: 


”_ 3 amnl m amaoCT Mm—-2 „ „„ 11 „22 „ 
D eo Te NLP ae, 


if 3 i 24 
6 ee tn renn, 
7 1 AE 14 4.6 
Tx 1 OY 2 | : $f ee 2 J 


In theſe two rows of terms it is evident, in the firſt place, 

that the terms in the upper row, after the two firſt terms 1 
and 2, conſiſt of two, three, and four, and- more, factors, 
every new term having one more factor than the term next 
before it; and, 2dly, that the terms in the lower row that 
ſtand immediately under the third, fourth, fifth, and other 
following terms in the upper row, conſiſt of one factor leſs 
than the correſponding terms, or terms immediately over 
them in the upper row; and, zdly, that the terms in the 
lower row confi of the very ſame factors as the correſpond- 
ing terms in the upper row, excepting that they want the 
Jaſt factors of the ſaid terms in the upper row. And hence 
it follows, that, in order to reduce the terms in the lower 
row to the fame denomination as the terms in the upper 
row, we muſt multiply them by factors that ſhall have the 
ſame denominators as the laſt, or additional factors in the 
upper row, and which muſt have their numerators equal to 
their denominators, fo as to make each of them equal to 1, 
to the end that the magnitudes of the ſaid lower terms may 
not be altered by the multiplication of them by the faid 
new factors. Thus, for example, the ſecond term $ the 
| 8 ower 


ix ibe wo Bape nd mates Poor. 237% 


©, muſt be multiplied into the factor 2, ; 
in order to bring 7 to the ſame denomination as the third, 


term in the upper row; to wit, 2 , without altering! 
its magnitude; and the third SE in — 3 row, to wit, 


Xx . muſt be multiplied into the factor a, in older 


1 


to bring it to the ſame prep as the fourth term of 


m1 


the upper row, to wit, = NN TA without altering 
its magnitude; and the foutth t term In the lower row, to wit, 


— X — X ==, ' muſt be multiplied into the faftor . 


2 


i order to bring it to the fame reg as. the ff 


term 1 in the upper row; to wit, = _ K ms . * = 2 * =, 


without altering its magnitude 3 26 for the like reaſon, the 
fifth, and ſixth, and ſeventh, and other following terms in 
the lower row muſt be multiplied into the ſeveral factors 


75 and S, and £ 2, | &e, reſpectively; after which multipli- 


ae the two Ge of terms that tre to be added to each 
other, will be as follows, to wit; 


t. 25 M=2 7 

Ge tn Fox Ez xi - £2540 
| m 21 | > * mer Mar 4 

* T 5 "7" — * T ai * 1 7 * 


33. And; if theſe two rows of terms (being now Wee 
to o the ſame denominations) are added ERR in the man- 


der above deſcribed; that is, every term in the lower row.” 


to the term chat is immediately above tl the ſum A re« _ 
ſulting will be the ſeries 1 + == =2 + 5 X 2 + 


MT M+1 Mr 22 — 


— of 8h I; Newtn's Binonia! Thivrem, 


the numerator of the laſt factor in every term is always m+ 1, 
inſtead of m — 1, m— 2, 1 — 3, m—4, &c. 

And * That this muſt be the caſe in all the following 
cc terms of the ſaid new ſeries as well as in the few terms of 
et it that have been here ſet down,” will be evident from 
this cohſideration, to wit, That the denominator of the laſt: 
factor of every term in the. upper of the two rows of terms 
that are added together is always greater by an unit than 
the number which is ſubtracted from m in the numerator of 
the ſame factor. For from thence it follows that the deno- 
rhinator of the new multiplying fraction in the correſponding 
term of the lower. row (which is always equal to the denomi- 
nator of the ſaid laſt factor in the upper row,) muſt always 
be greater by an unit than the number which is ſubtracted. 
from m in the numerator of the laſt factor of the ſaid upper 
term. And, therefore, the numerator of the ſaid new mul- 
tiphying fraction in the lower row (which is always equal to 
its denominator,) muſt alſs always be greater by an unit 
than. the number which is ſubtracted from m in the nume- 
rator of the laſt factor of the ſaid upper term; the conſe- 
quence of which, in adding the lower term to the upper 
term, is to convert the numerator of, the laſt factor in the 
upper term from n 1, or m — 2, or m — 3, or the exceſs 
of m above ſome other number, into m + il. k. D. 


34. And. the number of terms in the new ſeries, ariſing 
from the addition of the two former in the manner that has 
been deſcribed, will be greater by one than the number of 
the terms im either of the two added ſerieſes: becauſe the 
lower row of tern, conſiſting of the ſame number of terms 
as the upper. row, and being placed one term further to the 
right-hand, muſt extend one term beyond it; and conſe - 
quently, as the number of terms in each of the two rows 
of terms is m ＋ 1, the number of terms in the new. ſeries, 
ariſing from the addition of the two rows together, muſt be 


m 2. FE. 5. 


35. Aud; lily, the lact term of che faid new ſeries. mull 
be,the ſame as the laſt term of the old ſeries, or of the lower 
ki 4 ro W 


A pchet lend ederefcuntag 


one term beyond the upper row, the laſt term in the lower 
rom will not have any term over it in the upper row to 


which it is to be added, and N will Mf the 


lame i in "the new ſeries 1 * == += * 5m 2 +. T *. == 
KD = *r . 4 be a3 in the old 


ſeries 1 + — + L x2 +2 x F * $5 x 


mT m2 


r + Kc. Bu we have ee 


ut. 30, that the laſt term of the ſeries I + 2 „ 88 


{FS 
MT * 


2 + Ex xD 1 9 "2 Ke, 
is 1. bebe the laſt term in the new ſeries ; x, ot: = * 


28 . e x ER 


— 


2 &c, will alſo ben Qu p. 
Th ' 2 17 1 17 84 


1 Coroll. "i © 5a e . Ae of the n m, 
m1, 1 2, #— 3, m4, &, and m+1, of the factors 
of the third and other r terms 25 the laſt ſeries 


1 ＋ U — * * e 


11 
TT - + ay be changed, by . 1 ＋ 1 


12 * = M4 
the. numerator "of the firſt factor of every term "inſtead of 
being the numerator of the laſt factor. The Maid ſeries 


will, then be as follows, to wit, 1 * et; — + == * = + 


2 
eat x EAA F ESL K ge oh 
Now this 1 in the order of pe numerators of the ſeve- 
Me factors of the terms will create no change in the values, 

2 L 2 or 


. - 
8 | , x.» 3 5 * — 4 bo „ fad . 
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vor magnitudes, of the ſeveral terms themſelves ; becauſe the 
—.— arifing from the multiplication of the fame num- 
rs are always the ſame, in whatever order the numbers 
ate multiplied. Therefore the foregoing ſeries, after this 
change in the order of the numerators of the ſeveral factors 
of its terms, will ſtill be of the ſame magnitude as before, 
and conſequently will be equal to the ſum that ariſes from 
the addition of the aforcſaid' two rows of terms in the man- 
ner above deſcribed ; that is, the ſeries 1 + = + 2 


' i 


2 See” 8 e 3 4 
&c; ＋ 1, will be equal to the ſum that ariſes from the ad, 
dition of the aforeſaid two rows of terms in the manner 
above deſeribed. ws ore e Io 


37. Coroll. 2. Now let u be m * 1. Then will 2— 
be = m, and u — 2 will be = m—1, and 1-3 will be = 
# — 2, and a — 4 will be = - 33 and, in like manner, 
n — 3, 1 6, 1— 7, &c, will be equal to n - 4, m— 5, 
mn — 6, &c, reſpectively. And conſequently the ſeries ob- 
tained in the foregoing Corollary, to wit, 1 + = + = 

nmr ,m mor, mii m mor m—2 
MP KF N N NR T R 
+ &c, + 15 confiſting of m+2 terms, will be equal to the 
D 2 21 233 
feries 11 — + — N nr 1 * +. nf TT X 
— x . + &c, + 1, conſiſting of 2 1 terms. 
Therefore the ſeries 1 + —+ - X — + = * ＋ * 
* 2 X — * = * — + &c, + 1, conſiſting of 
2 + 1 terms, will be 7 to the ſum that ariſes by adding 
the two aforeſaid rows of terms together in the manner above 


OP 
- 75 
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8. Theſe things jig TTY has main Sn ition 
ſtated at the end of art. 30, to wit, that, if m denote any 


whole number whatſgever, the quantity 1 +1 , or the mth 


power of the ce quantity 1+1, will be equal to the 


m1 27 2 


ſeries 1 + — TAX RR 


nl Eu SI f . eg 22 . gn 28 


+ &c,. eds to m ＋ 1 terms, or to 8 term I, may Is 
demonſtrated in the manner following. 


35. The Ss that' ariſes by multiplying the ſeries 


m1 M3 1 


F x2 e xx 


2 hs = + &c, into 1 + I 1s the ſum that ariſes by 
fening 2055 the ſaid ſeries twice following i in two parallel 


rows, one under the other, with the terms in the lower row 


advanced one term further to the right-hand than the terms 


in the upper row, in the manner above deſcribed, and then 


adding the terms in the lower pow to the correſponding 


terms in the upper row. And the m + Ich power of 1 +1 
is the product of the multiplication of the mth power of 
1+1 into 1741. Therefore, if in any particular value of 


m the auth ane: of 1+1 is PR. to che ſeries 1 + =+= 


| 2 5 = 2 n M2 _ 2 —8 
—A— — WR — * X — — — 
* 15 3 * * 7. + = " X my N 


+ "A FS Ede of m+1 3 hs m +11th power 
of 1+ x will be equal to the ſum that ariſes by ſetting down 


the ſaid. ſeries twice following in two parallel rows in the 


manner above geſeribedl, and "_ the faid two rows of 
. termy 


\ 


* 


426 Inveligation of Sir I. Newton's Binomial Theatem, 


terms together, But, by the ſecond Corollary of the fore- 


going Lemma, if be. = m +1, the ſum: arifing from 


the addition of the ſaid two rows of terms is the ſeries 1 + 
TEX TTF TRX 


3 
8 + &c, I 1, conſiſting of 141 terms. Therefore, 


if 1 in any particular ry of m the mth power of 1+ 1 is 
equal to the ſeries 1 += > += . — PLD 
1 — 1 My 


r * + + &Cc, + 1, conſiſting of 


m 1 terms, it will fallow. that the w-+ 11th; or zth, or 
next _ Powers of 1 + 1 will be equal to the ſeries 3 


FEES EXE TFT 


dre FD, 


55 —3 + &c + 1, conſiſting of # + 1 terms, But it 


has * own in art. 17, 18, 19, &C, - = » 26, that when 
mm is equal either to 2, or to 3, or to 4, or to 5; or to 6, 
or to 7, or to 8, or to 9 the mth power. 1 +1 8 


equal to the ſeries 1 + = += EE 2 K 2 


* — 2 8 — 1 


5 ＋ x * 1 2=3 + be + 1, eng of 
m+1 terms. Therefore, if 1 E equal to 9+ 15 or 10, the 
9 ＋ Iſch power, or 10th ny 3 power, of x T 1 will 


be equal to the ſeries 1 + > -+= * ft ” * * 


18 — X — X CI * R K 21 conſiſting of 
n +1, or 1041, PO terms. And in the ſame manner it 
may be proved that, ſince, when n is = wk the mch 008 
of 1+1 1s equal to the ſeries 1 2 7 = = X Ih. 


* * TX 
m1 m—2 2 21 2 = 
. I ee, . e en Weary fr i e ans, + I, 


cooling of m + Ly or. 10 +1, or 14, ——ů * the . + Ib, 


THe cafe of Integral and Afirniative Pen. 264: 


or 10+ Ich, or 11th, or (putting u = =r0+1=11) 
the mh, power of 1 1 will be equal to the ſeries 1 + 


-n-t 12 


x 27 4 XL x= +4 x = x N 
+ &c + 1 bg oi. It+7, or 12, terms; 


And ſo we may proceed from number to number ad infini=. 

tum. And conſequently, whatever be the whole number de- 

noted 8 m, it will gems be true * 1 + 1 is OY ro 
M1 m—T M2 


L — 2 — * — 2 a 
ROE EVE = x = "TIEN 


RY I, ning of = + 310. . b. . 


— 


4 * 


4 — 
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40+ The foregoin et may be expreſſed in a more 
conciſe manner as follows. If » be = m + 11 and it be 


true ig any particular value of that 1 + 1“ is = the ſe · 
ries. 1 * = 7 X — + — X. TE ent TX 
— * 22 nw 5 abe be, it wil allo be true that 
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**. ac, multiplied into x ve 1 - 

8 17 7 77 T EE AER ES T0 
m . mt m t M2 

1 ＋7 r Y i BPETST x7 Tuc. 


142 2 $2 x n ns Wo K Sion? eto} YG 


m mw m—I m—T 2 4 


+ 1 +=x — — += „ 22 * nN T n . 
* en eg, eee e 
E 2 22 mt e 
2 = . * * NR : dE * 1 +8&c 
=1$=4+Ex A YA : ea * e, 


But it has been 8 in art. 17, 18, 19, &c - - - » 26, 
that, when m is equal either to 2, or 40. 10 3, 04. or to 5, 


or to 6, or to 7, or to 8, or to 0 I IT's 1 is equal to the 
ſeries 1 PE — ＋ 2 2 * ＋ 2X. 


* N — + Ke: Therefore, if à be = 9+1, 
ori19, 1 or Ne, will be-= the ſeries 1 STS 


E Er — n=? 1 „ 2 „ 3 
J r* eee of 


+ &c. And it may be ſhewn in like manner, that, if u be 


put for 11, 12, 13, 14, &c, ed infinitum ſucceſſively, 1 + 1} 
will, in all theſe ſuppoſitions, be always equal to eee 


. n 
5 ; und therefore the” PEST: is uni- 


5 
verſally Ro whatever be the whole number denoted by 
the letter u. og win, . Do 


- 


: U 41. This 


caſe of integral powers, is nearly the ſame with that eien 


41, This 88 the bidowial e in be 


by Mr. John Stewart, of Aberdeen, in the eth Section 6 


his Commentary on Sir Iſaac Newton's oufous little Tract, 
intitled, Aualhyſs by Equations of an infinite number of Term, 
See his edition af Newtons Treatiſe on tbe & 
Curves, and of the ſaid Tract intitled Analyſis," 


ature of 
"4 with his: 
learned Comments on both, in one volume, quarto, publiſhed 


1 in Owe e 17455 page PTY: I 556 Reese 


S this Bowers r Raiba Seat: #13; ee, 
No gs ere Oy. „„ 


1 * ve bete AL . inte * W 
ot a oy quantity a + &, oy of the um np two fingle 
quantities à and 5; and we have ſeen that, if the ſajd bino- 
mial quantity 24 be raiſed to any power of which a Whole 


number dengted by n is the index, the quantity 2 ＋ , 
or the faid mth power of a + b, will be equal to the ſeries 5 


* + EONS SE ares el rage of 


| 1. * _ 4 * 8. = 4 4 * FE LEES! 


"pg 3 X' a x 2 &e, + 's = (if 

22 1, . c . B,D= e S 
ere and G. H. I, K, L. E, = 

7 H, 2 Sw 1 1. = K, &c,, relpefinely;)- wo 

the ſoles" 1 s n + + =z 

N be. + = . * 6 7 

n PS 1 2 * 5 g 5 


e Innftation or E Man, had Thevron, ere 


in which all the terms hier, the Elk t tent are marked with 
_ the fign +, or are added, to the ſaid firſt term. We will 


now proceed to conſider the value of , or the mth 
power of the refidual quantity a — b, or of the difference of | 
the two quantities 4 and 6, ee a. ſoppoltion _—_ by is _ | 
Lure of the rwo, 


43- Now, if a be ſuppoſed to be greater than b, 9 5 mn 


be any whole number whatſoever, the quantity a —A", or 
the mth power of the reſidual quantity, or difference, a—6, 


will be equal to the ſeries 4 — 2 4 4. 6 += — Kͤ„— — 


. e ON * = ae " wats, 7 + 2 „ 2 


2 3 1 | 2 | 
ki 4 N 8 9 * Me 3 os 4 5 


r or if » we ITY 2s. peforn, =. LES 
* A, and C = 22 B, and D = "=C, and E = == 


D, and F = 4 E. and G, HN, I, K, L, &c, = == F, 
Lo , — 1 1. 5 — K, &e, reſpectively,) to the 


ſeries a — 1 A Prong) WY = B 1 = c 
+ 25 * * — e + 3 180 conſiſts 


of xt the ſame TM as the ſeries that is equal ta 


a + 2)", or the ſame power of the binomial quantity à ＋ B, 
bot with the ſign — prefixed to the ſecond, and fourth, 


and fixth, and every following even term in the ſeries, 
which dehotes that the ſaid terms are not to be added to 


Ute firſt term , and to che third,” and fifth, and other fol- 
lowing odd cerms, (as they were in the former ſeries, which 


vas equal to a+01",) but to be ſubtracted from them. 
of My . 44 That 
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1 That this muſt be i, will. be evident from conſider- 
ing the manner in which che ſeveral powers of the reſidual 
quantity 2 — 5 are generated from each other by the con- 

tinual multiplication of 4—$, of which we will now exhihit 
a ſpecimen wich reſpect to a few of its loweſt powers. The 


ſecond, third, fourth, and fifth powers of a—5 Foo. OO 


from ab oe: 85 the en er Pyr 


: 1 + * q . . 1 
* —— 
4 F 3 4 | 8 x a 19 ; " 12 
- 1 1 . bl 4? way? _ 1 . 9 1 * 
a * 5 | {7 Latif 's h +33 25.4 
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— SPY yarn ee 7739 844 1. 3 8 2 
8 2+ 44 — 6a T4 R pn 


50 + 08 P—todÞ.+ ee . . = 


2 
þ4 4 


[4 


4 Lf Prom NED operations it is 5 — — e Ss 
vdd powers; of 5 occur: in the faid powers of a — . the 
terms are marked with the ſign —, and that, Wherever the 
even powers of & occur. in the fa „powers of 4 — , 
terms are marked with the ſign 2 


is evident, muſt happen in all higher powers of a—b what - 
5 ſoever, as well in thoſe that have been here ſet down, becauſe 
MA . 2 M 2 EY 6s 


d the fame t things it 
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44 is marked with the fign — in ah two original factors a — þ 
and a '— þ; whence it follows, from the nature of algebraick 
multiplication, that, whenever þ is multiplied into itſelf an 
even number of times, the product will be marked with the 
ſign ; and, whenever it is multiplied into itſelf an odd 
number of times, the product will be marked with the ſign 
—. And it is further evident, from the foregoing multipli. 
cations, that the odd powers of & occur in the ſecond, and 
fourth, and fixth, terms of the foregoing products, and that 
the even powers of b occut in the third and fifth terms of | 
them. And it is eaſy to ſee that the odd powers of þ will 
occur in like manner in the eighth, and tenth, and twelfth, 
and other following even terms of all higher powers of a — b 
whatſoever, and that the even powers of þ will occur in like 
manner in the ſeventh, and ninth, and eleventh, and other 
following odd terms of the ſaid higher powers of 4 — b. And 
It is als evident, from the foregoing multiplications, that 
the terms themſelves of which the ſeyeral powers of 4a — þ 
will be compoſed, are exactly the fame with the terms of 
which the ſame powers of a + 4 are compoſed. And hence 


it follows that the ſeries which is Equal to 2 — N will be the 


fame with the ſeries chicks is equal to a a , when the ſign 


— has been prefixed to the ſecond, and fourth, and fixth, 
and other following even terms of it, inſtead of the ſign +, 


or that a — , or the mth power of the reſidual Qaneny 


a — J, will be equal to the ſeries 6” — f 9 + © x 
: — 3 * & 2 * — * M2 = n — = 5 
1 —2 1 —3 OY 2 | m=3 mM=4 
w—_ jj" LS YL ye Eh. * * 
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Of the vey of Elegjons, or Chaice, in | kde. or wg Ons 
or more, out of a cer lain Number of muy Propoſed, 


Fos the better underſtanding of what is propoſed ; fups 
| ſe we a certain number of counters or other things 
Moy as, for inſtance, 7; 2c fg: The queſtion is, 
what variety, or how many caſes there may be, of taking 


from thence one, or two of them; as a, 6, c, 4 &c. Or, 


ab, ac, ad, bc, Id, &c. Or *three's, as 406, abd, acd, Ide, 


&e. Or, fours, fives, &c. Or all, or none? And the like | 


if apy other number of things were fo expoſed. 


In order to the ſolution whereof,” I ſhall here inſert 1 


table, 3 from my Arithmetick of -Infinites, Prop, 


132, 183, 189, &c, (becaufe there will be often oc- 
2 


N * * 10 
0 


having recourſe to it.) as on 2 to Pro- | 


I 
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To be left. | £ 
2 SES NEE $0 KF a. 
Monadicks. SE [I Iiir iii o 
Laterals. 1234456 79 00 
Triangulars. 1361] n 296, TN 
Pyramidals. | 2 | 4/[1of2o[35þ jo | ft þ of fg 
J Trang Triang. 1 8 ii IN hes WE 12 
E Triang. Pyram. Nenn Ha e e 53 
2 Pyram. Pyram. 147 1 1 F ISS. 
„ 6593 Fa 
| TT . . 30 U 
. . 19 
4 36. 2 FE 4s Glas EEE Tho - 


Now, as to the conſtruction of this table, we are to ob- 
ſerve, that, (the firſt-line being all units,) the following 
numbers are, in every place, the aggregate of all thofe i 
the line next above it, ſo far. As for example; for the 
three firſt in the uppermoſt line, 1, 1, 1, we have in the 
ſecond line (under the laſt of them) the number 3, which is 
the aggregate of them. And, in like manner, we have in 
the next place 4, which is the aggregate of 1, 1, 1, 1. 
{And ſo of the reſt.) And, in the lines following, likewiſe; 
80 for 1, 2, 3, (the three foremoſt: of the ſecond line,) we 
ave in the third line (under the laſt of them) the number 6, 
equal to all of them: and ſo every where. This premiſed, 
the propoſitions follo x. 


1. It is manifeſt, that, if we would take none, that is, if 
we would leave ail, there can be but one caſe thereof, what- 
ever be the number of things expoſed. (For this admits of 
no variety.) Which (in the table) is expreſſed in the firſt 
(tranſverſe) line, where the numbers are all Monadicts, or 
units. Foe Se 


2. The ſame happens,” if we would take all, (or leave 
none.) For here alſo there can be no variety of choice, 
whatever be the number of things ' expoſed, a, b, c, &c. 
And this, 1n the table; we expreſs in firſt (ere) co- 
lumn, where alſa-the numbers are all 'Monagicks, © 1 
2 26 5 88 


* 
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3. ir ve would take One, it is manifeſt; that there are as 
many caſes or varieties of choice, as is the number of things. 
For that One may be any one of them, as a, b, e, d, e, f. g: 
which is expreſſed in the ſecond line, where the numbers | 
are in their natural order « or e e I, 2. 35 e which 
anne , hs. =. 1 * iy 
* [The ane eppes i wht as the ps 2 
One ; that is, if we take All but One. For it is manifeſt, 
there is the ſame variety of leaving One as of taking One, as 
abcdef, abedeg, abcdfg, abcefg, abdefg, acdef g, bidefy, 
which is ſignified in the . e where the Ine 
are alſo Laterals, 


+ TX we would take Two ; It is mantel, TN we 552 
firſt take a, combined with any other of the reſt; as 45 

| ad, ae, af, ag ; the number of which combinations are there. 
fore as many as the number of things wanting one. We 
may then take ' (omitting its combination with a, as 
already taken, ) combined with every of thoſe which follow 
it; as bc, bd, be, bf, Ig; the number of which combinations 
are therefore as many as the number of hid e 
wanting Two. In like manner, e, (omit- 

ting its combinations with @ and 5, be- ab ac ad at af az 


cauſe ca, eb, are but the ſame with ac, bc bd be bf ; 4 
bc, already taken.) may be further com- cd ce & eg 4 
bined with every of thoſe which follow © de & Ag 3 
it, (which are fo many as is the number  ... Ff e|'2 
of things expoſed wanting Three,) as cd, l 
ce, cf," cg; and the fourth d, (omitting 2. 


da, db, de, as being the ſame with ad, : 
bi; ed, already taken,) may be further conical with every 
ol thoſe which follow, (which are as many as the number of 
things wanting Four,) as de, df, dg. And in like manner 
for the fifth, fixth, &c; each of which affords new.combina- 
tions fewer by one than that n next before it, till at length 
we come to 1, as , &, and g. So that the number of all 
theſe combinations, is the aggregate of all the numbers in 
de lame agg ſo far; that j 18, N the Fre caſe, (che * 
2 2 


＋ k 
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ber of things expoſed being 7,) the combinations are, 
6 ＋ 5 +4 T3 T2 ＋ 1 21. To which anſwers (in 
the third tranſverſe, or horizontal line of the foregoing Table 
of the Figurate numbers,) the Triangular number 21, juſt 
under the number 6, (which is leſs by one than the number 
of things expoſed.) Such Triangu/ar numbers, being the 
aggregate of all the Zaterals ſo far. And univerſally, (what. 
ever be the number of things expoſed) the number of Two's, 
is a Triangular number, whoſe ſide is loſs by one than the number 


of things axpaſed. 


- * 


6, The ſame happens, if we are to take A! but Two; for 
there is the ſame variety of leaving Two, as of raking Two; 


/ 


that is, in both caſes, ſo many as is the triangular number, 
.Whole fide is leſs by one than the pumber of things expoſed, 
which (in the table,) is 


ſignified in the third column, whoſe 


numbers afe the ſame with thoſe of the third line, 


7. If we would take Three, it is manifeſt, that firſt, a, 
(the firſt and ſecond,) may be combined with every of thoſe 
that follow; the number of which are as many as the things 
"expoſed. wanting Two, (which therefore afford us ſo many 
different Triads, or Three's,) as abc, abd, abe, abf, abg. Then 
that ac (the firſt and third, may be combined (omitting = 
ach, as being the ſame with abc already taken,) with every 
of thoſe that fallow, (which therefore afford us ſo many new 
Three's, as is the number of things wenting Three,). as acd, 
ace, acf, acg. And, in like manner, à coupled with thoſe 
that follow, (as ad, ac, af.) may each of them be further 
combined wich their reſpective ſubſequents, affording each 
of them new Triads, fewer by one than that next before it, 
till at length we come to 1, as ade,  adf, adg, and aef, acg, 


: abc abd abe ab aby ' 
dad ace acf acg 
Eel ade adf adg 


mm & ww + 


and afg, (But ag affords none, be- 
cauſe g being the laſt, there is none 


remaining with which it might be 


combined.) The aggregate of all 
which, is a Triangular number (as 
ing an aggregate of Laterals, ) w bhoſe 


ſide is leſs by two, than the number 


of things- expoſed ; that is, jn ſbe 
„„ preſent 


4 


ad 37 Ono Ro. 5 6. hh. A Econ LOR 


expoled ; that is, i in the preſent. caſe, 15 5 


ino Pars,” by John Wallis a 


preſent· caſe; 3 . 4 4 T 2 L 1 2 15 j-which- is a tri- 
angular number of the ſide 3, which is leſs by two, than 23 
the number of — W er in all which, @ is one of the 
Ingredients. I guts! 5 fur 49% Ls dJ MM 
In like manner (6thitting a1 the Trade wired 4 is an th 


gedient, as being already raken,) 3c (the ſecond and third) 


may be further combined with euch of thofe thar follow' 
d, e, 7, 2, affording us as many ne x {4 2 et ei Rt 
Triads as did ac, (which was befo ore ſo bed bee bef beg 
compounded, ) that is, ſo many ag is the ue b 34 
number of things wanting Fee, And | on —  pef 5 
then again 3d, be, , affo many ernte FAY 

ad, de, af, did before. Which afford us T9, 
a new Triangular number, whoſe'fide is 


leſs by one than that we had befote; that is, 4 + 4'+ 1 


+1= 10, whoſe fide Is 4; in all which 'Triads' 3s "the 
leader. coma e 


In the ſame anne may be ſhewed, knn (otviriiag'the 
combinations. of 4 and 3,) thoſe' T rad wherein c is the 


leader, will give another Friangtlar number; whoſe ſide is 


yet leſs by one, and ſo onward continually till we come at 1: 
48 3 ＋ 2 ＋ 1 =6, à triangular number whoſe fide is 3; 
and 2 ＋ 1 3, 4 "Triaogy at number, whiſe * ag We 


and 7, a Triag lar number Whoöſe fide is alſo — ET 
2 2011 iche 1 BY i819 * 1 t 9 
he red es ſds. ofa + 
afe eee Sip 15 A. 
8 11. Ny Oe 1 + ff : '4- d7i1 Mi 3 rue 7 | 
s 45 TER? TX | en OH 
whey; | 


- "gt £ Xt 3108: MH 


bore 425 du oe theſe Triangniaie 18-36 2 ye. 
57 number, which (in the fourth line,) Hangs! dent un- 


der 15, the greateſt of them, whoſe ſide 


2s 414 * 


is leſs by two, than the number of mur 6 ve 3. 2, I 153 
expoſed; z that is, a Pyramidal number whoſe - \ 
fide is Ig by twe' than the number f things: .. ail 
expoſed. And ſo many are the ſeveral Triads 
which may be had in ſuch number of things 


HNA! 2 N 2 
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10 ＋ 6 +3 +1= 355 n in the 
W. neden of pyramidal nu 10 250 Iba —_ 
8. This Gans Laan, I Ta of taking 8 we make 
Al but Three... For the ſame, variety of caſes happens, if 
* we take what were before left, and leave what were 
taken, And as that is e in be n a 


ſeo this is in the fourth column. 


a 1 


N 5 
9.1 3 take Lear; then, . a, may * made ſo 
waly Fours (or N as may be formed Triads of 
thoſe that follow, (as 5, c, fo By. ) that is, (by art. ,) a 
idal number whoſe. fide is 5 by Two than the num- 
er of theſe; that is, Jeſs by Three than the number of things 
expoſed ; that i is, in the t caſe, 20; which is a Pyra- 
micdal number of the fide. 4, which. is leſs by Three, than 7. 
| In like manner, (omitting a,) there may with 4, be fo 
| many Quaternipns formed, as may be Triads of thoſe that 
follow 3 it, (as e, d, e, , 23) wn is, a Pyramidal number 
whoſe fide is, leſs by. 1. = foregoing ; that is, 10; 
whoſe ſide. 3 is leſs. 1 2. 
And (omitting a, 5 there may with e be formed ſo ng 
uaternions, as/may of thoſe that follow it 5 | 
rmed Triads; that is, a Pyramidal number, w 5% 0 8 is 
yet leſs by 1: that is, 4, whoſe Frag is 2. And ſo onward, 
ull we come at x. | | 
And then the aggregate of all theſe Pyraraidals, * is, 
the number in the fifth Tine, next under the greateſt of 
20 them, is (what they call) a Trianguli- triangular number, 
10 whoſe OY is leſs by three than the number of things 
-4 expoſed. ' That is, in the preſent caſe,” (where the 
-x number of thi is 7,) 20 + 10 +4 +1 2 33, (a 
3 35 trianguli- tri number, of the ſide 4 2 7 — 3,) 
is tlie number of different ne en my" be 
had: when the things expoſed are. — 5 | 
0 (if any like not the name — and fo. 
of the reſt that follow]; I am content to change them. For 
Jam not fond of f chem, Way: e I find 
them.) 9 8 en A 1 £9304 42 
. i 8 W | Which 


5ÿ111 AN. > add Red Jo 


ee in the obliqug-deſctaripaiing 


3 Forte. by Joks Walls. $77 


an the}; fame; which, before we had for 
Three $3; , Which. hence comes to paſs, becauſe, when the 
number of things is 7, the number 4, is the ſame with M1 
wanting 35 where the; variety is the ſame as if 3 were taken; 
as is ſhewed in the preceeding article. | | * 


n US 

10. al happens, (for the xeaſons altady ſhewed,) 
if we were to take All wanting Four. And as that is to be 
found in the fiſth line, ſo this, in the fifth . 
ee einde ſame N thoſe. of the fifth line. in 

2 Te i 26-130 2, 

* 1 Se ag, —— be ſhewed, chat, if LES 
take Five (or All bus Five,) the varieties are then ſo R bn 
is the aggregate of the numbers in the fifth line, end-. 
ing with that whoſe fide is 4% by Four than the number 1 1 8 
of things expoſed, That is, the number in the ſixth . 5 
line . is Trianguli-pyramidals). next under the 1 
greateſt of. thoſe, — fide. is 4% by Feur than the 21 
numher of things expoſed, That is, in the preſent. 
caſe, 1 5 * 5 + 1 21, 4 Tria was — . 


whoſe fide is 3 = 7 — 4. And oo. if Ge are to be taken, 15 


(or All but Six,) the varieties are ſo many, as is the aggre- 
gate of numbers in the fixth line (or the number anſwer⸗ 
ing thereunto in the ſeventh,) ending with that whoſe 4 
ade is 4% by Five, than che number of things expoſed. 1 
And ſo for Seven, Eight, &c, (or all but ſeven, eight, 3 7 
&c,) wo are to take the numbers of the following lines, 
ending with that whoſe ſide is leſs by one, than that for the 


line next above. As, in the preſent, (where 7 is the num» 


ber of things expoſed, ) the number of ſixes is 7; the num- 
m at-detodis ne 2 : B25 Þ © Kb bia „ 29 + bet. 


Ani: 30 0 Va, +1 
12. Al thakn varieties Dok 6 ofchings 
lr ound. in che Taple foregoing, in a. ran of 
numbers obliquely deſcending ; in which that number which 
is the number of things expoſed, is to- be found in the 
ſecond: line, and again in the ſetondtchiumn, böth which 
are of, Laterals. As, in the preſent caſpi (wheres ische 


by 


— 
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by 7 in the ſecond line, and again in the ſecond column; 
we have the numbers 1, 7, 21, 35, 35, 21, 7, 13 which 
repreſent the variety of caſes for taking, o, 1, 2, 3, 4, 5, 


6, 7. And the like N25 uy other number of things es ex- 
poſed. 


13. And theſe FRE (as appears upon view,) are the 
fame with thoſe which are called wncie, prefixed to the pro- 


portionals that conſtitute the reſpective powers of a bino- 
mial root; or, (which is the ſame) the reſpetive powers of 
141 conſidered as a binomial root. I hat 1s, the root, 
ſquare, cube, fourth, fifth power, &c, of 1 ＋ 1, accord - 


ing as the number of things wor; nope are ty wy 3 + LF 6; 
GE er 


| 14. The table thus * is y — as far as 
chere is occaſion: for the number of each place, is the ag- 
1 e of two numbers, whereof one is next above it, and 

other next before it, as 15 2 5 + 10, 20 2 10 PE 10, 
e 20 +15. And ſo mr Res * 


5 16. Having therefore any number of hides expoſed, let 
that number be ſought i in the ſecond line, (which is of La- 
terals,) and * 7 ain in the ſecond column; and then, in the 


floping numbers paſſing through theſe two, we have 
the _ of caſes for taking o, 1, 2, 3, 4, &c, in ſuch 


order as the index on the ſide directs; and likewiſe for 


taking Al but o, 1, 2, 3» 4 b * arcs hee in- 
eee F wwe Heal 


| 16. And if we would have the ſum of all besen varieties 
(for any ſuch number of things 2 all together, it is 
u 


had by adding che numbers of ſuch ſloping rank; as in the 


— ys, egwrrag 
12 


17. Which number is always that power Aenne; 25 
(hat! is, of 1 + 1) which is of ſo many dimenſions as is the 


wo: of things expoſed, (or what power -whole- I 


Ages, Ports; by John Wallis: 2799 


— Anh number,) that i is, the product of ſo many-two's con- 
tinually multiplied, (as, in the preſent caſe, 2 x 2 * 2 * 2 
* * * 2 = 128;) or, 1 ſo many times doubled as is - 
the number of things expoſed. That is, for o, it is 1. 
(For here, to take all, or to leave all, is but one and the 
ſame caſe.) For 1—ͤ it is (the fide) 1 + 1. For 2, (the 
ſquare) 1 + 2 + 1==4. For 3, (the cube) 1 +3 +g+1 
= 8, For 4, (the Ay 1+ 4 + 6 * 4 * 1 : 3G 
And * of che reſt. 


18. And thus far we chm cookidbred hs play of cafes 
concerning taking or leaving, None, One, Two, Three, &c, 
of any number of things expoſed, without regarding the 
order of them, ſo that abc,” ach, bac, ca, &c, are reputed 
for one and the ſame caſe. But if the different alternations, 
or changes of order, in the ſame things, be accounted as dif- 
ferent caſes ;\ this we are to confider in the next Chapter. 
And if therein, ſome two or more are indifferently reputed: 
as one and the ſame, or indifferently to be taken each for 
other; what abatement of the former number will here- 
| upon ariſe, is conſidered: in the ſame Chapter. 


19. If, by Capbination, we underftand the aking of two 
or more, (but not of one, or none;) then, out of the num- 
ber of caſes. before. found, we muſt abate ſo many as is the 
number of things expoſed, and one mare. For, of thoſe, 

ſo many as is the number of things expoſed, anſwers to the 
caſes of 1. And one more, anſwers to the caſe of taking 
None. But all the reſt are combinations in that ſenſe, For 
though - Combination (as coming from Bini,) in its proper 
ſignification extend only to the taking of couples, (or Two's ;) 
yet in common acceptation the word is now uſed of greater 
numbers. And, in Engliſh alſo, we ſcruple not to ſay, 

that Three, or Four, 0 pare: than 8 are "wn aer 
ther, that 1 is, connected. | 


* LA 3 yy_ —_ „ 


Fi TD © Oo» 


20. If, out of the former number of caſes, we Yieas to 
; exclude that of taking None, or o, (becauſe, fo take none, 


ee me is the number eee 1 


vw A Os 
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than is above expreſſed. And ſo we have the caſes of akin 
one or more. And ſo many are che number of Diviſors of 
a number compounded of ſo many different Prime numbers 


_ continually multiplied, as are the caſes of 3 one or 
more of ſo many things expoled; + © 


21. And if further we abate one more (Sbich e to 
the caſe of taking all;) then have we the number of Aliguot 
Parts of a number ſo compoſed of, different Primes or In- 
compoſite numbers. The number of Aliquot Parts being 
fewer by one, than is the number of diviſors. 
I T ſhall ſubjoin to this Chapter (as properly appertaining 
to chis place,) an Explication of the Rule of Combination, 
which I find in Buckles Arithmetick; at the end of Se- 
ton's Logick, (in the Cambridge edition ; ) which (becauſe 
obſcure,) Mr. George Fairfax (a Teacher of the Mathema- 
ticks then in Oxford,) defired me to explain; to whom 
_ (Sept. 12, 2674,) 1 gave the explication under written; 
Conſonant to the doctrine of this Treatiſe, (which had been 
long before written, and was the ſubject of n public 
Lectures in Oxford, in the — 1671, 85 75 * 


RECUIA Cena fol, 4 . 


Duet faerint Nuwers, quos Combinare velimus 3 1 
Tot hint et ſeries, qitibes eft proportio dupla; ' © 
Ruarum principium ducatur ſemper ab Un, 
/ - Onmes has ſeries conjunge per Additionem. 
Producto, numerum quot Combinatio conſtat, 
Aufor. uod ſupereſt, numerum citat; unde pareht, 
Nuot faciant numeros diftintFos, undique "x wait * 
Propeſitos numeros velit in je Multiplicure. 
7 2 2 ſummd pr edittd ſurripiatur ; * 
Neafabunt partes Aliquotz, que numera bunt 
Illum, gut numeros eft inter Maximus omnts, 
Ex duct in # de numerorum  provenientem. | 


1 have taken the — to alter the pointing (ſo as to 
make the ſenſe the clearer,) and ta — (in che fecond 


—_ 


Y ©. AG Si. OE Ter 


to 
5nd 


le) 


i, 
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verſe) fins for ſunt; and (in the third verſe) principium, for 
principio: which bad been miſprinted. And (in the fiſth 


verſe) 1 have reſtored numerum, for numeros; for it is but one 
Number that is to be ſubducted, namely, the Number of 
thoſe Numbers which are to . Combined. My Fame 
was thi:: 

Let as many Numbers « as you every bis propoſed to be 
o« Combined :: Suppoſe: Five, which we will call à 5. 4 8 


1 a ab abc abed Fd; 
2 b ac abd abc —— 

4 6 ag ae (Ü 

8 dae acd acde _ 
16 e 3e ace Jede 

— — bd ads — 3 
3t „ by Nd;: 5: 10; 10 

2 „„ 10 10 
F oy nt” 
e ee eee avs bas 

er. 10 . 26 


os 


e Put, in ſo many Lines, Numbers, in dople proportion, 
« beginning with 1. | 

« The Sum (31) is the Number We" We or Elections; > 
e wherein, one or more of n may Were s/o be 
6c taken; Ne 1 24 try 
Hence ſobduct (5) the Number of the — pro. | 
< poſed ; becauſe each of them may once be taken ſingly.” 

« And the Remainder (26) ſhews how many ways they 
* may be taken in Combination 3 Js Two or more at 
ec nge, 4. 
„ And, ee eee dow many. Products ma PA had 
« by the Multiplication of any two or more: 2 chem ſo 
„ taken, | 
Fut the ſame Sum (31) without ſuch SubduRtion, * 
* how many Aliquor Parts there are in the greateſt of thoſe 


* Products, (that is, in the Number made by the continual 
« Multiplication of all the Numbers propoſed,) abcde. 
For way one of thoſe 5 are Aliquot Parts of 


2 0 Ol  abege, 


1 
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te abede, except the laſt, (which is the whole,) and inſtead 
« thereof, 1 is alſo an Aliquot Part; which makes the 
e number of Aliquot Parts, the ſame with the Number of 
% Sumptions. a ee er ee, 

„ Only here is to be underſtood, (which the Rule ſhould 
« have intimated ;) that, all the Numbers propoſed, are to 
* be Prime Numbers; and each diſtinct from the other. For 
64 if any of them be Compound Numbers, or any Two of 
* them be the fame, the Rule for Aliquot Parts will not 

© hold,” $I 


CHAP. It. 


Of Alternatiins; or the diffetent Change of Order, in any 
| Number of Things propoſed. 


SUPPOSE ve a certain Number of things expoſed, 
different each from other, as a, b, c, d, e, &c. The queſ- 
tion is, how many ways the order of theſe may be varied? 

as, for inſtance, how many changes may be Rung upon a 
certain Number of Bells; or, how, many ways (by way of 
Anagram) a certain Number of (different) Letters may be 
differently ordered ? 55 . | 


I. If the thing expoſed be but One, as 4, it 
| o} 1 is certain, that the order can be but one, That 


WRT 6 13 Jo. 
ab | ? | 
 baſ® 2. If Two be expoſed, as a, ö, it is alſo mani- 


1 * 2 z feſt, that they may be taken in a double order, 
5 as ab, ba, and no more; That is 1 & 2 2. 


AK If 


4 | * o ; 2 4 4 
13 - | : d 
= 5 > FF. P . 
; 3 8 i 5 


3. If Three be expoſed; as a, ö, c: Then, be- abe, 
ginning with a, the other two 5, c, may (by ach 
art. a,) be. diſpoſed according to Two different ca g 
orders, as bc, cb; whence ariſe Two Changes (or bac 
varieties of order) beginning with a, as abc, ach-: cab "4 
And, in like manner it may be ſhewed, that cha ß 
there be as many beginning with 4; becauſe the 27 J = 
other two, a, c, may be ſo varied, as bac, Bea. 
And again as many beginning with c, as cab, 
cha And therefore, in all, Three times Two. 
That is, 1 & 2, x 3 = 6. e 


4. If Four be expoſed, as a, b, e, d; Then, 44 
beginning with a, the other Three may (by art. 
preceeding) be diſpoſed fix ſeveral ways. And 
(by the ſame reaſon) as many beginning with 5, 
and as. many beginning with c, and as many 
beginning with 4. > And therefore, in all, Four 
times fix, or 24. That is, the Numher,anſwer- - 
ing to the caſe next foregoing, ſo many times 
taken as 1s the Number of things here expoſed. 
That is, 1X2X 3, X4 = 6X 4= 24. 


5. And in like manner it may be ſhewed, 
that this Number 24 Multiplied by 5, that is 
120 44 K i NaN 3.X 4 RN 5, u tb 
number of alternations (or changes of order) of 
Five things expoſed. (Or, the Number of Changes 
on Five Bells.) For each of theſe five being put PRIN: 
in the firſt place, the other four will (by art. pre- Il 


66 hu, 


t ceeding) admit of 24 varieties, that is, in all, dac“] 
. five times 24. And, in like manner, this Num- bac 


Alternations of 6 things expoſed; and ſo on- «cab 
ward, by continual Multiplication by the conſe- 4cha 
1 quent Numbers 7, 8, 9, &kc. „„ 7 GROURES. - 


ber 120 Multiplied by 6, ſhews the Number of - d#ca | 8 


7: 6. That is, how many ſo ever of Numbers, in their na- 
If tural Conſecution, beginning from 1, being continually Mul- 
. | BR © > Eh | -"iphed; ©" 


[ 


* 
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tiplied, give us the Number of Alternations (or Change of 
order) of which ſo many things are capable as is the laſt of 
the Numbers ſo Multiplied. As for inſtance, the Number 
of Changes in Ringing Five Bells, is 1x 2 x 3X4 X 5 2120. 
In Six Bells, IX 2 Xx 3Xx4X5X6 = 120 & 6 = 120. In 
Seven Bells, 720 XK 7 = 5040, In Eight Bells, 5040 x 8 
= 40320. And ſo onward, as far as we pleaſe. - 
Thus Vaſſius tells us, (Cap. 9, De Scientiis Mathewaticis,) 
That if an Hoſt promiſe to entertain ſeven Gueſts ſo long as 
they ft! every day in a different order, this extends to 14 
years. He means, almoſt ſo many years, namely, 5040 
days, which of 14 years wants 73 or 74 days, according as 
the Leap-years may chance to fall. 


7. This Number of Alternations, according as the Number 
of things expoſed doth increaſe, will proceed to a vaſt Mul- 
titude beyond what at firſt ane would expect. As for Ex- 
ample, the 24 Letters will admit of ſo many Varieties or Al- 
ternations in Changing their order, as that if ſo many Bells 
were to be Rung according to all thoſe Changes, it could 

not have been diſpatched (as the Learned John Gerard Yo 
ſius, in the place laſt cited, doth obſerve,) from the begin- 
ning of the World to this day. I add; no, nor if for every 
Minute of an hour which hath paſſed, there had paſſed Ten 
Thouſand Thouſand Years; as will appear by the following 
% ͤ AA 2c  3t2 | | 


* 
— ) A \ 
% 
$ * 


' Aliquot Parts, by John Wallis. 


2 4. 


A * i J. 4 n 
Nr | 6 


e „ 
ESE Warn 


8, 40 
85 40,320 
362,880 


37628, 800 
39,9 16, 800 
479,001,600 

- 6,224,020,800 


87,178, 291, 200 


1,307,674, 308,000 
20,922, 95588800 
355,687, 428, o9b, ooo 

6,402, 373, 70f. 728, ooo 

121,045, 100, 408, 832, oo0 

2,432, 902, o08, 176,640,000 

51, 090, 942, 171, 709,440, 00 

1, 124, 000, 27, ) 77, 607, 680, ooo 
23,852, 016, 738, 884, 976, 640, oo0 


— 


SFA N SOU = O een 


2 wo = 
OW © 


21 X 


620, 448,401,733, 239,439,360, O00 


x X 


* * * * X Xx xxx xxx xxx x x 


. 


2835 


>" «of 


38S days. 


$25,960 Minutes 
In 6000 years. 


3.165, 700, 00 Minutes 
* 


1577 78.800,00 Changes. 
525,960 Min. in 1 year. 
9467 28000000 | 
1420092 
1788940 
315570 
788940 
8,299, 017, 648, oo0, ooo 
| 10,000,000 


$2,999, 176,480,000,000,000,000 


3.15 5,760, ooo. | 
then, in every Minute of an hour, 


For, ſuppoſing in one year, 
ginning of the World, to have 


| paſſed 6000 years; (both of 
which ſuppofitions are at the 
largeſt,) and therefore the um- 


ber of minutes in all that time, 
Suppoſe we 


5 Changes to be diſpatched, that 


ſtrokes ſucceſſively one after an- 
other, (which allowance is alſo 


at the largeſt;) and therefore, 


in 6000 years, 15,778, doo, ooo 
Changes, which Number if we 


Multiply by 525,960, (theNum- | 


365+ days; and, from the be- 


— 


is, (becauſe of 24 Bells) 120 
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| ber of * in one year,) we have 8, 299, 01 7,648, ooo, oo 

for the Number of Changes ta be di patched in ſo many 
years as there have. Ns Minutes, which Multiplied by 
10,000,000, (Ten Thouſand Thoufand, or Ten Millions,) will 
be but $2,090, 196,480,000,000,000,000, which is leſs than 


620,448,401,73 3,239,439, 360, ooo, the Number of Changes 
whereof 24 Bells are capable. 


Nay, if we ſhould proceed no further chick to 14 Bells, 
and allow 10 Changes (that is, 140 ſtrokes) to every Minute, 
the Number of Minutes requiſite to Ring them all would be 
8,717,829,120, (a tenth part of the Number of Changes,) 
which is more than double (almoſt treble) the Number of 
Minutes in 6000 Years; and would require more than 16 


Thonſand Years (yea, more than * 5 Years) to Ring 
them all. 


8. Hence it may appear, how many ways the Letters of 
a Name or Word, (ſuppoſing them to be all ſeveral,) may be 
differently diſpoſed by by way of Anagram, (out of which 
thoſe that are of uſe may be ſelected, negleftiog the reſt,) 
by art. 6. For Example, the Word ROM A, (conſiſting of 
four different Lenters) = admit of N 9 21K 2 X 
3 X 4+ 


Roma 


arom 


orma mroa 

roam ora m mrao . armo 
rmoa omra more aorm 
rmao omar moar ” aomr 
raom oarm m ar amro 
ra mo oamr maor amor 


Of which (in Latin) theſe ſeven are only uſeful ; Roma, 
ramo, oram, mora, maro, armo, amor, The other forms are 
| . as affording no Latin Word of known ſignification. 


oh But in caſe ſome one or more of the Leiters do occur 
more than once, the Number of Alternations fo found as be- 
fore, muſt be divided by ſuch Number or Numbers as ſuch 
repetitions do require: Namely, if the ſame Letter do twice 
occur, we are to divide by 2; if three tienes, by 6; if four 


uümks, 


Agar Port by John Wallis. 23% 
times, by 243 and fo onward, according to the varieties 


that ſuch a Number is capable of. For, if the Letters a and 


þ be reputed for the ſame; then, whereas (the reſt remaining 
as before) ab and ba would every where afford two varieties, 
they are in this caſe to paſs for one, and therefore the Number 


of caſes will be only half fo many as otherwiſe they would 


be. In like manner (the reſt remaining as before) abe would 


every where (according as they may change places one with 


another) afford fix varieties; but in cafe the three Letters 
a, b, c be conſidered as being all the ſame, or as being a, 
a, a, theſe Six caſes muſt then 
like manner, if abcd be ſeverals, they afford (the reſt re- 
maining as before) 24 varieties; but, if the ſame, theſe 24 . 
muſt paſs but for one: And the like in other cafes. And, 
if more Letters be ſo repeated, there muſt be for each of 
them ſuch diviſion. JT, | | eg. 
For Example, the Word MESSES having 6 Letters, if 


they were all different, the Alternations would be 720 = 


IX2X'3 X4X 5 X6. But becauſe the Letter e comes twice, 


that Number is to be divided by 2. (For if inſtead of ee, 


we put en, then me55ns and mns5es would be two forms, 
both which are now Co- incident in messe: And ſo every 
where.) Again, becauſe the Letter s comes three times, we 
are (for the like feaſon) to divide by 6. (For if thoſe three 


were three different, they would in every poſition of the reſt, 


afford 6 caſes, all which ate now Co- incident in 55s.) And 
therefore, (becauſe both happen, ) 720 being divided by 2, 
and again by 6, the different varieties will be 2 = 60. 


paſs but for one. And in 5 


meesss 
mesess 


meet 


messse 
mseess 
mseses 


msesse 


mssees 


mssese 
msszee 


emesss 
emsess 


emsses 
emssse 
eemsss 
eesmss 
eessms 


eesssm 


esmess 


esmses 


esmsse 
esemss 
esesms 
esessm 
essmes 


essmse 
essems 
essesm 
esssme 
esssem 


smeess 
stneses 
smesse 
smsees 


smsese 


stnssee 
semess 
semses 
semsse 
geemss 


seesms 


Scessm 
sesmes 


sesmse 


sesems 


sSesesm 


SeSSMme 
sessem 


ssmees 


ssmese 


ssmsee 
SSemes 
ssemse 


SSEEMMS 


SSEESIM - 


ssesme 


ssesem 


SSSIMCE 


- 
4 4 
* 
* 


Of 


Of all which varieties, there is none beſide-messes itſelf, 
that affords an uſeful Anagram. (EDO, 2 
In like manner we may ſhew, that the Letters abbcccdddd 


8 - 6 = | 
will admit of 12X2X3X4X5% X7xX8X9X 10 ae 


| 2X6 x24 = 288 85 
ſeveral varieties: And abbecdd, of, IX2X3X4%5X6X7 = 5049 


2X2X2 =B8 
= 630: And aaabbccec of 2X2X3X4X5x6Xx7x8 = Jogzo _ 
_— Jo " 6x2x6= 72 1; ws 


560. And the like in other caſes however varied. 


10. The converſe of this, is of like uſe, when what was 
conſidered but as one and the ſame ſeveral times repeated, 
comes afterward to be diſtinguiſhed. For then the Number 
before found, is to be ſo ot Multiplied as the Number 
of things ſo diſtinguiſhed ſhall require. 


As, in the Word messes before mentioned, where 5s are 
conſidered but as one Letter thrice repeated, and ee as the 
ſame twice repeated, the Number of different poſitions is 60 ; 
bat if 55s be diſtinguiſhed as three ſeverals, and ee as two 
ſeverals, the Number of all will be 60 & 2 = 720. 


Thus Vaſſius, Cap. 7, De Scientiis Mathematics, tells us 


Rex, lex, ſol, lux, dux, fons, mons, ſpes, pax, petra, Chriſtus. 


which (conſiſting ords) may be turned (abſolutely) 
39,916,800 wa ſo as to preſerve the Rules of an Hexa- 
meter verſe, be Mrned 3,628,800 ways, he ſhould rather have 
ſaid 3,265,920. That is, the 9 Monoſyllables (which may 
promiſcuouſly take each other's place) 362,880 times; and 
Chriſtus is capable of 9 (not 10) different poſitions; that 
is, in the firſt, ſecond, third, fourth, fifth, fixth, ſeventh, 
eighth, (but not in the ninth, and tenth,) and in the laſt 
place; (and petra confined, by the nature of the veiſe, to 
the place next before the laſt ſpondee.) That is, 362,880 x 9 
= 3,265,920 ways: i 5 


1 | FCA... He 


LO 


 Miquit Paris, - by John Wallis. 289 
Ile ſays alſo that the verre 
= of tibi ſunt dotes, virgo, quot fidera cælo; 


may be turned abſolutely 40320 ways; and, ſo as to pre- 
ſerve the verſe 1022 ways; which is very true, (and I have 
been told, of ſomebody, who, in praiſe of the Virgin Mary, 
had made a Book of that verſe turned ſo many ways, which 
was wont to be reputed the Number of the Fixed Stars, ac- 
cording to the ancient Catalogue of them.) But it is true 
alſo, that it may be turned many more ways than ſo, and 
yet preſerve the verſe true: Namely, 2628, retaining the 
quantity of the laſt Syllables in 714i and virgo as before; and 
468, Changing their quantity in virgo tibi. That is, in all. 


zog ways. As will appear by the Scheme adjoyned, and 


the brief Explication, (or Demonſtration) of it : which 1s 


thus to be underſtood. 


Tor, ſunt, quot, which may promiſcuouſly ſupply each 
other's place, are (in verſe 1; 2, 3, &c,) ſet down only in 
this order, and ſo paſs but for one. cafe ;; but are capable of 
ſix varieties; which caſe I call «a = 6. And the like for do- 
tes, virgo, cælo; which caſe 1 call } = v. And again, tot 
tibi may change place with fdera; which caſe I call c="2: 
And, becauſe all theſe happen in verſe t, the varieties thereby 
repreſented, are abc = 72 = 6x 6X2. And ſo of the reſt, 
as the Scheme directs. 2 ad 2 


1. Tot tibi ſunt dotes virgo quot fidera cælb. abt = 72 


2. 10 quot vir go | abcd= 144 
3% | quot dotes 15 ace 21152 
4. dloles ſunt virgo quot abf = 144 
5. ſunt dotes quot virgo tibi agb = 180 
„e e quot; deter. e , ͤ a, =.984 
; „ virgo tibi . 0, 25 +234. 
8. gdetes tibi ſunt virg quot, © „ „ at 0 
18 | LAT virge _. 2 =. 108 
10. unt virgo quot fil: *' ablm 144 


virgo tibi 2628 
os 11. Virgo 


| fore both together, add an Octuple, or Multiply by 9.) 
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11. Virgo tibi tot ſunt dotes quot ſidera calo. an = 36 
12. | | quot dotes =. 36 
13. 8 Aotes ſunt quot 40 = 36 
I4. Tot ſunt virgo tibi dotes 8 
15. Jauot dotes an = 36 
16. dotes virgo tibi quot 38 
5 Tot dotes ſunt © | 8 
18. ſunt dotes ſidera clo virgo tibi quot aq = 144 
19. dotes ſunt 5 apr = 24 
20. cælo ſunt ſidera #6. 4. Ws 
21. fidera tot dotes ſunt cælo | 4 
22. cælo ſunt * ap = 12 
43. 307" * apr = 24 


virgo-tibi 168 
tibi virgo 2628 


— 


| 235096 
Tot, ſunt, guet, a= 6. dotes, virgo, calo, 5 = 6. 
tot tibi, fidera, c 2. tot tibi, virgo, 42 2. 
Tot tibi, ſunt quot, dotes, virgo, cælo; e = 120 — 24 = 
120 X 4+ = 96. | | Y 


(Becauſe tot tibi cannot ſupply the place of cælo, as of the 


reſt.) Tot tibi, dotes, f = 2. Tot ſunt, dotes, virgo, cælo, 


g = 24. Quot tibi, ſidera, k == 15+ 


| (Becauſe when tf ſunt, or its Equivalent ſunt quot, comes 
next before tibi, which is a. fourth part of the caſes con- 
tained in g, then will guot tibi, change with fidera; which 
adds + of what was before.) Lot ſunt, (and ſunt quot,) do- 


tes, virgo, cælo, i = 9, 


| (Becauſe dotes, virgo, cælo, contained in 3, may each of 


them change with f ſunt, which Multiplies by 4, or adds a 


Triple to What was before, as at g, and + of that Triple, or 
+ of that Quadruple, as at h; that is, it adds a Quadruple 

or Multiplies by 5: And again, each of them with ſunt quot, 
which, for the ſame reaſon, adds another Quadruple : There- 


Dotes, 


Ae Parts, by Jobn Wallis.” 2597 
Dotes, ſunt quot, virgo, cælo, k= 245 6 D218. 


(Becauſe, if ſunt quot ſupply the place of dotes, it will be 
Co- incident with ſome of the caſes of ver. 3.) od So 


Duet tibi, fidera, e 2. 


tot ſunt, dotes, cælo, n = 6. jg 3 N 3 bb Fora 8 
Aaotes, cælo, Þ 2. 2 pF. e nn 
fidera, cælb, AVE. ſunt, dotes, fidera, cælo, 224. 


I will not be poſitive that there may not be ſome other 
Changes: (and then, thoſe may be added to theſe:) Or, that 
moſt of theſe be twice repeated, (and if ſo, thoſe are to be 
abated out of the number:) But I do not, at preſent, diſ- 
cern either the one and other *. N 


2 r r 
— — — — 


— 


CHAP. III. 
Of the Diviſors, and Aliquot Parts, of a Number propuſed. | 


— — — 


1. BY Number, I here underſtand only Integer Numbers, 
as I, 2, 3, 4, 5, &c. Not Fractions, as 2, 2, 4, +, &c- Or 
Ck 1 275 375 &c. ch leſs Surds, as V2, V 5, 
2. By the Diviſor of a Number, I here underſtand, ſuch 
Integer as doth meaſure ſuch Number; that is, being once 
or oftener taken doth equal it. So, of the Number 6, the 
Diviſors are, 1, 2, 3, 6: Becauſe 6, once taken; and 3, 
twice taken; and 2, thrice; and 1, ſix times taken; do 
equal 6. | Cs OE 
1)6(63 2)6(3.; 3)6(2; 6)6(1. 6 = 1x6 =2X3 = __ 


* The number of all the poſſible variations.of the words in this Heza- 


meter Verſe, without deſtroying the meaſure of it, has been inveſtigated with 
R by Mr. James Bernouilli, in the ſecond part of has excellent 
Ws 


catiſe, De Arte Conjettandi, and is there found to be 3312. See above, . 
pages 8, 9, and 10. gs 
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3. By Aliguot Part of a Number, 1 underſtand ſucli a 
Diviſor as is leſs than it. As of 6, the Aliquot Parts are 1, 
2, 33 but not 6. For, though 6 he alſo a Diviſor of itſelf, 
yet not an Aliquot Part; becauſe the Word Part implies 
{ſomewhat leſs than the whole. 


4. The Number of Aliquot Parts, therefore, is always lefs 
by one than the Number of Diviſors. Becauſe all the Diviſors 
except one, are Aliquot Parts; all the Aliquor Parts are 
Diviſors, and there is likewiſe one more Diviſor of the Num- 
ber, to wit, the whole Number it(clf. 


5. So that, the Number of Diviſors being given, the Num- 
ber of Aliquot Parts is given alſo. And contrarywiſe; if this, 
then that. As, of the Number 6, the Diviſors being 4, the 


Aliquot Parts are 3, (that is, 4 — 1.) And, theſe being 3, 
the Diviſors are 4 = 3 + 1. | | 


6. It is manifeſt, that the Number 1, hath no Aliquot Part, 
and but one Diviſor, that is 1. Becaule there is no Number 
leſs than itſelf that may be a part of it: But it meafures it- 
ſelf; and therefore is its own Diviſor. | 


7. Any other Prime Number hath one Aliquot Part, and 

Two Diviſors. For a Prime Number, we call, ſuch as is 
meaſured (beſide itſelf) by no other Number but an Unit. As 
2, 3, 5, 7, 11, &c. Each of which are mealured by 1, 
and by itſelf; but not by any other Number. And hath 
therefore 2 Diviſors, and 1 Aliquor Part; but no more. 


8. Every Power of a Prime Number (other than of 1, 
which here is underſtood to be excluded,) bath ſo many 
Aliquot Parts as ate the dimenſions of ſuch Power; and one 
Diviſor more than ſo. As (ſuppoſing a, &, c, &c, to be ſo 
many Prime Numbers ;) @ hath two diviſors (1 and 4;) 4“ 
or aa hath three, (1, a, a;) 4, or aaa, hath four, (I, «, 
aa, aaa ;) and ſo of the reſt. That is, the Number of Di- 
viſors is one more than the Number of Dimenſions. Becauſe 
1, and all the Degrees of ſuch Fower (not higher than itſelf) 
are Diviſors; but not any other Number, if à be a Prime. 
That 1s; one more than the Number of Dimenſions: Of which 
the greateſt Diviſor (being the whole) is not an Aliquot Part ; 
1 EE — 123 


— kd hd had „ 
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and therefore the Aliquot Parts are juſt ſo many as are the 
Dimenſions. Thus of 8 (the Cube of 2) che Diviſors are four, 

(1, 2, 4, 8;) the Aliquot Parts are three, (1, 2, 4;) Of 8c 
(che Biquadrate of 3) the Diviſors are five, (1, 3, 9, 27, 
81;) the Aliquor Parts are four, (1, 3, 9, 27,) juſt ſo many 
as are the Dimenſions. That is, (of ſuch Biquadrate) the 
Diviſors are 1, a, aa, aaa, aaaa; the Aliquot Parts 1, a, aa, 
aaa; and fo every where: For, though the higheſt Dimen- 
ſion came not into the Number of Aliquot Parts, yet 1 being 


ſupernumerary, makes the Aliquot Parts juſt as many as the 


Dimenſions. 


9. If a Prime Number, or any Power thereof, be Multi- 
plied by any other Prime Number, or any Power hereof; 
the Product hath ſo many Diviſors, as is the Number of Di- 
viſors in That, Multiplied by the Number of Diviſors in 
This; and, therefore, the Aliquot Parts fewer by one than ſo. 
For Example: Let a, &, be two different Prime Numbers, 
(ſuppoſe 2, 3;) and certain Powers thereof, as ad, , (that 
is 8, 9,) the Product 4¼, (that is, 72 = 8 X 9.) Now 
for as much as the Diviſors of the former 1, 4, aa, aaa; 
(that is, 1, 2, 4, 8,) divide 43 (that is 8 ;) not only theſe, 
or (which is the ſame) every of theſe Multiplied by 1; but 
alſo every of them Multiplied by 2, and by 26, (that is by 
3, and by g,) will divide 4*5*. That is, every of the Di- 
viſors of a, Multiplicd into every of the Diviſors of &* ; will 
divide 40 8 vp 


33 © 18 
89 The Diviſors of 4? 
as 4 „ Multiplied by 1. 
f nates * 
3 3 "oh : 1 F F 
ab 6 | The ſame Multiplied. 
ach 12 [® by &, : BR ox 
aaab 24 | 
abb 18 , The ſame Multiplied 
aabb 36 by 0. | | 
aaabb 72 * 
122 4&3. 
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The Number therefore of all; is the Number of 1, 4, aa, 
aaa, (that is 4,) ſo many times taken as is the Number of 
1, 6; bb, (that is, 3 times;) That is, 4 X 3 = 12: The 
Number of Diviſors therefore is 12; and of Aliquot Parts, 


11. 


10. If a Product made by the Multiplication of different 
Prime Numbers, or of their Powers by one another, be 
further Multiplied by another Prime Number different from 
every of . The Number of Diviſors in this new Pro- 
duct, will be ſo many as is the Number of Diviſors in that 
firſt Product Multiplied by the Number of Diviſors in the 
new Multiplier. ho | 

For Example: The Number of Diviſors in the Product 
but now mentioned @*#?, is 12; (as is already ſhewed:) if 
therefore this be Multiplied by any other Prime Number, 
as c (fuppoſe 5;) different from a, 5; (whoſe Diviſors there- 
ore are two, 1 and c;) the Diviſors of the Product &*F*c 
(that is, of 72 & 5 = 360) will be 12 x2 = 24. Namely, 
all thoſe (before found) which divided 4˙, will alſo divide 
act; or (which is the ſame) all thoſe Multiplied by 1 
(which is one of the Diviſors of c;) and the ſame alſo Mul- 

tiplied by c, (which are as many more ;) and therefore both 
together are twice as many ; that is, 12 X2 = 24. Namely, 
I, a, aa, aaa; b, ab, aab, aaab; bb, abb, aabb, aaabb; c, 
ac, aac, aaac; be, abc, aabe, aaabe; bbc, abbc, cabbc, aaabbc. 

T'Hot--4, 3s. bo 4+. 5. 05-21% 2$5--96:3$, 36:34 5 
IO, 20, 40; 15, 30, 60, 120; 45, 90, 180, 360. 

And if, for the new Multiplier c = 5, where taken cc = 
25, or ccc = 125; (the Number of whoſe Diviſors are 3 
or 4;) the Number of Diviſors of the Product 4**, or 
a, would (accordingly) be 12X 3 = 36, or 12 X4 = 48. 
(And, in like manner, for any other Power of c.) For now 
not only the Diviſors of 4 Multiphed, by 1, and by c; 
but the ſame alſo Multiplied by cc, (which is a third time ſo 
many,) will be Diviſors of 2; and the fame Multiplied 
by ccc, (which is as many a fourth time,) will be Diviſors 


of &Þ*, 


1 
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e e e ee ek en 
* 1 „ge, 80 d cc 250 
aac 20 by aace 100 4 aaccc 500 4 


3 
aaabc 120 eaaabcc Goo aaabecc 3000 
bbe 45 bbec 225 bbcee 1125 
abbc abber 450 abbece 2250 
aabbe 180 aabbec, gooſ® aabbeee 4580 . 
e lh ee 360 aaabbce 18000 9000 
1 12 132 
. 12 x4=48 no 


The Se within ke manner ba ſhowed, if this new: oo 
duct 4 (whoſe Diviſors are 24,) be further Multiplied 
by d, or dd, &c. Namely, the Diviſors of 4**cd will be 
44% = 48; and, of alhcd“, 24K 3 = = 72. And ſo for- 
war 


Or (which comes to che ſame paſs) if 420. (choſe Diviſors 


are 12 =4 X 3,) be Multiplied by cd, (whoſe Diviſors are 


='2.X 2,) or by cad; (whoſe Diviſors are 2X 3 = 63) 
r then will the Diviſors of ad be 12X4= 48; and of 
ed, 12 & 6 = 72; as before. 


And in like manner, the ſame will hold, how many ſo⸗ 
ever Prime Numbers, and what ever Powers of ſuch Primes, 
be ſo continually Multiplied; provided * (Which is 
heedfully to be attended, ) that loch Primes 45 „ - 4 c, 
be all 8 each from other. : a 


. any Number however Compounded, we further | 
multiplied by any of thoſe Primes of which it was before 
Compounded, or by any Power of ſuch Prime ; the Num- 
ber of Divifors thence ariſing, will be fuch as would have 


been by advancing that Prime ſo many Degrees higher, as 
is the Degree of ſuch Multiplier. 


As, for inſtance, if c, 4, were the ſame Prime; then i in- 


ſtead of cd, whoſe Diviſors, if different, would have been 


e 
- 
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4=2X2, (1, c, d, cd,) we are to take cc, whoſe, Diviſors 
are but 3, (1, c, cc,) becauſe , d, which would otherwiſe 
have been two different Diviſors, are now but one and the 
ſame. And accordingly, the Diviſors of a, that is, (be- 
cauſe c = d,) of ah, will now be (not 12 X 4 = 48, as 
before,) but 12 & 3 = 36. So if ac be Multiplied by 
d, and 4 = . For then abc is the ſame with a; 
and the number of Diviſors (not 4 x 3 X2 * 3 = 72, but) 
4X5 X'2 = 40. And the like in other caſes, as is of it- 
ſelf manifeſt, - „ 


12. And, univerſally: Fa Number be made, by continual 
Multiplication of hyw many ſoever Prime Numbers, (different 
each from other, ) or of any Powers of ſuch Primes : The Num- 
ber of Diviſcrs of ſuch Compound Number, is Compounded (by 
continual Multiplication ) of the exponents of the Degrees of ſuch 
Primes or their Powers ſo Compounded, increaſed (each of them) 

by 1. And ſuch Number of Diviſors, wanting 1, is the Num- 
ber of Aliquot Parts. (Which Theorem contains the main 
ſubſtance of the Doctrine of Aliquot Parts. 5 

As, for the Number @*#*cd ; the exponents of the Degrees 
or Dimenſions of the Primes a, 3, c, d, are 3, 2, 1, 1; 
and theſe increaſed by 1, are 4, 3, 2, 2. Theſe, continually 
Multiplied, give us the Number of Diviſors 4 X 3 X 2 * 2 
= 48; and, of Aliquot Parts 48 — 1 = 47. (And, in like 
manner, for any other Number however Compounded.) As 
is evident by what is before Demonſtrated. | 


Hence we may gather the ſolution of the following 
Problems. ee 


13. Any Number being propoſed; to find how many 
Diviſors it hath; and, how many Aliquot Parts. 7 

Divide the Number propoſed (and the Quotients ariſing 
from ſuch Diviſion) continually, by Prime Numbers (or the 
Powers, of ſuch) according as it is capable, till we come to 1. 
And we ſhall thereby find, of how many different Prime Num- 
bers, and what Powers of 'them, the Number propoſed is 


Compounded: which being done, we haye the Number of 
7 : SA . OT 


„ 6%* 


- $65, ©... 3 > 


* 


goings g. 3 


age; y John dle | * 
Diviſ6rs, uy of * Paits, by the propotvion? fore- 


A 


As for Fasel Let the Number 0 propofia be 59401 ; 


we ſhall find, upon Tryal, that it may, be diyided.by 2, 


twice; hy 3, three rimes ; by 5, nee: (by 74. not at; all 3 


and by, 11, once. 26) 2 $6 8 Ann 8 Wan * 


1105030303) 2) 2) 5940(2979(1485(495(365(55(17 ict 
And may therefore be thus deſigned, a; where a, &, 


c, and d, denote the Numbers a, 3, 5 and 11, reſpectiyely, 
aud the ex nents of 4, J, c, d, are g, 3, 1 1 and the 


i, are 3. 4 2 23, which! continually, mull» | 


plied, are N. „4x AN 48. 88250 herefaxe, (by the 


propoſition foregoing), are the Numbe Him; and 47 
the Number of. Aliquot Parts. 1 8 0 aονα⁰ον Ac 


N W S: lei * MI | 
14. Any Number being ro = 15 TY wha, the 
Diviſors, and the Aliquot ee yo - : FOR vzd 
Fult find (as in the preceeding article) of * Paige 
Numbers, and what Powers of them, the Number propo 


is Compounded. Then, taking any ane of thoſe 'rime 1 


bers to whatever Degree it be advanced, ſet dowe. i in order 
all the Diviſors of ſuch Degree. Then Multiply every of 
theſe by every Dear“ ſuch Degree as ſome other of thoſe 
Primes is advanced to. And every of the Diviſors hitherto - 
found, by every Diviſor of the „ to which a third 
Prime is advanced. And all theſe, by. thoſe of a fourth; 
and ſo onward, if yet there be more Primes. (In ſuch 
manner as is to be ſeen aboye- In art. 10, And the Num- 
ber ariſing from all thoſe Multiplications, is the Number of 
the Diviſors of the Number propoſed: And all theſe Di- i; 
viſors, except itſelf, are the Aliquor Parts of it, 5 
e _ Bede =8 


29 1 


wel bl che Divifors * 5 S9; e are * b, Ul 7 
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Hail LT; 9 4 1 . e * 4 „ 
ab ab ab 3 6 12 24 
| 9 18 36 72 

„ 10 20 4 

abc. aabc | aaabc. 15 30 60 120 

abbe aabbc aaabbc 45 go. 180 360 


Sha Tags 
TR 
s 
|: 
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And in like manner we may proceed, whatever Number 
be propoſed, and howſoever Compounded. 


But the ſame may alſo be done in divers ather ebe 
(for we are not confined to proceed always in the ſame 
order,) which in the reſult will be the ſame with this. Pro- 
vided always, in whatever order we proceed, that we be 
ſure to take all the Prime Numbers, that are Ingredients of 
ſuch Compound, with all the Degrees of them, and all the 
poſſible Combinations that may be made of them, not ex- 
| "ceeding (in any) the Number of Dimenfions which they 
have in the Compound. And, that we may be ſure not to 
miſs any, it will be convenient to proceed, if not in this, at 
leaſt in ſome other regular order, that we may know when 
we have all. And ſome other forms of A we may after 
have occafion to mention. 8 


To find a Number, which thall have juſt G man 
Diviſors, or ſo many Aliquot Parts, as is propoſed : FI 
in how many forms the ſame may be had ; an the leaſt in 
each form ; or the leaſt of all, that may have fo many. 


The Number of Aliquot Parts propoſed, increaſed by 1, 
is the Number of Divitois. This Number, we are to con- 
nder, how many ways it may be expreſſed in Integers; 
Whether by one alone, or by the Muliiplication of two or 
more: (As is to be after ſheved in art, 17, 18.) And, as many 
ways as this may be done, ſo many forms there are of Num- 
| Irs which have juſt ſo many Diviſors: Namely, for every 
of the * * by which ſuch Number is to be expreſſed, 
lo many di erent Prime Numbers are to be aſſigned ; and 
ſuch Degrees. or Powers thereof, whoſe exponents are leſs by 
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hoſe Powers or Degrees, (continually multiplied, if there | 
be more of them.) will ave ſuch Ninnber of Diviſors as 


is required. * 


As for Examble: 17 a Number be required. which at 
have 99 Aliquot Parts, or, (which is the ſame) 100 Diviſors. 
This Number 100, may be expteſſed by Integer (bole, 
or multiplied into one another,) nine ſeveral ways: 100, 
= 5X 2 25 X 4 25 X 2 * 2 20 & 5 


10 10 KN NENA NN 21 And 


ſo many ſeveral forms there are of Numbers which ſhall 


have 100 Diviſors, or 99 Aliquot' Pans. a if (for | 


every of the forms wherein the Number jr >" 
too may be ſo deſigned) we take fo many 5 e 4 5 


different Primes, as there are Integers in Wy ab 
ſuch deſignation; and each of them ad. 23 a © 
vanced reſpeCtively to ſuch Degree whoſe 2 SX2X2 *r: 
exponent is leſs by one than the Integer a2o0ong 42 

t repreſents.” As 4, 4, , ar, 10% 4 


4, abe, a, , a*b*%d; whatever 10¹ ze 9% 
be thoſe Prime Numbers a, b, e, d, diff. sg det 
ferent each from other. (As a 5 evg ed 
from art. 12.) But not any de X- 2: n. 
As may be thence ſhewed, in caſe any hw Gras be aig 
ed. As, for inſtance, if any form be aſſigned wherein (what 
ever be the other Ingredients) there is the bare Square of a 
Prime Number, (ſuch as in none of theſe appears) as „. 
For whatever be the Numbet which the reſt of the ingre- 
dients deſign, that Number (becauſe-of 'e*) is to be Tripled 
(by art. 9.) But 100 is not the Triple of any Integer (as 
not being diviſible by 3 :) And therefore cannot be ſo de- 
ſigned. And in like manner may he ſhewed, (with ſuch 
variation as the caſe ſhall een, 1 _ 
form, different from thoſe aſigned. 

Now. for finding the leaſt Number in each ſora det 
wall have ſo man) Diviſors.; no more is to be done, but 
for a, ö, e, d, &c, or ſo. many of them as occur io each 
form reſpectively, to take ſo, many of the ſmalleſt Primes, 


_ 


2, 3 $3.17 5 KC. And, of theſe, ſtill to aſſign the lefler for 


that which is to have the er Number of Dimenſions. 
1 | 2 Qz (As 


300. „ nnn ss | 


G of ule mani fa dg for he. form Sts it is mani. 


a e 5 umber muſt 
52 bel 85 e . Fr. - 25 Ge 3. 25 1, or any 


th ee And, (ſuppoſing thoſe three to be taken, 
K mac needs be if we Aten . 5 . 


= — 
than i e A En tech a W otherwiſe.” pee in FM 
comp tion, 4 i oftetier be Fepeated * chan , and b 


TY 6. 8 
en it appear 2 Ww at i 6 al nd 1 
' fily. It. upon 9285 which * che leaſt of 45 
) ip he, preſent, cle, . putting, 4 = 2. f , . 
= 7 It is ealy to judge that. af d, that. is, 16 X 81.X, 
5 5 5 4360, is the. ſmalleſt pumber. that can have 100 
iviors. For it is to 40. 6358 J S 75, io cf 9. And 
it is, to aL 3 as d = 7, t0.4.= 32: And, 10.097 ', as cd 
= 952 t& 4 = 7776.7 And ſo of. the reſt... | 
And, for che moſt; part thoſe: are the. ſaller 8 
wherein more Primes be ingtedients? than where fewer 
Primes, but in higher Degrees; a8 45 = 2. XK 3 55 is lets 
than 5 is; though each of them have four Diviſors. 
But it is: not ;always::{01;; for = x 3 = 24, is leſs 
than abc = 2 X 3 N 5 zo; (though the number of 
Dixiſors be eight in each.) For here one Degree of a 
greater Prime c n ene wh: NOPE © of a 
e eee 103-21 eee endende 1 | 
* 2 {+ 4.30 3% ©: way 10 2110 | x 
It appears moreover, That, bes — of 
Diviſors is odd, — dhanabes is a Square: And, contrary- 
wiſe, of every Square Number, the number of Diviſors is 
odd. And, of every Non; quadrate Number, tbe number 
of; Diviſors is even: And, uherever the number of Diviſors 
is even, ſuch Number is a Non- quadtate Number. 


For every Diviſor divides the Number propoſed by ſome 
other Diviſor; *(whereof "when one is the Diviſor, the other 
— v9 except only the Square Root, (where the 
Diviſot and tient are the ſane.) Alf other Diviſors 
| therefore go by couples, aud make an even Number: To 
which when the Square Root is to be added which is the 
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* ferent ways it may be deſigned by Integers ; ; whether ſingly 
n or by by wh continual . Multiplication of more than one. 

$ find out (by art. 14,) what are all the Diviſors,of 
. * propofed. Number. Theo, conſidering them all Gogly, 
$ (beginging at the g's reiteſt and ſo proceeding to. 1 
f whe by. keeping ſuc h order, we may be the more fure 

a to miſs any ;) inquire, what Number doth. with eve — 5 
A theſe compoſe the Number propoſed ;. and if this chance wo | 
; be a Compound, let this in like manner be r.. 
ö ſolved into its Components, (and ſo onward as 360 

f long as the Component is itſelf a Compound ;) 180x2. 

a whereby, having thus run through them all, we 120 3 

5 ſhall meet with all the ways whereby the Num- -.90X4. + 

iſ ber propoſed may ſo be debgned by Integers. goxaxa. 

[5 As for Example: Let ſuch Number pro- axĩõs 
; poſed, be 360; whoſe Diviſors (found by art. Go 
ne 14,) are 360, 180, 120, 90, 72, 60, 46, 40, 36, Go g 
er 30, 24, 20, 18, 15, 12, 10, 9, 8, 6, 57 4, 3, 2, 45:8 
ne 1, where we ſhall find the firſt defignation to be 45X4x2 + 
2 360, (or 360 1 5 Then 22 120 X 3, 2 
0 go x4. an ( ue. 2 = 2X2, go X 2 2. 409 

bo his 7 *. boX64. and (becauſe, 6, = 3Xa)., a; " 
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1 
aabbe 
aaabe > he. 

able 


5 4 


3 
3 * 8 % 
„ 
4 * 4 ? * 
- 
6 NX 
* : - Y OY 
\ * 
ab C LN 
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17. A Number TOY. propoled z to RY how many rr 


36x10 
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36x10 


\ 60X3X2. Then 458; and (becauſe 


36x5x2 = 4X2 = 2X2X2:) 45X4X2; 45 
30 * 12 2 x 2x 2. Then 40X9; and (becauſe 9 = 
goxbu2 3 K 3,) 403 * 3. Then 30 10; and 
30 * %eů (l becauſe 10 2 5X2,) 36 X 5% * 2. Then 
30x3*.x2 © goX12; and (becauſe 12 => 6 x2 = 4X3 
24x15 © e 3X2X2,) 30 Xx G 2, 30X4X3, 30 x 
24 3 N 2 * 2. Then 24 * 15, and (becauſe 15 
20x18 ' = 3X3,) 24X5X 3+ Then 20 * 18, and 
2CXx9gx2 ' "(becauſe 18 =g9X2=6xXx3 = Z3X3X2,) 
20 bEß2 ' 20X9X2,20X6X3, 20 x 3 X-3X2. Then, 
20XZXJX2 © (omitting 18 & 20, as being the ſame with 
18x10X2 20 X.18 ; and reſolving '20 = 10X 2 = 
18X5X4 © | $X4=5X2X82;) 18XIOX2, 18X5 X4, 
18x5x2X2  18X5X2X2. Then (omitting: 15 & 24, 
 15xX12xX3 as being the ſame with 24 x 15; and ſo 
13.83 every where when a greater follows a leſs, 
1K 4 as being had before; and reſolving 24 = 
z5x6x2X2z 12X7= 8X3 = 6X.4 = 6X2X2 = 
T5X4X3X2 AXZX2 = 3X2X2X2;3) 15X12 X2, 
15XZX2X2X2 | \I5X8X 4, 15X6X4, 15X6X2X2, 15 
2K 1x 221  X4X3X2, 15X3X2X2X2. In like 
12K 5 manner (omitting ſuch Combinations of 12 
17X$xX2. as have been already,) 12X (30 = 15X2. 
oe S )Ä 1OX 3, I2 x6 & 8, 12X5X3X2. In 
1Cxgx2x2 like manner, 10X (36 = 18X2 = 12 X3 
10 * ͤ Q ) 9X4, 19X9X2X2, io G&G, 10 
230xdbx3XZ GN 3X2, 10X4X3X3, io x Z XZ X2 

; JOX4XZXZ ; X2. Theng & (40 = 20X2 = 10X4 
10X X3ZX2X2 ==) $ as 9X5X4X2, 9XSX2X2X2. 

gde, Then 8 & (4 


| s | SE) X3X3: Then 6x 
* Nn r:  (6bo=) 1285 2, bX5X4X3, G5 X3 
9X3X2X2X2 © X2X2. Laſtly, 5X (72 =) 4x3Xx3X2, 
dE & © _ 5X3%R3R2X2X2." (The Diviſors 4, 3, 
6X6x 52 2, 1, afford no new caſes; becauſe every 
be e of them is lefs than g, and cannot without 
Ng , it, or ſome greater Number, make up 360.) 
$x4X3X3x2 Which forms (in Number 52) are al the 
Saz forms in which 360, may 1 


us be expreſſed 
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by dee And how, to every of theſe 5 a+ may 
fit fa many forms! of eme which ſhall have 360 Di- 
viſors, is before ſhewed in art. 15. Ms, for 5 * NK 
Xa 4 "def; And ſo of the reſt. 1% granted {vt 

But, 'why I have here omitted (for inflance) 5X72, 5 3 
368; 5$X24X3, SXI8N4, 5X18X2%2, 5X 12X6, 5X 
12X3X% 5$X9xX8, NN, SN , 6X38 3 
X 3, 5Xbx6X2, 5X6X4 Xs 5 5x 6X3X2X2, and ochers 
of like kind; the caule is evident: Becauſe, the Numbers 


72, 36, 24, 18, 12, 9, 8, 6, being greater than 5, all the 


Combinations which have cheſe ingredients were had before: 
For 5X72, is but the ſame with 72 X51 and ſo of the reſt. 
And it is ſo ordered all along, that whenever. a greater 
Number comes to follow a leſſer, we may know that that 
caſe was (or ſhould have been) had before. 


But it is no way neceſſary that we ſhould always 8 
this order; for the ſame will hold, in whatever method we 


proceed: provided \ we be ſure to rake them all, * whatever 
Mer. 


18. The ame allo may A thus bad, if the Namber'i it- 
ſelf (of Diviſors required) or the form thereof, be ſo ex- 
preſſed in Species, as it may thence appear in what form it- 
ſelf is Compounded of the ingredient Primes : As if we put 
abe, for the Number 360 = 2Xx2x2X3X3X53 or for 


any other Number which is Compounded of the Third De- 


gree of one Prime, Multiplied by the Second rl 
anotlier Prime, and this by a Third Prime. 
For, nder we are not by this directed how ti 
(ﬆ bed re) from the greater to the leſſer in a cohtinual or- 
der, (becauſe the Second or Third of a leſſer Prime, 
may poffibly De greater than the firſt of ſome greater Prime z) 
yet we may thus, Mooſe: in E e meet Wick 
them all. ONO ee BR A; 331% - 
And it will be then convenient e wich 'T,) 10 
take the 8 or Symbols, firſt kngly, one hy onef (as a, 
b, c,) in ſuch order as they follow in the Alphabet. And 


ä en by W ac, 1. &c,) and here, choſe 


Haig 


4 


x : I 


. 
$64 Of Cvnbinaiiins, Mlternations, and 


' thoſe that begin with 2; and ber age bs beten and 
this before ac, 1, &c; and then thoſe that begin with ; and 


- here (omitting a, as being the ſame with a which was had 
before,) beginning with 3b, or (in eaſe there be not a ſecond 


5) with #c, and ſo onward: And then by Threes, and Fours, 

and ſo onward as there is occaſion ; obſerying all along, as 
the caſe will · permit, the Alphabetical order, (that we may 
be the more ſure not to miſs any.) Placing always, over 
againſt each, the cotreſpondent Diviſor ; which doth, with 
it, conſtitute the Number propoſed. As, abet 9a, pur 
| Hog abbe, which, with 3 5 pr er . 


it N 


"ee "£9955 17 bt 
6 e eee 16 800 TY 
$544 ON6 e 3 Benden 
J.. »in cnn tt 
„ $1 145115566 ee 
a, e 4b | aa abbc By 
„ 2 Or thus rather, „ 2 
$* ac EIS, | aaac 
ot 11; OS; eee ge eh >; 
©] vl, fc 1 F £7 aa ＋ 1 bbc | To) {7 
40 "of * 1 : ae Geek 1; 090) 


| And en 850 kanye; ie ay pee 
rank, we meet with the ſame (in the cafe of à Square 
Number propoſed,) or, (if not a Square Number,) chat 
which. was next to follow, in the firſt rank. (As here, = 
aaac, we have abþ ; which was next to have followed. 
fark rank bad proceeded.) For, when we be come fo 4 
thoſe which were to have followed in the continuation of che 
Hef rank, do follow (in the ſame order, but going back 
ward,) in the r rank, till we come to the greatelt 


df all. . it: 226 70. 0 019% 4 36 Ir #1 hag 
A ES the Diviſors: in due order; 


ve may then ( -with the greateſt, and ſo procred- 
8 back ward to che compound * * 
: 5 


- 
5 " 
AS: j 2 2 
8 323 „ — "—Y 


NS 


wv ww 


Anpas- Parts, by John Wallis, 


which FAYE againſt it. (As cbbaas 360 ; 
chbbaaa, cbbaa x a, chaaa x b, chbaaxda 1802 
Kc.) And when that ſecond chagaxh 120 2 
Component is itſelf a Com- bbagaxc 72X5 
pound, we are to reſolve it chbaxas go _ 
into its Components; (as xa _ JOX2x2 
cha x aa, cha xa xa, &c,) and _ chaaxba 560 
ſo continually till it be reſoly- xbxa Go 
ed into Primes,  bbaaxca 36 1 öÄ 
When we haye thus diſ- xcxXa& 36 e 
patcheſl all the Diviſors ofthe caaa xl gyoxg 
latter rank (for till then, there xbxh aggqx3x3 
is no danger,) we are to take _ bagaxhc 24x15 
heed, that ſame of the Com- be 24x5;x3 
poſitions already taken, be not cbbxaas 4548s 
taken a ſecond time in an-  xaaxa a45X4x2 _* 
other order; and when they XaXAaKA A GREXAXA 
do ſo occur a, ſecond time, ebaxbaa 30 12 
ve are to paſs them by. And xhaxa gox5x2 
accordingly, when I come at xaaxh Jox4x3 
caa, I do not Compound this Xbxaxa - 30X3Xx2x2 
with the whole of ba which Bbagcaa 18x20 
ſtands againſt it; (becauſe  xcaxa 18xlox2 © 
this hath” been already con- Kaare 18x4x5 
fidered, and there joined in cr, 18x5X2x2 
all the Compoſitions that it 1 20X9x2 | 
is capable of ;) but with all bar 20e 
theſe; Components of 5  rxbxÞxa 20x3x3x2 
which had not before been baancbxa 12x15x2 
fully conſidered. And when xc’  12XIOX4 
come at ch: 1 omit, not kKbaxc 12K ⁹8s 
only the whole of baaa, (which xc © 12X5X3X2 
ſtands againſt it) but all the _ aaaxcbxb $X15x3 
Components of it which have ' © ech. gx x 
three Members, (becauſe not' | | | c,  $x5x3x3 
only. thoſe of Four, but even 0e 15x0x4. + . 
of Three Components, have ar , 15xX0x2x2.. 
been fully diſpatche —9 eee, 1 GX4XZX2 , 
"we tune at e S i eee ILSX3X2X2X2 


9 C 
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9898 
- 


viſors an 


. blxcaxas xe two cd And when 
K | gx10XIXx2 l come at ca, I omit caxdbrxag, 
Xaaxixa gxgx;x2 Kc, becauſe bb had been be. 
XcXaXING QXGX2X2X2 fore conſidered; And in like 
eaxbaxha 10x6x6 + manner, at ba, I omit all the 
xh 10x6x3*2 Compoſitions wherein cb, 3b, 
xaaxbx5 1n0x4*3X3 ca, were ingredients ; becauſe 
be 10x3*X3x2X2 theſe had been before conſi- 
baxbaxexa Gxbx5x2 dered. And in like manner, 
va Gνν at aa, and c, I omit all thoſe 


 xexbxax#4 bx3x3x2x2 of two Members which might 
aa ax5x3x3x2 be Compounded with them; 
exbxbxaxaxa gx . becauſe already had. As is to 
be ſeen in the order adjoined. 

And over ad the forms thus expreſſed in Species; 1 
have ſet the Numbers anſwering to them; which are the 
ſame with thoſe at art. 17, but not it the ſame order. Be- 
cauſe here I was guided by the forms of Compoſition, in di- 
recting the order; but, there, by the bigneſs of the Numbers, 
| Wie, chus laid the Foundation of this Doctrine of Di- 


Aliquot Parts; I ſhall pive ſome Examples of 
Operations d by them. 


Examples of the foregoing Operations. | 
— | 
of the Number 110,880: How many are the "= 


viſe.” and Aliquot Parts? And which be they ? 


The Number 110,880 divided, as is directed at art. 13, 
is reſolved into thefe Primes ; 2, 2, 2, 2, 2, 3, 3, 5, 75 11. 
And is therefore in this form See, 


; 2 5) 7)'3) 3) 2) 2) 2)2) 120880 (55440 (29720 3860 | 


(6939-(3465 (1155 (385 (77 (11 „ 


. Or! 1 might at fifſt cut off the Cypher; and, tor it ſet 
down two Diviſors 2, 5: And then, becauſe it is obvious 
to view, that 11,688 1s diviſible by 113 1 em next ſet 


down 11 for another Diviſor, (Becauſe by this means we 


come 


GR @ 2 


no 


— 
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come the ſooner to ſmall Numbers.) And then divide the 
Quotient 1008 by 2, and 3, as oft as I can; which dane, 

we ſhall have 7 for the laſt Diviſor. Or, I might have di- 
vided 11,088 by 9; (and for it ſet down two Diviſors 3, 


3:) For it is obvious allo to view that it may be fo divided 


becauſe the Figures put together without regard had to 
the places, (as is uſual in the proofs of Multiplication and 
Diviſion,) may be ſo divided; or, caſting away 9 as oft as 
may be, nothing remains; or, I may fo do, for the ſame - 
reaſon, with 1008; or, take any the like advantage for 
expedition, as the view ſhall direct. For it matters not, in 
what order we find the Component Primes, ſo we have 

The Number therefore appearing in this form ade; it 
is manifeſt (by art. 12,) that the Number of Diviſors is 
6X3X2X2X2 = 1443 and, of Aliquot Parts, 144 — 1 
= 143. And thoſe, (according to the method of art. 18,) 


are found to be theſe that follow. 


3 1 110880 aaaaabbede 
2 2 55440 aaaabbede 
5 3 36960 aaadaabede 

3 5 22176 aaaaabbde 

ae, 3 15840 aaaaabbee 

e 11 Iiooo aaaaabbed 
as 4 27720 „ aaabbede 
ab 6 18480 aaaabede 
8 18 11088 aaaabbde 
K. %%%%%h m 
ae 22 5040 aaaabbed 

23 * 12320 aaaaacde 
K. 1977. 4 
b4 1 | 5280 anagabce 
3 33% 3300 « + àaaaabed 
cd 35 3108 auaaabbe 
x08 2016 aagaabbd 
OE 1440 aauaabbe 
R 223800" aabbcde 
gab . , a = 9240 aaabcede 
1% DO EE" > "OT 


2 R 2 
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28 
44 


3960 


2520 
6160 


3696 


2640 


1680 


1584 
1008 
720 


2404 
1700 


1120 
1056 
672 
480 
288 


6930 
4620 


272 
1980 


1260 
3080 


„ 


1320 
840 
792 
504 


Of Combinations, Alternations, and 


aaabbrce 


aaabbed 


aaaacde 
auaabde 
aaaabce 
aaaabcd 


aaaabbe 


aaaabbd 


aaaabbe 


aaaaade 


- aaaaace 


aaaaacd 
aaaaabe 
aaaaabd 
aaaaabc 
aaaaabb 
abbcde 
aabcde 
aabbde 


aabbce 


aabbcd 
aaacde 
aaabde 


aaabce - 


aaabcd 
aaabbe 


aaabbd 


aaabbe 


aaaade 
aaaace 
aaaacd 
aaaabe 


aaaabd 


aaaabc 
aaaabb 
aaaaae 
aaaaad 
aaaaac 


agaaab. 


aaaad 


24 


aaaab 
aaaac 
aaaad- 


aaaae- 


aaabb 


aaabc 
aaabd 
aaabe 
aaacd 


adace 


aaade 


80 
112 


72 
120 
168 

264 

1 
440 
616 


3465 


1386 
990 
630 

1540 
924 


660 


420 
396 
252 
180 


459207 Parts, by John Wallis. 


32 
48 


BBcde 
abcde 
 abbde 
abbce 
abbcd 
aacde 
aabde 
aabce 
aabcd 
aabbe 
aabbd 
aabbc 
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The ſame, ordered according to the e of the Num- 
bers, will hang thus: 


O 6 S 


110880 
55440 
36960 
27720 


22176 


18480 


15840 
13860 

12320 

11088 


10080 


9240 
7080; - 
7392 

6930 
6160 


5544 


5280 
5040 
4620 
3960 
3696 
3465 


aaaaabbede 


aaaabbede 
aaaaabcde 
agabbcde 


aaaaabbde 


aaaabcde 


aaaaabbce 
aabbede 
aaaaacde 
aaaabbade 


aaaaabbcd 


aaabede 


aaaabbee 


aagaabde 
al bede 


aaaacde 


aaabbde 
aaaaabce 
aaaabbcd 
aabede 


| aaabbie 


aaaabde 
bbcae _. 


be 


310 


3360 


3168 


- 3080 
- + "KFFS 


2640 
2520 
2464 
2310 
2016 
1980 
1848 
1760 


1680 
1584 


1540 
1440 
1386 
1320 
1260 
1232 
1135 
1120 


10586 


1008 


990 
924 


880 


840 
192 
170 


720 


693 
672 
660 
630 


616 


560 
528 


50 


acaaabrll = 
aaaaabbe 


aaacde 
aabbde 
aaaabce 
aaabbcd 
aaaaade 
abede 
eaaaabbd 
aabbce 
aaabde 


_aanaace' 


aaaabcd 


kaauabbe 


ande 
anaaabbc 


abbade 


aaabce 


aabbed 
aaaade 


aaaaad 


2d 
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aaaaad 224 495 Bee 
Bae *31 -  * o a 
aan, 240 462  abde 
aabbd 252 440 'aaaee 
anabe 264 420 aabcd 
aaacd 280 396 aabbe 
aaaaabb 288 3833 
ande 308 360 ae 
bbcd 315 352 aaaaae 
abce 330 336 aaaabd 


20. of Numbers (for inftance) which have 12 Diviſors : 
To exhibit all the forms; and, all the Numbers in each 
form; not exceeding the Number 2048 ; (which 1s the 


loweſt Number of the higheſt form ;) according to art. 


15. 18, 
All the ways according to which 12 2 may be 3 by 


Integers (as in art. 17, 18,) are 12 = 6x2 = 4X3 = 


X2 X2: Which affords us theſe forms, a, ab, a, abc. 


And in each of theſe, the Numbers are as follow; being in 
all 211. 


* X 33 1696 
2048. 7 X 59 = 1888 
Oh: | N 61 ="1952 
3% 98 2437 1 466 
$3 N 160 A iz 
R . 224: X 7 = 1701 
N 23352 ab". : 
e Me N 6 
K 544 X 25 200 
19 5608 X- 19 =" 392. 
2 e 738 RN 968 
„ 29 © 928 N 196 = 1352 
* 31 992 27 1 = 108 
* 37 2 11384 X 25 =" 695 
X 41 = 1312 * 49 — 1323 
Xx 13 2 1376 125 X 4 = 508 
X 47 = 1504 X 9 = 1125 


343 


Ei, 
! 
1 
* 
' 
l 1 
. 1 
[ 
j 
s 1 
2 ' 
4 [1 
| ' 
I 
. 
[ 


: % a 
- * 
r 2 E 


Of Combinations, Alternations; 


— 


312 and 

3453 X 4 1372 4X5 X 7 = 140 
a bc. | | * 11 = 920" - 
4X XN 0 * 13. "260 
. * 17 =+ 340 

* 11 — 132 N* 19 380 

* 13 ˙ 1866 * 23 460 
X17 120 X- a . 390 

X 19 2 2328 20 
de 276 3 10 

X 29 = 348 ><. 41 920 

* 31 = 372 *. 43 = $60 

X 37 = 444 | X 47 = 940 

X 41 = 492 X "53 2 1880 
N43 =: 516 X 59 = 1180 

X 47 = 564 Xx 61 = 41220: 

* 33 036 K 0 2340 

X 59 = 708 * 71 * 1420 

* 01 = 732 * 73 =-1460 

X 67 804 X 79 1580 

X 71 = $52 X 83 = 1660 
M73 = 079 * 89 = 1780 

X 79 = 948 X 97 = 1940 

* 83 =-- 996 X 101 = 2020 

X 89 = 1068 4X 7 X 308 

X 97 = 1164 * 1 = 36 
Nen aa, Xx 17 = 476 

Xx 103 = 1236 X 2532 

X 107 = 1284 * 2 > 644 
X1og = 1308 * 29 812 

* 113 = 1356 Xx 17 = 868 

XR 127 524 X 37 * 1036 

X 131 1572 Xx 41 2 4148 

& 137 = 1644 X 43 = 1204 

X 139 = 1668 * 47 1310 
* 149 = 1788 N 11484 - 

X 151 = 1812 N 1652 

* 157 = 1884 X-045W854a 708 
X 163 = 1956 e 

X 167 = 2004 * 71 =-1988 


4- 


*  Aliquot Paris, by John Wallis.” 


- MW 
- 
ww 


4 „7 73 — 2044 
4K 11 X 13 = 572 
* * 1 748 
* 19 2 836 
„* 23 = 1012 
* 29 = 1276 
* 31 = 1364 
N = 1628 
* 41 = 1804 
«|: $0544: = 28009-! 
4X13 x 17 = 884. 
* 19 988 
X 23 2 1196 
„ 29. =, 1508 
N i 
X 37 = 1924 
1817 X 19 = 1292 
X 23 2 18646 
Nn 
4819 * 23 = 1748 
Nen e, e 
* 7 126 
„ N. 0 
N C4 =, 234. 
* 17,=, 306 
* 19 =.. 342 
* 23 =, 414 
X 29 =. 522 
K 31 =" 556 
X 37 =" 666 
X41 =, 738 
207.43; 74 
n 646 
X 53 F 954 
X 59 = 1062 
3 x 61 = 1098 
* 07 =" 1206 
* 7: =" 1278 
| — 2 


g 


8 
* 
— 


* 


1 
M4 43 
Us 


17 


r 


- oy 
, * 
\ 
3 A 


xXx xx xxx xxx xxx xxx 


2 8 


* 23 


1442 


1498 


160 
1746 


1818 


1854 
1926 


1962 
253% 


313 


495 


585 
765 


855 
1035 
1305 


res 


Shes 


1935 


693 
819 


1071 


1197 


1449 


168g 


1881 


1 98 9 
150 
350 


- 550 
5885 
850 


9 
1150 
9 29 = 1459 


} 


888 


314 

25˙ V 31 =" 1550 
* 37 = 1850 

a5 & 3 X 7 = £5. 
X II = 0256 

X 13 =, 975 
+2 3 1,36: 14-530 1275 
* 19:37] 1425 
* 23+ V' 1725 
* * 11 = 1925 
49X2 Xx. 3 294 
. Tos Nn 5. =. 499 
- 24 N Ft; x 1076 
2 X 13 = 1274 
Theſe 
thus: 4 

22 305 

5884 * 
2090 3909 
108 — 343 
126 380 
132 8 
140 364 
150 2 

135 360 
260 392 
198 414 Y 
200 416 
204 444 

224 45 
8 480 » 

. 234 490 

260 492 

e 


Of Combinations, Alternations, and 


49 * 2 K 19, = 
X 19 = 
49 * 3 * 5 = 
N 1; => 

* 13; 
IL1X2 X 3 = 
* 5 = 

VS 7 = 

121 X33 X 5 = 
169 * 2 * 3 = 
3 = 


289% 2 X 


1666 
1862 


735 


1617 


1911 
726 


1210 


1694 
1818 


1014 


1690 
1734 


digeſted according to their Sa order, ſtand 


516 
522 
525 


733 940 
730. 948 
2 >. 950 
748 908 
768 9735 
774 988 
884 992 
812 996 
is 
820 1014 
828 103 
836 £02 
8465 1060 
880 1052 
852 1068 
855 ,. 1071 
860 1078 
868 3 1098 
876 11235 
884 1148 
928 1150 


1164 


= an. i. «. 4 «a «4 «a 


1164 


1280 wm Tas | 1734 4 7 24628 
1184 1316 1364 1746 1 
1796 1323 1572 1748 1935 
1197. 1340 1580 1780 1940 
1204 1352 1602 1788 19522 5 
1206 1936 1612 1804 1953 
1210 1300 15627 1812 1956 
1212 . 137 1628 1818 1962 
1215. 13756 (644 1818 1972 
1220 1395 1652 1827 1988 
1236 1420 1660 1845 1989 
1274 1422 1665 1850 2004 
1275 1425 7 _ 1666 1854. 2020 
12750 1449 1668 1862 2034 
1278 1450 1683 1876 2044 
1284 1460 1690 1881 2048 
1287 1484 1694 1884 ae: 
1292 1494 1696 188 

1305 1504 1701 1892 
1308 1508 1708 1911 


" Miquot Parts ty wo 1 


1312 | 


of the Numbers that. are moſt convenient Cl the Purpoſe of 5 
. Large Quan lities into Ta equal. Parts, 


—— 


21, Thoſe Nunbers which {for the bigneſ of chem)! have 
the greateſt Number of Diviſors, and Aliquot Parts; have 
been wont to be made choice of, as moſt convenient for 
uſe ; eſpecially when chere may de . r of di- 
viding things ſo deſigned. 


Hence it is, that the Engliſh Penny ode into. Four 
Farthings, (and almoſt all things in Four Quarters 9 of a dif- 
ferent Name, ) becauſe there is often occaſion to divide into 
W. and hen again into halves. Hence alſo the Raman 
1 855 * Pound, 


9 665280 


277200 
332640 
498960 
554400 


* 


— 


of Combinations, Alternations, "and 


| 


. 
» 


becauſe it may 


Pound, (and that which we now 
call the Pound Troy Weight,) is 
divided into 12 Ounces ;- and 


the Engliſh Shilling, into 12 


pence; the Foot, into 12 Inches; 
the Zodiack, into 12 Signs; the 
Year, into 12 Montbs; becauſe, 
beſide the Diviſion into Quarters, 

it is further diviſible by 3. And 
for a like reaſon: Ptolemy (and 
others after him)-makes uſe of 
the Sexagenary diviſion, of In- 
tegers into firſt Minutes, or ſmall, 
or minute, parts of the firſt order; 
and of theſe, into Second Mi- 
nutes, or Seconds, or ſmall, or 
minute, parts of the Second or- 
der; and ſo onward : becauſe 
60 1s diviſible by 2 and 3, and 
likewiſe by 3. And the Chineſes 
(or Cathaians) Number their 
Years (and other things) by Re- 


-volutions of 60. After this; 360 


is looked on as 


conſiderable, 
becher divide 
by 2 and 3 once more: Which 


| h therefore 1s made the Number of 
Degrees in a Circle; admitting 


of 24 Diviſors. And if this be 
not enough, each of theſe is di- 
vided into 60 Minutes; (that is, 
by 4, 3, 5, once more ;) and 
theſe into Seconds, and ſo forth. 
And the Engliſh Pound Sterling, 


is divided into 20 Shillings ; 


which Number is diviſible by 4 
and 5, (as 12, the Number of 


Pence in a Shilling, is diviſible 


by 4 and 3;) which was ac- 
5 , counted 


counted more convenient than to make another Collection 
of Shillings by 12 ; becauſe this would not afford a diviſion 
by 5. So that now 960 the Number of Farthings in a 
Pound Sterling, is for the firſt ſtep (from Farthings to Pence) 
divifible by 4; for the ſecond. ſtep (from Pence to Shil. 
lings) by 4 and 3; for the third ſtep (from Shillings to 
Pounds) by 4 and 5. And (without taking notice. of the 
diviſion of Pence into Farthings) the Number of Pence in 
a Pound Sterling, 240, is capable of 20 Diviſggs z and, of 
more than ſo many, no Number is capable Gin is not 
greater than it. | 1 


1 


4 - . . 0 4 


— 


— 


Of the foregoing Table of Numbers in page 316. 


\ 


In purſuance of which notion, I have here Collected a 
able of all thoſe Numbers, which (of all not greater than 
themſelves) have the greateſt Number of Diviſors; (together 
with the Number of Diviſors in each of them, and the 

Form of their Compoſition;) as far as 665,280, which hath - 
224. Diviſors. All which (except 1,) are made by the 
Compoſition of 2, 3, 5, 7, 11, (which I call a, 5, c, d, e,) 
and the Powers of Se without admitting . any other 
| Prime. (But, if we would proceed to a greater Number of 
| Diviſors, we muſt, further take in f = 13.) And, of theſe, 
ſome are of that nature, that none can have a greater 
Number of Diviſors, which is not at leaſt the double of 
them, Such are 1, 2, 6, 12, 60, 360, 2520: But not any 


after theſe for a great way. {1h 


| 
; 
; 
1 


0 
4 
7 


zs Of Cimbinations, Altarnations, and ; 


| Of the Uſe of @ Table of Prime Numbers. 
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22. For reſolution of ſome of the Queſtions_above men- 
tioned, (as in art. 13, 14, 17, 18, &c,) it is very conve- 
nient to haygy at hand a Table of Prime Numbers: That 
we may know, by what Numbers to make trial of the Divi- 
fions therein directed. And, becauſe, in great Numbers, 
it would be tedious to make trial of all the Prime Num- 


bers in order, it is convenient alſo to know, by what Prime 
ſuch greater Numbers may be divided. 7 


In order to which, it is evident, in the firſt place, that all 
even Numbers may be divided by 2 ; and, if the Quotient 
of ſuch diviſion be even alſo, it may be again divided by 


2, and fo continually as long as the Quotient is an even 
Number. | | | 


It is alſo evident, in the ſecond place, that all Numbers 
ending in 5, are diviſible by 5; and, if they end in o, then 
by 2 and 5. And ſo continually, as long as the Quotient of 
ſoch diviſton ends in o, or 5. wat, 

It is known allo, in the 3d place, that, if the Figures 
of any Number 2 added promiſcuouſly (without re- 
garding the places wherein they ſtand) are diviſible by 9, 
for, caſting away 9 as oft as may be, nothing remains,) 
ſuch Number is alſo diviſible by 9. As in 29097; when 
(the Nines being left out, and) 2 + 7 = 9g being caſt 
away, nothing remains; whence we may conclude, tis di- 
viſible by g = 3 x g. And I add further, as a fourth ob- 

ſervation, (though I go not find that others have taken no- 
tice of it,) that the ſame holds alſo as to the Number 3: 
That is, from the Figures ſo promiſcuouſly added, if 3 be- 
ing caſt away as oft as may be, nothing remain, ſuch Num- 

ber is diviſible by 3; Otherwiſe, it is not. As in 530, 967; 
where, all the threes, nines and fixes being left out (as 
manifeſtly diviſible by 3,) the reſt 5 + 7 = 12; is ſo alfo, 

N (or, 


| it band. 


may be divided. 
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| 1 the ſame, 1 + 2 2 33) ſo that all the threes 


ing caſt away, nothing remains; whence we may conclude, 
that the whole Number is divifible enen not by: © (ax 


hiſt by 3. 


The ground. of this and the former. Obſervation, i is one 


and the ſame: Becauſe, the places increaſing in decuple 


proportion, if from 10, or any , Nufaber: of tens, we caſt 


away all the nines or all the threes, there remains 1, or ſo 
many ones. So that, in caſe of ſuch caſting away of nines 
and threes, 1 and to, have the ſame remainders; and ſo 2 
and 203 3 and 30, &c. And conſequently 15 10, 100, 


1000, &c, 2, 20% 80, 2000, &c. So that the ſame Fi- 
gute, as to VR. is of the ſame mlucage in whatever place 


23. m wy we wave at the end of Dr. Pelrs Algebra, 
(Tranſlated and Publiſhed by Thomas Branker, in the Year 
1668, with Dr. Pell's direQtions,) a Compendious Table of 
all odd Numbers (not ending in 5) as far as 100, ooo; 
ſhewing” N 40 which of them are Prime Numbers; but 
alſo by what eſt Prime Number e othet of them 


So that, Whatever Number be peopoſeg -haying divided 
it firſt by 2 and 5, (and if you will by 3 alſo,) as oft as 
may be, if it be capable of ſuch ing 2 : If che reſult of 
ſuch diviſion do not exeeed 100,000, 


that Table, by what Prime it may be next divided; and 


then, by what Prime to divide the Quotient of fuch Divi- 


ſion; and ſo continually, till we come to a Prime Number, 
The reaſen why, in that Table, he omits all even Num- 


1 and * Numbers n in 6, is obvious: to wit, 


Becauſe 


e have direction in 5 


W of 


"Becauſe it appears to view (without the help of a Table) 
that ſuch are accordingly diviſible by 2, or 8. 
Hie might, for a like reaſon, have omitted alſo all that are 
diviſible by 3, (becauſe this would preſently appear upon 
ſuch promiſcuous adding of the Figures as was but now 
mentioned;;) but thgt he could not well omit theſe, without 
difordering the Form of the Table. | | 
Now, becauſe, in ſuch Tables, it is of great moment that 
they be catefully Computed, and exactly Printed, (becauſe 
miſtakes therein are not eaſily obſerved and Corrected by 
the Readers Eye,) I have taken care to examine that whole 
Table very exactly, (in the ſame metid and with the fame 
pains as if I were to compute it anew;) and find that, 
though it had been Computed and Printed with great care, 

yet ſome few miſtakes (and but a few) have eſcaped the 
CorreQor's Eye. Moſt of which are noted in the Table of 
Errata, Printed with it. Beſide which 1 have obſerved theſe 
that follow : Which (to ſave another Reader the like labour) 


I have thought fit (for his eaſe and ſatisfaction) here to note. 


And, theſe being alſo amended as is here directed (beſide 
thoſe noted in the Printed Errata,) the Table will then be 
| very accurate; and (I think,) without any Error. 


[Page| Numb. |For|Set | |Pag.| Numb. For | Set 
13557 P 7 28 $5609 | 3 P 
| ; 9287 | 19 37 | 31 701 | o1 101 

14873 75 105 | 60799 | 63. 1 
it 20963 3 | 33 | $4499] 13 I; 
16 | 30167 | 71 | 97 J 65479] 3] P 
| 31001 |-29 | 29 34 | 67993 | .1 | Þ: 
17 | 33499 | 47 | P 38 75953 15! P 
19 37583137 41 80561 | 17] 14 | 
21 | 4004919 | 29 | | 43 | 85909 [137 | f 
| 40599FPP 5 4438699379 P 
49759] 3 147 193719] 7| P. 
41581 | 41 43 48 | 94709 | 41 | 97 
j 24 | 46199 73 4996109] 3| 13 

1301 500 13] 1 . | 97487 | 333 

| 28 | $4449 | 71 | P |. | 


16 5 Pag. 75 in the margin (after 43) for 37 ſet 47. 
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By the help of this Table, if we had the Number pro- 
poſed 539,454,000, it is eaſy to reſolve it into the Primes 
of which it is Compoſed. For firſt, (becauſe of two Cyphers 
at the end) it is manifeſt that it may be divided twice by 2, 
and twice by 5. And then (becauſe theſe Cyphers being 
cut off, the Remainder is yet an even Number] it may be a 
third time divided by 2; and the reſult wil be 2,697,273. 
And, if this Number were not beyond the reach of the 
Table, I ſhould ſeek jt there; to ſee by what Prime it 
may be next divided.” But, becauſe it is too big for it; I 
find, upon conſideration, that, the Figures being, promiſ- 
cuouſly added, and 9 caſt away as oft as may wei 
remains; and therefore that it may be divided by 9: Whi h. 
being done, the next Quotient 299,697, may (for a like. 
reaſon) be again divided. (not by g, but) by 3. And the 
Quotient 99899; is now come within the reach of this Ta- 
ble. And (without aſſaying the Prime Numbers 7, 11, 13, & 
in their order, till 1 come to a Prime Number by which 
may be divided, ) I find, by the Table, that it may be diyide 


92 


by 283, but not by any ſmaller Prime; and the Quotient 
of fuch diviſion will be 353, another Prime. And there- 
fore the Number propoſed 539,454,600 is = AX2XAX3. 
N NN 


ut if, inſtead of 99,899, I had come to a Number 
eater than this Table, and yet not diviſible by 2, 5, or 3; 
muſt then (for want of ſuch Table large enough) have 
been fain to make tryal of the conſequent Prime Numbers 
7» 11, 13, &c, till by help of ſuch 1 had brought it within 0 
the Compaſs of the Table; And, if no ſuch can be found, | 
before [:come._ at a Prime as great as the Square Root of 
my Number; I may then conclude ſuch Number to be a 
enen, ihe is as SA PERL 
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ee, Fes RMA T '; Rat concerning Diver and 
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rr. * ae proper to conſider of ſuch Queſtians (concern. 
ing Aliquot oper thoſe on account of which. Monſieur 
ermat and Monſieur Frenicle did value themſelyes ; as is 
to be ſeen in my Commercium Epiſtolicum, Epiſt. 1, 11, 12, 
22, 25, 26, 31, 33. And in a Treatiſe purpoſely Pub- 
liſhed on this occaſion by Monſieur Frenicle, intituled, Soiu- 
of 86 Preblematum, circa numeros Cubus & Quadrat 05, 
| inſolubilia univerfis Europe Mathematicis à Cla- 
71 e iro D. Fermat ſunt propoſita, &c, 2 D. B. F. D. B. in- 
venta, dec, (that is, 2 Domino Bernardo Frenicle de Belp.) Pariſiis 
apud Jacobun Langleis, &c, 1657, in which he glories much 
that he was able to ſolve them. And amongſt Monſieur 
Fermat's Poſthumous Works, (Publiſhed fince his-death) the 
| Publiſher is pleaſed to inſert his formal Challenge of me to 
lve them g with ſome others Letters to and from Nene 
n ee the mund! in thats Wore ; | 


FR. T, 


7 4 


Problemat propoſe ts 2 D. "Has, 


 Propenatur 7 | placet ) Wallifio, & reli ow TY Mathens: 
ticirg : ſequens Queſtio Numerica, - © 

I TInvenire Cubum, qui, additus omnibus ntl partibus aliquotis, 

conficiat Quadratum. Exempli gratid, Numerus 343 eſt Cubus 

2 latere 7, Ones ipſſus partes aliquote ſunt 1, 7, 49, que, ad: 

june ipſi 343, conficiunt numerum 400, qui eft Quadratus d 
latere 20. Queritur alius Cubus numerus ejuſdem natur g. 


Queritur etiam numerus Quadratus, qui, additus ſuis partibus 
Ad, „ conficiat numerum Cubum, "mp 


L2 ww | | * Has 
7 3 
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Has ſolutiones expeamus: Quas, fi Anglia aut Gallie Belgica 
t Celtica non dederint, Dabit Gallia Narbonenſis; eaſque, in 
pignus naſcentts amicitiæ, Domino Digby offeret & dicabit. 

But was not ſo kind (though he there inſert alſo divers 
Letters to and from Monſieur Fermat, concerning the ſame) 
as to inſert thoſe of mine, wherein I ſolved theſe (and others 
of) his Problems : Nor thoſe of Monſieur Fermat, where- 
in he acknowledgeth that I had ſo done. Which are to be 
ſeen in my Commercium Epiſtolicum, in Epiſt. 23, 28, 29, 47, 

and elſewhere. # _ a1 HA: 6p 
Io thoſe two Problems, I added a third of a like nature: 
 Invenire- duos numeros Quadratos, qui, partibus ſuis aliquotis 
additi, eandem efficiant ſummam. Exempli gratid, 16 + 8 + 
4+2+1=3t= 25+ 5 + 1. Tnveniantur iftiuſmodi 


alii duo. ß pc SY 
The whole Myſtery of ſolving theſe (and ſuch. like) 
Queſtions, I there diſcover in Epiſt. 23, which depends on 
what is here delivered in art. 8, 9, 10, 11, 12, of the 


Chapter here next preceeding. 


For, 1. A Number added to all its Aliquot Parts, is all 
one as the Aggregate of its Diviſors. 2. The Diviſors of 
any Power of a Prime Number, (as of a) is a Geometrical 
Progreſſion from 1 to ſuch Power; as, for inſtance, of af, 
the Diviſors- are 1, a, aa, 4*, a*,' a%, 3. And therefore the 
ſum of ſuch Geometrical Progreffion .1s the Aggregate of 
thoſe Diviſors. 4. This. Aggregate 1s 3 expreſſed 
by the Primes which Compoſe it. 5. The Diviſors of any 
Power, or Degree, of one ſuch Prime, ſeverally Multiplied 
into all thoſe of any Power, or Degree, of any other Prime, 
give all the Diviſors of the Compound of thoſe Powers. 
6. And therefore the Aggregate of thoſe firſt into the Ag- 
gregate of thoſe ſecond, give the Aggregate of the Diviſors 
of ſuch Compound. (For, by the common practice of Mul- 


tiplication, all the Members of one Number, or Aggregate, 
Multiplied ſeverally into all the Members of another, are 


equiralent to the whole of the one, multiplied into the whole 
of the other.) 7. And therefore the Primes Compoſing this 
2 N ys 2 T 2 L N laſt 


+ #- 
5 
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laſt Aggregate, are the ſame with thoſe of both the Appre- 
gates Which Compoſe it. 8. And the fame is in like man- 
ner to be 1 in caſe any Power, or Degree, of a third, 
- fourth or further, Prime, be continually Multiphied wich 
thoſe foregoing: provided always, that they be all ſeveral 
Primes, and not any of the former. Primes repeated; for, in 
ſuch caſe we are to follow the direction of art. 11, Chap. 
preceeding. e + 1 ee TEE 
As, for inſtance; ſuppoſing @='2, and therefore 3 = 
32: All the Diviſors hereof (or the Aggregate of ſuch Di- 
viſors) are'1 + 6 4 +8 ++ @ = 1+ 2 +4 + 
8 ＋ 16 + 32 = 63 = 3 X.3 X 7. And ſuppoſing 4 = 
"2, Ang therefore * = 81: The Aggregate of the Diviſors 
hereof are i + þ+# 1434 9 T 27 
+ 8$1-= 121 = 11 x 11: And therefore, of N, the 
Aggregate of Diviſors is 63 x 121 = 3 X 3 X 7, X 11 
N 11. And ſuppoſing further c'= 5, and therefore? = 
125: The Aggregate of the Diviſors hereof e + 
r 1+ 5 1 25 ＋ 125 = 156 2 X 2 X 3 „ 
13: And therefore, of a, the Aggregate of Diviſors is 
63 X lzt „ 156 = 3/X 3 Xx 7, XII X II, X 2X2 
XZ XI3Z, 0172 X 2 X 3/X'3 X 3 7 X- I1 X II X 13. 
And ſo. onwards, in caſe of further Compoſitions. 
/ Now, this being univerſal; it will be eaſy to make appli- 
cation thereof, to the particular caſes propoſed; or to any 
other of like nature. | e 
A for Example. 
I. The firſt Queſtion, is, To fnd a Cube Number, which 
added 10 all its Aliquot Parts will make a Square; (that is, 
the Aggregate of whoſe Diviſors ſhall be a Square Number.) 
Here it is manifeſt, that ſuch Cube Number muſt be 
either the Cube of ſome Prime, (or at leaſt the -ſecond, 
third, fourth, or further Cube of ſuch Prime; that is, fome 
Power thereof whoſe exponent} is diviſible by 3) or elſe 
\ . .Compounded by the continual Multiplication of ſuch Cubes 
(., firſt, ſecond, third, and fo ferth,) of two or more ſuch 
Prime Numbers. (For all fuch, will be Cube Numbers, 
and no other but ſuch.) )) a 


Now 


w—_ 
WW 
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Now, if e can find any ſuch Cube (fitſt, ſetond, tläird, 
Ne,) of any one Prime Number, whereof the Aggregate of 
Diviſors being expreſſed in Primes, thoſe Primes wAt be all 
Pairs, (that is, each of them ——— eden Number 
of ties z) ſoch Aggregate (tis manifeſt} will be a Square 
Number; and therefore ſuch Cube, will be füch as if re- 
a And ſuch Cube is 343 = 7 x 7 * whoſe Divifors 
are 1'X'7.X 49 X 343 = 400 = 2X2X2/X2X'5X%; 
which is the Square of 2X2 & . 20. 
When the Cubes (firſt, ſecond, third, or others,) of fe- 
veral Primes, have not their Aggregate of Diviſors expteſſ- 
able by Pairs of Primes; yet may the Compound of "Two, 
Three; or more of ſuch Cubes continually Multiplied (whit 
will alſo be a Cube Number,) have its Aggregate of Di- 
viſors (which is the Compound of the ſeveral Aggregates 
continually Multiplied) fo expreſſed: Namely; if the Cubes 
ſo to be Compounded be ſo choſen as that, what Primes in 
expreſſing ſome of the Aggregates be ſingle, may be Pairetl 
by like * Primes in ſome other of tn e. 
Thus, for the Cube of 47, the Aggregate of Diviſors 
(expreſſed in Primes) is 2 & 2 & 2 * 2'x'2 X 3 * 5 N 13 * 
171 where (beſide Pairs) we have 2, 3, 5, 13, 17; ſingly: 
And, for the Cube of 5, the Apgregate 2 * 2 * 3 X13, 
where (beſide Pairs) we have 3, 13, ſolitary; which (joined 
to thofe before) ſetve to Pair 3, 13, but leave 2, 5, 17, yet 
ſolſtary: And, for the Cube of 13, the Aggregate is 2 * 2 
* 5 | which afford fellqws to 5, 17, but leaves us 
2, 7, yer ſolitary; And, for the Cube of 41, the Aggre- 
ute is 2 K X 3 x7 * 29 * 29; Where (beſide Pairs) we 
have 3, 7, ſolitary; which afford a fellow to 7, but leave 2, 
3, ſolitary. So that for the Cube of 47 x 5* 13 * 41; ve have 
(befide Pairs) 2, 3, ſolitary. Which may thus be Paired. 
For the Cube of 11, the Aggregate of Diviſors is, 2 * 2 
x 2 x 3 * 61, Where (beſide Pairs) wie have 2, 3, 61, ſo- 
litary; which afford fellows to a, 3 but leave 61, ſolitary: 
And, for the Cube of 27 (or the third Cube of 3, the 
Aggregate is 2X2 Xx II XII X61 ; which (beſide Pairs) af- 
fords a fellow to 61. So that, forthe Cube of 47 x 5 X 13 
20 . X41 
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K41%X11.X27,; (or 27/5 X11 X13X41X47) the Aggre- 


gate of Diviſors, is 2X2X2X2X2X3X5X13X17, X2: 


R2XZX13, X2X2X5X7X17, X2X2X3X7X29X 


29, & NRX X XGL, X2X2 X11 X11 X61: Or (putting 


the Primes in order) 2 & 2 X 2 X NK XK Xx 2X2 NK2 X2 
RAX2X2X2RX2XZXZXZXZX GX GX TXT XII XII 
X13X13X17X17xX29X29X61x61; where we have 2, 
- ſixteen; times; 3, four times; and 5, 7, 11, 13, 17, 29, 61, 
twice; which therefore (being all continually Multiplied) 
muſt needs afford a Square Number. Which was the thing 
required to be found in Monſieur Fermat's firſt Queſtion. 


In like manner; if with the Cube of 47 x 5 x 13 * 41 


(as before) we Compound the Cubes of 2, and of 3, where 
we have the Aggregates 3 Xx 65 and 2x 2 * 2 * 6, which 
(beſide Pairs) afford us 2, 3, ſolitary; which afford fellows 
to 2, 3, that were ſolitary before. And therefore for the 
Compound Cube of 47 * 5 * 13 * 41x 2 * 3 (or 2 * 3 * 
5 » 13 * 41 x 47) we ſhall have En the Compound Aggre- 
gate of Diviſors) theſe Primes 
ties; 3 and 5, four times; 7, 13, 17, and 29, twice: 
Which being all continually Multiplied will alſo make a 
; Har ae. Vh | 
in Monſieur Fermat's firſt Queſtion. n. 
Theſe two Compound Cubes, if they be further Com- 
pounded with the Cube of 7 (which is no ingredient in 
either of them) will afford two more; whoſe Aggregate of 
Diviſors will (beſide the Primes in each of them reſpectively) 
ave. theſe. farther Primes Components, 2, four times; and 
: twice: Which, being Compounded with the fore-· men- 
tioned Squares, will fill afford Square Numbers. 


Squares. * A A d e ee e e VE 
tout: 4 Roots of the Cubes. 
081: S N. II X 13 X:41 XN 47. 


Roots 


omponents, 2, fourteen 


r. Which was the thing required to be found 


So have we five Cubes, whoſe Aggregate of Diviſors are 


” A aa, wy 


zx... 


O00 Parts, 5 Jki Win. . 347 


* 
e 
: 3 * "x of & *.% 1 


| Roots of the Squares, 


2x (Eight- ci) XIXI ge 310967 x69 G1 " 
2x (Seven- times) x ZXZX5X5X 7X13X17 X29." 2 5 20 
2x (Ten- times) X3X3X5X5x JXIIXL3X17 X29X61.- 
2X (Nine. times) X3x 3X N N 5X JXI3X17X29. 


In all which I make uſe of no Cube of a Prime whieh is | 


not leſs than et N „in like manner, may other ſuck | 
Cubes be found ; chere a in ener 2 1 and 28. 
Such as theſe : : 


| Roots of the Cubes, 


2XZXSXI3XI] XSIXAIXIgI.: . | 
2XZX5X JXI3XIJTX3IX4TXIgN. 5 
ZXZXZX- 5XIIXI3XI7X31X41X191,, * 
ZXZXZX 5X 7 XIAXI3XI7XSIXALSIgL. 5 
17X31X47X191. inet > o1 
7XI7X31xX47XI91,. © 1 5 . 5 5 E 6 


Roots of the Squires: * . 


2 (Twelve. times) 3x3x 3x GXGX7XI1JX maguagrg . | 
2x(Fourteen-times)3#3x3x5x5X5X7X1 3x1 Nag. | 
2x(Thirteen-times)3x3x3x $XJXIIXI 3x1 7X29X2 9x 37x61. 
2x( Fifteen-times )-3x3x3x5x5x7x1 4 ee. 
2x (Ten- times) 3x3x5x1 3x1 7X29X37." 

2x(T welye-tymes ) Z&ZX 5* 5*1 * I Jag 37. 


— 


In all which I make uſe of no Cube of a Prime Number 


which is not leſs than 200. 


But, in order to make theſe were for if io! Cubes ; ; it 


js expedient to have at hand a Table of the Cubes of Prime 
Numbers (and of the ſecond, third, or further Cubes, of 


the lefler of chem, of of che Roots of fuch Cubes; with 


the 


— . _—s — 
. 


ö 
| 
| 


preſſed in 
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the Aggregat e of Diviſors (in Ne of thoſe Cubes) ex- 


rimes. 
And, to ſave the Reader the labour of com nputing fuch 


a-new, 1 here ſubjoin what I have at hand. 


Aggregate of their Diviſors, 


1 
3&5 
r | 
| $X11X430 „ 
8191 R 
2 3X5X17X257 
3 | 2X2X2X45. 
9-7 2098." | 
27 | 2X2X11x:il\X61- 0 
1 }. 797362; -.4...., , | 
243 2XAXIX2X2X X17 11 1 
5 1 ö d 5 93, 
0 25 19531 - LF, \IXNLITKXA * 
125 2 * 3 11 * 71 K 621 [0] 
na | 2X2X2X2X5X5 . 
11 | 2x2Xx2Xx3Xx61 
13 | 2X2X,6X7X.I17 
17 | 2X2XZ3X3X5 * 29 
19 [2 ee * BI 
23 n 
42222 
t [2e 2 * 9 2 73 41 7 
＋ 1 Kaxe a 
41 2X 2 3 5 N 49% 9 (4 
43 | 2X25 %5NADEX I} | 1 
47 2X2X2XTXIXSNGNINI) 
EN AN 3 86 * SS ⁰ y 
59 | 2X 2x 2* 3* CN 1744 
Aan 1861. , „ 
\ bg, | 2X 2X2X.5X47 440 8 e 
ö $3 ARA LOSS ST SRP, 
| e LEED 
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aro. eons 344. T0. 034 7c 68 4 
Roots of | Aggregates of. their Diviſars. SME a Ne 
the Cubes. i n end ei ESN 

79 | 2X 2X2KX2X2X5X 3121 
83 | 2x 2x2X3Z3X5X7X13%X 53 
89 þ.2x 2.x 3K ZX 5X17 233 
97 | 2%;2X5x7X 7 X 941 
101 | 2x 2x 3 & 17 X 5101 10 
103 [2 * 28 2A 2 Ni N 106 — 
107 [ZXR 2x 2* 3x 3x 3* 5 * 5 * 229 
109 | 2x2X 5X 11 * 13 * 457 
tig f K 23 3.X.5.% 19.X 1273-174 #151 3; 55 
127 | 2X2X2X2X2X2X2X2X 5X 1613 
131 | 2X 2X 13 Xx 19 x 2293 
137 [2K 2* 3* 5 * 23 * 1877 
139 [2 * 2 * 2* 5 x 67627 
149 [2x 2 «K 3 * N N IIX 101 
151 [2 * 2* 2* 2 * 13 x 19 x 877 
157 | 2X 2 5 * 5X17 * 29 * 79 
103 | 2x 2 41 «x 2657 lb 
167 | 2x 2%2x 3x7 x 2789 | . 
173 | 2x2x 3x 5 * 29 * 41 X 73 
179 [2x 2X2x3X3X5X37 * 433 
181 | 2x 2 x 7 x 13 * 16381 1 1 
191 | 2x 2x 2X 2X2X2X 2X 3 17 * 29X 37 
193 | 2X2X5X5X5% 14453 by: | 
I97 | 2x 2x 3X 3* 5 x 420g 
199 } 2x 2x 25 21 5X 5 x 19801 


that is, beſide 2 * its are 
I che Quadruple of a * (which muſt therefore —_ 
e 


If, in the Queſtion propoſed, it had been required chat 


the Aggregate of Diviſors (of the Cube ſought) ſhould be 


(not a Square Number, but) the Double, Treble, or other- 
wiſe Mul'iple, of a Square Number: The proceſs would be 
juſt the ſame, (and the ſame Table will ſerve,) fave that, 
then, che Aggregate is to be diviſible by 2, 3» or ſuch other 
Number as is the exponent of the propoſed Multiple, and 
the reſt of the Primes compoſing it to be all Pairs. 
Thus, if the Decuple of a Square be required; the Cube 
of 3 will anſwer it; where the Aggregate is 2 & 2X2X553 
5 = 10, the other Components are Pairs. 
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be a Square ;) the Cube 7 Anſwers i it ; heb Aggregate is 
2 2 K 2 2 5 %5: Out of which, if we exempt 
2 X 2 = 4, the reſt are Pairs. And ſo will any other Cube 
whoſe Aggregate of Diviſors 1 is an even Square, and there- 
fore diviſible by 4. 

If the Sextuple be required: The cube of 27 x 11 anſwers 
it; where the Aggregate is 2 X 2 X11 X 11 X 61, * 2 
* 2 * 2 3x61, Whence if we exempt 2 X 3 = 6, the 
reſt are Pairs: And ſo will alſo (for the ſame reaſon) the 
Cube of 2 x 3; where the Aggregate is 3X 5, X 2 * 
2 X 2 X 5. And the like in other caſes. 

But if ſuch Multiple ſnould be required, as that no Ag 

egate can be found (or not within certain limits) which, 
being divided by the Exponent of that Multiple, will leave 
the reſt of the Prime Components Pairs; ſuch caſe (at leaſt 
within ſuch limits) is an impoſſible caſe. | 

As, if we demand a Square's Multiple by 23, 43, or 47; 
and confine ourſelves to the Cubes of the Table foregoing ; 
it is manifeſt that (without aſſuming the Cube of ſome 
other Prime, or ſome further Cube of ſome of theſe,) it 
cannot be done. For here, amongſt all the Prime Compo- 
nents of the Aggregates, the Numbers 43, and 47, come 
not at all ; and thongh 23 come once (at the Cube of 137) 
yet It 1s there Joyned with 1877, which (coming no more) 
cannot be Paired by any ſuch Compoſition of the propoſed 
Aggregates. .(Remembring always, what was before noted, 
that the Aggregates for two or more Cubick Powers of the 
ſame, Prime, are not here to be Compounded,) So that 
(within the limits of the Table) the caſe is not poſſible. 
And the like may be ſhewed of many others: I ſay, not 
poſſible -within the limits of this Table. But, to. ſay it is not 
at all poſſible, through the whole extent of all. poſſible Num- 
bers; 3 is (I think) too bold an aſſertion for any to make out. 
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. The Second Queſtion i is, (7 o fiud 4 Square N umber, 


 wwhich 
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which added ; to all its Aliquat Parts will make a de: that, in 
the Aggregate of whoſe Diviſors ſhall be a Cubic Num- 
ber. 

Fo here the procels is "rock the ſame. as + before ; ſave 
that here we ſhall need a Table of Square Numbers, (as 
there of Cubes,) with their Aggregate of Diviſors expreſſed 
in Primes : And here we are to find out, or ſo to Com- 
pound, the Aggregates, .as. that the Primes 22 
may be (not Couples or Duplicates, as there, but ripli- 
cates: That is, that each Prime may occur, three, 5 nine, 
or other Number of times diviſible by three. 

But, though the proceſs be much the ſame, yet che ſuc- 

ceſs will not be altogether ſo ready as there; becauſe Tripli- 
cates of the Components will not be fo eafily adjuſted as 
Duplicates. (And, for the ſame reaſons, if Biquadrates, 
or Surſolids, or ſome higher Powers, were required; the 
proceſs would till be much the ſame, but the trouble of 
finding ſuch would till be increaſed.) 
Such Table of Squares (becauſe I have it at band) I ſhall 
here ſubjoin; to ſave the Reader (who ſhall think fit to give 
himſelf the trouble of inquiring into ſuch Queſtions) the 
labour of Computing the ſame again. WT 


Roots of | Aggregate of their Diviſors. 


the Squares.) 
111 
* +7 
413% -1 
6..1- 197 


16 | g11.= 7 & 73, 
322047 = 23 x bg | 


64 | 8191 | 
128]. 32767 = 7 Jr 151 
250-3 £22073 © 

I 4-53 | 
9 | 121 = 11 X12... 
271093 


81 | 9841 - = 13 X 757 \ 
243 | 88573 = 23X - OY Sf ET | 
| 20 2 Roots 
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Aggregate of their Diviſors. 


3 
781 = 11 X 71 

| 19531 
488281 = 19 X 31 & 829 
57 = 3 X 19 
2801 
137257 = 29 X 4733 


| 6725601 SIRI 93079 03 


133 = 7 * 19 

n = 5 X 3221 

3 61 

30941 | 

- .« 

88741 

3381 = 3 127 

137561 n 8, 

553 f X 79' 

$72: = 13 X 67 

993 = 3 X 331 g 

1407 = 3X7 X67 

1723 

1893 = 3 X 631 

2257 = 37 * 6 

2863 = 7 X 409 

3547 | 

3783 = 3 X 13 * 97 

4557 = 3X7 X7X31. 

$113 

5403 = 3 * 1801 

6321 = 3X7 X'7 X 43 
| $973 = 19 x 367 

8011 

9597 .= 3 * 3169 

e | 

10713 = 3 X 3571 

11557 = 7 X 13 X 127 
[23992 NN 


= mad. 


Roots of 
uares 


113 
127 


theSq 


— 
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Aggregate of their Diviſors. 


12883 = 13 X 99 
16237 = 3 X $419 


17293 


| 38907 
19461 


22351 


22953 


24807 


| 20733 
28057 


35103 


32221 


32943 
36673 
37443 
39007 
39801 
44733 
49953 
51757 
52671 
54523 


3790 
58323 
63253 
66307 


69433 


72631 


73713 
77007 
19243 
80373 
86143 
94557 
97033 


I I 


MTN 
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WW 

X 
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O 

4 
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98283 = 3 x 181 x 181 


| 100807 = 7 X 14401 


33% Of Cemibinations, Alternations, and 
nen of | Aggregate of their Diviſors. 
the Squares. JJ 
331 | 109893 = & & 5233 
337 | 113907 = 3 * 43 x 883 
347 | 120757 = 7 X 13 X 1327 
349 122151 = 3 X 19 x 2143 
333 | 124963 = 19 K 6577 
359 | 129241 = 7 X37 Xx 499 
367 135037 7 X lol X 191 
313 | 139503, = 3X 7,X 7.X I X 73 
379 | 144021 = * 61 x 787 . 
383 147073 . 
389 151711 = 7 * 21673 
397 | 158007 = 3 X 31 X 1699 
401 | 161203 = 7 X 23929 
409 | 167691 = 3 x 55897 
419 | 175991 = 13 X 13537 
421 | 177063 = 3 X 59221 | 
431 | 186193 = 7 x 67 X 397 
433 | 187923 = 3. x 37 X 1693 
439 | 193161 = 23 X.31 Xx 31 X 67 
443 7] 290093, | 
449 | 202051 = 97 X 2083 
457 | 209307 = 3 X 7 x 9967 
461 213083 = 13 X 37 X 443 
463 | 214833 = 3 X 19 X 3769 
467 | 218557 = 19 X 11503 
479 | 229921 = 43 * 5347 
467 | 237657 = K N 1137 
491 | 241573 = 37 & 6529 


499 | 249501 ='3 x J X 109 X 109 
Now it is manifeſt, upon view, that (if we confine our- 
ſelves to the limits of this Table) many of theſe Numbers 
are not of uſe to the preſent purpoſe. Becauſe many of the 
Primes (amongſt the Aggregates) come but once 3 as 5. 29. 
71. 89. 101. 139. 191. 307. 331. 397. 409. 443. 57. 631. 
709. 727. 733. 757. 787. 829. 883. 911. 991. 1063. 1087. 
1327. 1471. 1693. 1699. 1723. 1783. 1801. 2053. 2083. 
e | | 2143. 


\ 
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2143. 2801, 3019. 3169. 3193. 922 l. 3541+: 3571+,3667- 


4769. 3851. 4603. 4733. 5107+ 5113, 5233. 5347+, 6419. 


6529. 6577. 7789. 8011. 8191. 8269. 9967. 10303. 11317. 
11503. 13267. 13537. 14401. 16651, 17293. 19441. 19531. 
21673. 23029. 24571. 28057. 30103. 30941. 55897. 59221. 
86143. 88741. 1310/1. 147073. 196693. Others but twice 


(not thrice) as 23. 79. 367. 499. 1093. And therefore | 


cannot by any Compoſition (within theſe limits) make a 
Cube. And, conſequently, all the Squares to which any of 


are, the Squares of 32, 64, 256, 27, 81, 243, 2535 125. 
625: 49, 343, 2401, 121, 169, 17, 289, 361, 23, 31, 
41, 43, 53» 59» 71, 73, 83, 89, 97g 101, 103, 109, 113, 
127, 131, 139, 149, 151, 157, 167, 173, 179, 181, 193, 
197, 199, 223, 227, 233, 239, 241, 251, 257, 271, 277, 
281, 283, 293, 307, 311, 317, 331, 337, 347, 349, 353. 


359, 367, 379, 383, 389, 397, 401, 409, 419, 421, 431, 


433, 443, 449, 457, 461, 463, 407, 479, 487, 491. 
(And the Square of 1, is, in this caſe, inſignificant; be- 
cauſe a Multiplication by 1 makes no alteration.) And, 
theſe being laid aſide, we muſt alſo lay aſide the Squares of 
128, 9, 13, 47, 61, 79, 229, 269. Becauſe, in thoſe that 
remain, 43 occurs but once; and 11, 61, 97, 151, but 
twice. And, thoſe being laid aſide, we muſt alſo lay aſide 
the Squares of 137, 211, 313, becauſe, in thoſe now re- 


maining, 37, 181, occur but twice. And (137 being laid 


becauſe now 73 comes but twice. 915 


So that we have now but theſe few left for conſideration, to 
wit, the Squares of 2, 4, 8, 3, 3,7, II, 19, 29, 37, 67, 10), 


aide) the Squares of 16, 373, mut alſo be laid aſide; 


163, 191, 263, 439, 499. Which, with their Aggregates, 


ſtand thus: 


% 53 290% - 163]3X7 X19X67 


431 7j3X19 37] 3X7X67 , 19117 x13X13Xg1 
$1127 1117 X19 . 67] 3X7X7X31 . 263]7 X Xx 13X109 


13 1903 & 127 10% 7 Xx 1 X 127 43913X31Xx31X67 


1 


them belong, are to be laid aſide as not of uſe. And thoſe 


— 


456 of duden, Ahern, Bu 


in which there is 10 Printe (athopgit the Avartoite; 
which doth not occur at leaſt three times. That 13; 1 
unies ; 7 eleven Umes; 13 ahd 31 fix times; 67 four times; 
195 109, 127, three tines. OE | HOGS 


o * * 


_ Of theſe I will firſt conſider 227 3 which, becauſe it comes 
_ Þut' thrice, we muſt take all or none of them, Tf all, then 
this (at 107) brings in t3 which muſt therefore be trebled. 
And it muſt be done one of theſe three ways, either by 
taking'in/the Squares of 3 and 29 or of 3 and 263; or of 
191 alone. . * 


38127 | If che firſt way, this (at 29) brings 
193, 127 | in 67. Which (that it may be trebled) 
10%, 13, 17 brings in two of theſe 3 Squares 3), 
33 1563, 439. Of which, if 163 be one, 


293, 67 this {becauſe of 19) brings in the 
16303, 7, 19, 67 Squares 7 and 11. And if, for the 


17%, 19 brings in 3 and 7 rth time, and 

3713» 7, 67 therefore either each of them muſt 

6713; 7, 7, 37 come in twice more (that we may 

49903, 7, 109, 109 have them fix times) or elſe EL muſt 
2630), 7, 13, 109 | here be laid afide, Now if, for 3 
1917, T3, 13, 31 twice, we take (for one of them) the 
| Square of 439, this brings in a fourth 

67; which muſt not be (unleſs we could have it fix times, 
which we cannot.) Therefore, if at all, this 3 twice, muſt 
be ſupplied by the Squares of 67 and 499 (for there is no 
other happy ;) which brings in 109 twice; and this (that it 


may be tripled) requires the Square of 203. But, with this, 


comes in 13 a fourth time; and therefore (that we may have 
it fix times) we muſt take in the Square of 191, But, by 
this time, we have 7 ten times; which muſt not be, unleſs 


we could (which we cannot) have it twelve times: Therefore 


the Square of 37 muſt here be laid aſide. If then (retain- 
ing that of 163) we take (inſtead of 37) the — 3 of 439; 
this brings in 3 a fourth time; which therefore we muſt 
have twice more. But not from the Square of 37 (becauſe 
already laid by, and becauſe it would bring in a fourth 67 ;) 


therefore, 


1 i #4 
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783, 19 other, we take e 37 ; this 
a fou 


. 
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 therefofe, if at all, from, the Squares 80127 
of 67 and 7 (as before,) which re- 1913, 127 
quires that of 263; and, this, that of 107), 13, 127 
191, as before. But now we have gz 312 
fourth time, which requires it twice 29113, 67 
more; which is not to be had, ſave 1633, 7, 19, 67 
at the Squares of 4 and 6 whereof 73, 19 
that of 4 ls not to be admitted, as be- 11), 19 
ing included in that of 8 already 43903, 31, 31, 67 

| taken.” So that the Square of 163 6713, 7, 7, 31 
cannot be taken either with that of 37 49903, 7. 109, 109 
or of 439, and muſt therefore be laid 26307, 7, 13, 109 
aſide 3 (and, with it, the Squares of 7 25 13, 133 31 


and 11.) And conſequentiy (retain- 4727 
ing that of 3 and of 29,) we muſt 5132«3%0 YIFOL 
(for trebling of 67) take the Squates Ws: 
of 37 and 439, And here we harre 


1 14 
3 


31 twice, and muſt therefore have it 807 6 
a third time: But not from the Square 193, 17 

of 43 (becauſe included in that of 1077, 13, 17 
g:) Therefore either from that of 3, 3122 


or of 191. If from that of 5; we 2913, 67 
ſhall want a third 7 (having yet but 37/3, 7, 677 
two;) which we cannot have from 43903, 31, 31, 67 

the Squar of 2 (becauſe included in 531 
8;) nor from 163 (becauſe already 1% „ 22 
rejected 3) nor from that of 11 (becauſe already excluded 
with that of 163 ;) nor from that of 191, becauſe this 
would bring in a fourth 31, (which may not be, becauſe 
we cannot have it fix times without the Square of 4, which 
is included in that of. 8;) nor from that of 69 (for the 
ſame reaſon ;) nor from that of 499, becauſe this cannot 
ſtand without that of 263; nor from both theſe together; 
becauſe then we ſhall have it five times, but cannot have 
it a ſixth; (all the reſt wherein 7 is found, being already 
excluded.) Therefore (omitting that of 5) we muſt (if at 
all) have a third 31 from the Square of 191. But this 
brings in a fourth and fifth 13; which (for a ſixth) will re- 
quire the Square of 263; and this (becauſe of 109) the 
"79 ..S 4 | Square 


%% ͤ ͤ „ tte” ths a gn ade 
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81127 Square of 499. And this (beſide 
1903. 17  . *Triplicates) brings in a fourth 3; 
1077, 13, 127 (which therefore will afford, not a 
386% Cube, but the Triple of a Cube, if 
29113, 67 that had been required ;) we want 
3713» 7. 67 therefore 3 twice more (to make it 


43913, 31, 31, 67 = ſix times ;) but can have neither 
0 


19107. 13, 13, 31 them from the Squares of 7 or 163 
26307. 7, 13, 109 (as being already excluded, nor from 
499'3, 7, 109, 109 that of 67, (as bringing in a fourth 
; 8 au and therefore not at all. And, 
- conſequently, this firſt way (by the Squares of 3 and 29) 
doth not ſucceeſ ... 


81127 The ſecond way of ſupplying 13 
1913, 127 twice, (which at the Square of 107 
107%, 13, 127 were wanting ;) is, from the Squares 

313 of 3 and 263: Which (becauſe of 


263, 7, 13, 109 109) requires that of 499. And, be- 
49903, 7, 109, 109 cauſe (amongſt the Aggregates) we 


713, 19 have 3 twice; we mult have it a 
1633, 7, 19, 67 third time. If, for this, we take in 
117, 19 the Square of 7, or of 163; either 
373, 7, 6 of thele (becauſe of 19) brings in the 
43913, 31, 31, 67 other, and that of 11. And now, be- 
6713s 7, 7. 31 cauſe of 67 once, we muſt have it 


| twice more. But not from the Square 

of 29 (being already excluded as not to be taken with that 

of 33) and therefore from the Squares of 37, and 439. 

And, by this time we have 3 fix times (and more than fo, 

we may not have it, unleſs we could have it nine times ;) 

and 7 we have 7 times, and therefore muſt have it twice 

more: But, not from the Square of 2 (as being included in 

that of 8;) nor from that of 191, (becauſe this would bring 
in 13 a fourth and a fifth time, which would require a fixth, 

from the Square of 29 already rejected ;) therefore, if at 

all, from the . 67. But neither can this be, (be- 
cauſe it brings in a ſeventh 3; which may not be, there be- 
ing no more to make it up nine times:) And, conſequently, 

the third 3 (wanting at the Square of 499) is not to be 
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LT # + * . * 


ES a n 1 th. dk 2 


* 


Aliquot Parts, by John Wallis. 3 39 
ſupplied from the Squares of 7, or of 163. If then (omit- 
ting theſe two) we ſhould take (for a third 3) the Square 
of 37 or of 439, either of theſe, (becauſe of 67) would 
bring in the other, and alſo require that of 29, or of 163, 
already rejected. If then (omitting - 57 
theſe of 37 and 439) we take (for a 8127 
third 3) the Square of 67; this brings 193, 127 
in 31, which is therefore to be Tripled. 107%, 13, 127 
But not from the Square of 4 (as in- 8 
cluded in that of 8 ;) nor from the 26307, 7, 13, 19 
Square of 191 (becauſe that would 49903, 7, 109, 109 
bring in a fourth and fifth 12, which 373, 7, 67 © 
would require a ſixth from the Square 43913, 31, 31, 67 
of 29 already rejected;) nor from the SF; DIG +200 

Square of 439 (becauſe of 67 there, 45 
which would bring in that of 29, or 91127 47 3D 
37, or 163, already rejected) nor 1903, 17 
trom the Square of 5, becauſe (though 107[7, 13, 127 
that would afford a ſecond 31,) a third 313 
would yet be wanting, and not to be 2637, 7, 13, 109 
had. And, conſequently, (there be- 49903, 7, 109, 109 
ing no other place from whence to 6713, 7, 7, 31 
fetch a third 3) this ſecond way will 
not ſucceed, . 
The third way for ſupplying 13 91127 
twice, (which at the Square of 107 1913, 127 
were wanting) is (omitting the Squares 107), 13, 127 
of 3, 29, 263,) from the Square of 19117, 13, 13, 31 
191. And, becauſe here we have 31 43913, 31, 31, 67 
once, this muſt be Tripled. But not 373, 7, 67 85 
from the Square of 4: (as included 16313, 7, 19, 67 
in 8;) And therefore, if at all, either 713, 19 {2 
from that of 439 (where it is twice,) 11|7, 19 
or from the Squares of 5 and 67. If 673, 7, 7, 31 
from that of 430; then 67 (here 
found) muſt be Tripled ; but not from the Square of 29 (as 
already excluded,) therefore from thoſe of 37, and 163; 
and this laſt (becauſe of 19) calls in thaſe of 7 and 11. 
But, by this time, we have 3 five times, and therefoze 
| 2X 2 ſhould 
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| ſhould have it a ſixth time; but not from the Square of © 
499 (for that would recall that of 263 already rejected . 
- therefore,” if at all, from that of 67; but we ſhall then have 
7. ſeven times; ; which i is nat to be admitted, ſince we cannot 
have it nine times. Therefore (omitting that of 439, and 
therefore thoſe of 37 and 163) take we thoſe of 5g and 67, 

And, by this time; we have 7 four 


8127 times; and therefore, if at all, we 
1913, 127 muſt have it twice more. But not 
10717, 13, 127 -_ the Square of 2 (as included in 
19117, 13, 13, 7 8 ;) nor from that of 37 or 173 (as 
3 already rejected, with that of 4393) 
6713» 7, 7, 31 nor from that of 11 (which, becauſe 


of 19, would bring us back to that 
of 163 already rejected ;) nor from 499 (which, becauſe of 
10g, would bring us back to that of 263 already laid 
aſide;) and therefore not at all. So that this third way 
fails alſo: And, conſequently, the Squares of 8, 19, 107, 
(where we meet with 127,) mult all be laid aſide. 


We have then but theſe left to be further ed 


217 5˙31 2913, 67 1633,7,19,67 439[3-3131,67 
4431 783,19 373,67 39117,13,13-31 499 3,7109, 109 
3113 1117,19 6713,7,7,31 26317,713,109 


And here we will begin with the Prime 109; which, be- 
cauſe it comes but once at the Square of 263, and twice 


at that of 499; theſe muſt either bath be taken, or both 
omitted. 


2630), 7+ 13, 109 And becauſe, in theſe, we have 13 
499]3» 7» 109, 109 once; this muſt be taken twice more. 
33 And therefore either from the . 
29113, 67 of 3 and 29, or from that of 191 
3713» 7, 67 above; (ſince we have it now but five 
1031/3, 7, 19, 67 times in all.) 
"122 19. -. If the firſt way; then, becauſe of 
1117, 19 67 once, we mult take it twice more; 


6713» 7, 7, 31 from two Squares of. theſe Miſes, ts 
4331 35 31. 3's 67 163, 439% Vicſt, let thoſe Lt 
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Squares of 37 and 163; therefore (becauſe of 19) we muſt 
take alſo thoſe of 7 and 11. And, by this time, we have 3 
four times, (and this affords us, not a Cube, but the Triple 
of a Cube, if that were required ;) we muſt therefore take 
it twice more; which is only to be had at the Squares of 
67 and 439, (for now we have it but | 
fix times in all,) but this brings in a 26307, 7, 13, 109 
fourth 67 which cannot be admitted. 49903, 7, 109, 10g 
Secondly, let it be the Squares of 37 V 
and of 439: which brings in 31 twice, 29,13, 67 
and we muſt therefore have it a third 373, 7, 67 © 
time, Which if we take from the 43903, 31, 31, 67 
Square of 67; this brings in a fourth . 6713, 7, 7, 31 
3; which will require two more, from 73, 199 
the Squares of 7 and 163; which will 16313, 7, 19, 67* 
bring in a fourth 67. If from the FEE 


Square of 191 ; this brings in a fourth _ 
and fifth 13, which cannot be admit- 263 
ted, becauſe we have not a ſixth. If 4993, 7, 109, 109 
from the Square either of 4, or of 5; ES 
either of theſe (beſide Triplicates) 29 

would leave us 7 four times (which 373. 
would afford, not a Cube, but the 43913, 31, 3, 67 
bdeptuple of a Cube, if that had been 19117, 13, 13, 3r 
required ;) bur this requires 7 twice . 
more. Neither of which can be had from the Squares of 
67, or 191, (as being already. rejected; ) nor from that of 
163 (as bringing in a fourth 67 ;) and therefore, if at all, 
from the Squares of 2 and 11. But this. would bring in 
193 and therefore (to Triple it) will call in the Squares of 
7 and 163 ; (which laft is already rejected, and would bring 
in a fourth 67 ;) therefore nat at all. Thirdly, (omitting 
that of 37) let this 65 twice, be taken from the Squares o 
163 and 439. But this (becauſe of 19) calls in the Squares 
of 7 and 11; and conſequently, (becauſe then we have 3 
four times) the Squares of 37 and 67 already rejected. 80 
that this firſt way ſucceeds not. py . 


, 7, 13, 109 


263 


4g 
+ 
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2637, 7, 13, 109 26307, 7, 13, 109 
49913» 7, 109, 19 45993, 7, 109, 109 
313 3113 
r 29113, 67 
373. 7» 67 163 3» 7» 19, 67 
43913, 31, 31, 67 4393, 31, 31, 67 
4531 713» 19 
27 | 1117, 19 
1107. 19 373. 77 67 
—!.. KISS. So Sr! 
16313, 7, 19, 67 5 . 
hag... "hy 5 If we take the ſecond way of ſup- 


26307, 7, 13, 109 plying 13 twice, (which at the Squares 
49913, 7, 109, 109 of 263 and 499 were wanting) by the 
1917, 13, 13, 31 Square of 191 (omitting thoſe of 3 and 
43913, 31, 31, 67 29;) then, becauſe here we have 21 


3713» 7. 67 once, which muſt therefore be ſupplied 
16303, 7, 19, 67 twice more: We will firſt try whether 
713, 19 it may be done by the Square of 439 
LY, 230% - (where it comes twice ;) and then whe- 
6713, 7, 7, 31 ther it can be done without this. 
4% If we ſupply it from the Square of 
5131 439; this brings in 67, which muſt 


therefore be Tripled : But not by the 

Square of 29 (as already rejected, and as bringing in a fourth 
13 ;) therefore from thoſe of 37 and 163. Where becauſe 
we have 19 once, we muſt have it twice more, from the 
Squares of 7 and 11, And by this time we have 7 ſeven 
times, and muſt therefore have it twice more : And we have 
3 five times, -and muſt therefore have it once more, Both 
which we may have from the Square of 67 (and from thence 
only, becauſe 3 is to be had no where elſe;) and now we 
have 31 a fourth time; which requires it twice more (that 
it may be fix times; ) and theſe we have at the Squares of 4 
and 5. So that now we have a Cube compleated ; whoſe 
| Components are, 7, nine times; 3 and 31, fix 
27 times; 13, 67, and 109, three times. And the 
3013 Square whence it ariſeth, is that of 4 x 5X 7 X 
29113, 67 11 X 37 X % Xx 163 X 191 & 263 x 439 * 499- 
| | c 
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The remaining Squares which are not ingredients into this, 
„„ , ., 
Now it from theſe (without the other) we could form 
another Cube, - ſuch Cube would not only be another ſuch 
Cube as is deſired, but (being a Prime to that already found) 
might be Compounded with that found, to make a third. 
But this cannot be: Becauſe (for theſe) we have no Prime 

that comes three times. [19 er 
It remains to ſee, if (omitting the OF; 5 
Square of 439) we can otherwiſe ſupply 26307, 7, 13, 109 
31 twice, which at the Square of 191 49903, 7, 109, 109 
were wanting. Where, firſt, it is mani- 191[7, 13, 13, 31 
feſt, that (the Square of 439 being laid 93713, 7, 67 
aſide) thoſe of 37 and 163 (becauſe of 16303, 7, 19, 67 
67) muſt alſo be laid afide, unleſs we 29113, 67 
can have a third 67 from the Square of 
29. Which cannot be, becauſe this would introduce a fourth 
13, and we have not two more to make up fix. Then, 


having laid by that of 163, we muſt (becauſe of 19) lay by 


thoſe of 7 and 11. So that there re- | 
main only the Squares of 2, 4, 5, 67, 263]7, 7, 13, 109 
to ſupply 31 twice (becauſe we have it 4993, 7, log, 109 
once) and 7 twice (becauſe we have it 1910, 13, 13, 31 
four times) and 3 twice (becauſe we 4, 532 

have it once.) Now 31 might be ſup- 6713, 7, 7, 31 
plied twice from the Squares of 4 and OE 
5, (but then we could take no more, becauſe that of 2 is 


included in 4; and 67 1 in a fourth 31.) Or ĩt 


might be 4 res by one of thoſe (ſuppoſe 5,) with that 


of 67. And thus we ſhould have a ſupply of 31 twice, 


and of 7 twice, and of 3 once: But there wants another 3 
(which the remaining Squares of 2 and 4 cannot ſupply) to 
compleat the Cube. So that this affords, not a Cube, but 
+ of a Cube. There is therefore no other Cube (but that 
before aſſigned) here to be had, retaining (as is hitherto ſup- 
poſed) the Numbers 109, 109, 19. EM 
Let us therefore now leave out 109, and conſequently the 
Squares of 263 and 499, where it is found; and ſee whether 
EEO. wr” ö E 


| 
| 
(11.4 
| 
| 
| 
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thi remaining Squates will afford fuch a Cube as is defired, 


Now theſe are, 


1 
1 4 


7 


11 


3, 19 
7, 19 


16313, 7. 19, 67 


3753. 7. 67 


43913 31, 31, 67 


19117, 13, 13, 31 


ear 
3 and 


13 73˙19 2913,67 677.31 191]7,13,13.3 
31 T117,19 373,756) 163 3.7, 19.67 43913>31,31,07 


Of theſe, we will firſt begin with 19, 
which comes thrice (and but thtfice) at 
the Squares of 7, 11, 163. Where we 
have 67 once, and therefore muſt have 
it twice more, Now if, for one of theſe, 
we take the Square of 37; we muſt, for 
the other, take either the Square of 439, 
or of 29, If that of 439; this brings 


in 3 a fourth time; which may not be, 


becauſe it comes not twice more to make 
up fix times. Therefore (if at all) it 
muſt, be that of 29, (o elſe 37 muſt be 
laid aſide;) But this brings in 13 once, 
fer which we may have a ſecond at the 

uare of 3, but then we cannot have 4 


_ rlitfd without a fourth, at the Square of 


191. Therefore (waving that at the 


Square of 3) we muſt take both {if at 


all) at the Square ef igt. Now this brings 
in 7 a fourth time, which calls for a fifth 
and ſixth : One of theſe we might have 


at the Square of 2; but then we cannot 


have a ſixth without a ſeventh. There- 


fore (waving. that at 2) we muſt (if at 
all) take 4. 


at the Square of 67. But 
here, beſide a ſecond 31 (for which we 
may have a third at the Square of 4, or 


of 3, ) we have 3 a fourth time (which 


will make up, not a Cube, but the Fri- 


ple of a Cube,) which is not to be ad- 


mitted, becauſe we cannot have a fifth 
and ſixth. And conſequently, the Square 


of 37 muſt be laid aſide, (as not to be joined either — 
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that of 439 or 29;) but (waving that) we. muſt-have re- 
courſe to the other two (at 29 and 439) for Tripling of - 67. 
Now here we have 13 once; and therefore muſt have it 
twice more; not from the Square of 3, (becauſe, as before, 
if we take a ſecond here, we cannot have a third without a 
fourth ;) but from that of 191. Which doth not only ſup- 
ply 13 twice; but alſo 7 and 31 which were alſo wanting: 
So that we have now a ſecond Cube, ſuch as was defired ; 
whoſe Components ate, 3, 7, 13, 19, 31, 67, thrice taken. 
And the Square whence it ariſeth, is that of 7.x 11 X29 X 
163 X 191 & 439. | 5 Pi 
And if, from the remaining Square 
of 2, 4, 3, 5, 37, 67, we could form 217 
a third ; this, Compounded with the 443 
-laſt foregoing (as Prime to it) would ᷑ 3/13 
form a fourth. But this cannot be, 5 | 
becauſe no Prime doth here thrice o&- 373, 7, 67 

car, but only 7 and 31: And neither 6713, 7, 7, 31 

of theſe can be thrice taken, without n 
being incumbered with 3, which cannot be Tripled. So 
that, retaining 19 (as is hithertd ſuppoſed) we can have 
| (from thence) no other Cube than what is already found. 


Let us now therefore lay by 19; and conſequently the 
Squares of 7, 11, 163, wherein it is found. And we have 
then theſe only left for conſideration. We pA 


27 3113 2913,67 6713,7,7,31 43913313107 
31 5031 373.767 -1917,13,13,30. 

We have here 67 three times, at the Squares of 29, 37, 
439. And (with theſe) we have 3 twice; which calls for a 
third from the Square of 67. And we have 13 once, fot 
which we might have a ſecond at 5 9 
the Square of 3; but could not then 2913, 67 
have a third without a fourth; there- 373, 7, 67 
fore (waving that) we take both from 43903, 31, 31, 67 
the Square of 191. And we have 69713, 7, 7, 31 
then 31 four times, and therefore muſt -191]7, 13, 13, 31 
take it twice more from the Squares 4131 _ 
of 4, and of 5, — 20 5131 
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times; yet cannot find it twice more to make it up fix 
times; nor indeed once more, becauſe we cannot here 
Compound the Square of 2, as being included in that of 4. 
So that, with 67, we may make up, not a Cube, but a Sex- 
tuple of a Cube. | 
Suppoſe we then that 67 be laid afide ; and therefore the 
Squares of 29, 37, 439. Thoſe that then remain are, 


27 4132 3113 5131 6713,77,30 191½,13,13,31 
Of theſe, that of 67 muſt be laid afide (becauſe 3 occurs 
but once,) and conſequently (becauſe 7 comes then but 
twice) that of 2 and 191. And for the other three (of 3, 
4, 5,) the Number 13 comes but once; and 31 but twice. 
So that no further Cube can be hence expected. 


We conclude therefore (having 


44332 fully conſidered all) that (within the 
531 cecc.nxtent of, this Table) we may have 
713, 19 two Squares (and but two) ſuch as 
11/7, 19 are defired ; whoſe Aggregate of Di- 
3713» 7» 67 viſors ſhall be a Cube. * the 


673, 7, 7, 31 Square of 7X 11 X 29 X163 X 191 X 
16313, 7, 19, 67 439, whoſe Aggregate of Diviſors is 
19117, 13, 13, 31 the Cube of 3x7X13X19X 31 X67. 
2637, 7, 13, 109 And the Square of 4x5X7X11X 
43983, 31, 31, 67 37X67X163X191X263X439X4993 
49913, 7, 109, 109 whoſe Aggregate of Diviſors is the 

| | Cubeoftgx3x7X7X7X13X19X 
ä | 31 X 31 Xx 67 X 109. | 
And, if any think it worth the pains to ſeek out more; 
they muſt enlarge the Table, to take in more Primes, or 
more Quadratick Powers of theſe-Primes. 


It had been eaſy to have rendered 


713, 19 | this buſineſs more ſtupendous (as 
1107, 19 ſome other would have done, ) if (con- 
2913, 67 cealing the methods whereby I came 
16303, 7, 19, 67 at them) I would have performed the 
191]7, 13, 13, 31 Multiplications here directed; and 
439 


- 
4 


„31, 31, 67 then, in thoſe great Numbers, exbi- 
= © & bited 


2 
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bited theſe two Squares, with the two Cubes thence ariſing ; 
affirming, that (within ſuch extent of Numbers). there is 
no other Square Number (beſide theſe two, vaſtly great,) 


which added to all its Aliquot Parts will make a Cube: 


Or perhaps, having aſſigned thoſe two, propoſed à Chal- 
lenge. to all the Mathematicians in France,) to find a third 


within thoſe limits. But this would ferve only to amuſe a 


Reader, not to inſtru& him. And I chuſe rather (in what 
I publiſh) to inform my Reader, by what ſteps I come at 


thoſe diſcoveries I make, and whereby he may (if he pleaſe) 


attain the like; deſigning more, the benefit of others, than 
oſtentation. . 


I may here add (as is done after the former Queſtion,) i 
that the ſame method is to be uſed, if (inſtead of a Cube) it 


had been demanded, that ſuch Aggregate ſhould be the 


Triple (or other deſigned Multiple) of a Cube: (ſuppoſ- 
ing ſuch deſigned Multiple to be poſſible:) Of which I have 


given ſome inſtances as J paſſed along; and might have 
done more if it had been needful. _ 3 


But we muſt not then demand the Duple, Quadruple, 


Scxtuple of a Cube, or otherwiſe Multiple thereof by an 


even Number: For all ſuch are impoſſible. For, fince every 


Quadratick power of a Prime Number (be it the firſt, ſe- 
cond, third, or further Square thereof, ) hath, for its Di. 


viſors, (beſide 1) all its Degrees or Powers fo far; (as, for 
inſtance, 4 hath for its Diviſors 1, a, aa, ad, a @*, % 


and all theſe (becauſe: it is a Quadratick Power) are (ex- 
cluding 1) in Number even; (and every of them either odd 


or even according as is the Prime @ whence it ariſeth 3) and 
conſequently, the Aggregate of all except 1, an even Num- 
ber; (tor an even Number of odds, as well as an even Num- 
ber of evens, will ſtill make an even Number ;) to this 
even Number, if 1 be added (which is alſo an Aliquot Part, 
and therefore a Diviſor,) this always makes the whole Ag- 
gregate an odd Number: Which therefore cannot be Du» 
ple of Cube, or its Multiple by an even Number. And 


the ſame will hold as well tor the Quadratick Powers of any 


Compound Number: For (as was ſhewed before) the Ag- 
| N 2 e Sregate 
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times; yet cannot find it twice more to make it up fix 

times; nor indeed once more, becauſe we cannot here 
Compound the Square of 2, as being included in that of 4. 
So that, with 69, we may make up, not a Cube, but a Sex- 
tuple of a Cube. | | 


- Suppoſe we then that 67 be laid afide ; and therefore the 
Squares of 29, 37, 439. Thoſe that then remain are, 


25% 431 3113 5131 6713,7-7,31 191½%, 13,13,31 
Of theſe, that of 67 muſt be laid aſide (becauſe 3 occurs 

but once, ) and conſequently (becauſe 7 comes then but 

twice) that of 2 and 191. And for the other three (of 3, 


4z 5,) the Number 13 comes but once; and 31 but twice. 
So that no further Cube can be hence expected. 


We conclude therefore (having 


4031 fully conſidered all) that (within the 
5031 extent oß this Table) we may have 
73, 19 two Squares (and but two) ſuch as 
117, 19 are deſired; whoſe Aggregate of Di- 
3713» 7» 67 viſors ſhall be a Cube. Namely, the 


6713, 7, 7, 31 Square of 7 X 11 X 29 X163 X 191 X 
16303, 7, 19, 67 439, whoſe Aggregate of Diviſors is 
19117, 13, 13, 31 the Cube of 3x7X13 X 19 X 31 X67. 
2637, 7, 13, 109 And the Square of 4x5X7X11Xx 
4393, 31, 31, 67 37X67X163x191X203X439X499 
49913, 7, 109, 109 whoſe Aggregate of Diviſors is the 
Cube of 3x3Xx7X7X7X13X19X 
| | 31 X 31 Xx 67 X 109. 

And, if any think it worth the pains to ſeek out more; 
they muſt enlarge the Table, to take in more Primes, or 

more Quadratick Powers of theſe-Primes. 


It had' been eaſy to have. rendered 


713» 19 | this buſineſs more ſtupendous (as 
11), 19 ſome other would have done,) if (con- 
29113, 67 cCaealing the methods whereby I came 

16303, 7, 19, 67 at them) I would have performed the 
1 13, 13, 31 Multiplications here directed; and 
439 


3, 31, 31, 67 then, in thoſe great Numbers, exbi- 
M5, s © * 
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bited theſe two Squares, with the two Cubes thence ariſing ; 
affirming, that (within ſuch extent of Numbers) there is 
no other Square Number (beſide theſe two, vaſtly great,) 
which added to all its Aliquot Parts will make a Cube: 
Or perhaps, having aſſigned thoſe two, propoſed a Chal- 
lenge. to all the Mathematicians in France,) to find a third 
within thoſe limits. But this would ſerve only to amuſe a 
Reader, not to inſtruct him. And I chuſe rather (in what 
I publiſh) to inform my Reader, by what ſteps I come at 
thoſe diſcoveries I make, and whereby he may (if he pleaſe) 
attain the like; deſigning more, the benefit of others, than 


. 


oſtentation. | 


I may here add (as is done after the former Queſtion,) 
that the ſame method 1s to be uſed, if (inſtead of a Cube) it 
had been .demanded, that ſuch Aggregate ſhould be the 
Triple (or other deſigned Multiple) of a Cube: (ſuppoſ- 
ing ſuch deſigned Multiple to be poſſible:) Of which I have 
given ſome inſtances as I paſſed along; and might have 
done more if it had been needful. 1 


But we muſt not then demand the Duple, Quadruple, 
Scxtuple of a Cube, or otherwiſe Multiple thereof by an 
even Number: For alf fuch are impoſſible. For, ſince every 
Quadratick power of a Prime Number (be it the firſt, ſe- 
cond, third, or further Square thereof,) hath, for its Di- 
vitors, (beſide 1) all its Degrees or Powers ſo far; (as, for 
inſtance, 4“ hath for its Diviſors 1, a, aa, a, a*, 4, 4% 
and all theſe (becauſe: it is a Quadratick Power) are (ex- 
cluding 1) in Number even; (and every of them either odd 
or even according as is the Prime à whence it ariſeth ;) and 
conſequently, the Aggregate of all except 1, an even Num- 
ber; (tor an even Number of odds, as well as an even Num- 
ber of evens, will ſtill make an even Number;) to this 
even Number, if 1 be added (which is alſo an Aliquot Part, 
and therefore a Diviſor,) this always makes the whole Ag- 
gregate an odd Number: Which therefore cannot be Du- 
ple of Cube, or its Multiple by an even Number. And 
the ſame will hold as well for the Quadratick Powers of any 
| Compound Number: For (as was ſhewed before) the Ag- 
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gregare of Diviſors of ſuch Compound Square, is always 
Compounded of ſuch Aggregates of Diviſors of ſome Qua- 
dratick Powers of Primes ; which, being (as is now ſhewed) 
odd Numbers, their Compound muſt Þ ſo too. For an 
odd Number, Mulriplied by an odd Number (and ſo con- 
tinually) will ſtill produce an odd Number; and therefore, 


not the Duple (or otherwiſe Multiple by an even Number) 
of any Number whatſoever. 


In the former Queſtion, concerning Cubick Powers, 
whoſe Aggregate of Diviſors ſhould be equal to a Square, 
(or a deſigned Multiple of a Square,) this will not holg. 
For there the Aggregate may be either an odd or an even 
Number. Yet with this diverſity : If the Prime à be 2, then 
all the Degrees thereof will be even Numbers, to which 
when 1 is added the Aggregate will he odd. If the Prime 
a be 3 (or other odd Prime,) and the Cube thence ariſing 

be the firſt, third, fifth Cube, (or other in odd places) 
* whoſe Number of dimenſions is 3, 9, 15, or other odd 
Number ; the Number of Diviſors, without 1, will be odd 
alſo; and therefore, with 1, it will become even. But if 
ſuch Prime a, be odd, and the Cubick Power thereof be the 
ſecond, fourth, ſixth, or other in even places, whoſe Num- 
ber of dimenfions will therefore be 6, 12, 18, or other even 
Number (which will therefore be Quadratick as well as 
Cubick 3 here the Number of Diviſors without 1, will be 
even, and their Aggregate even; and therefore with 1, the 
Aggregate will be odd. And accordingly an eſtimate is to 
be made of the Compounds of ſuch Aggregates: For, if 
all the Compounding Aggregates be odd, the Compound 
will be alſo odd; but if any one of them be even, the 
Compound Aggregate will be even. I forbear to purſue 


this to an 1 nicer determination: But any who e may 
Ta it further, 


of 
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of the Third Queſtion mentioned above in pages 322, 333 
which was propoſed by Dr. WaLLIs to Monfieur FRM Ar. 


— ——— 


III. A third Queſtion I added to thoſe two; not as a new 
difficulty, but as a trial whether Monſieur Fermat did 
thoroughly underſtand the myſtery of his own two Queſtions; 
and did not only by chance light on them: For if he 
thoroughly underſtood thoſe, he muſt needs be able to ſolve 
this with much eaſe ; which it ſeems, by Epiſt. 37, he did 
not find ſo eaſy; and therefore, what ſolution he did find, 
he choſe rather to conceal than let us know it. Nor doth 
any where let us know, whether he were able to ſolve his 
own Queſtions. But Monſieur Frenicle gives ſolutions both 
of this and thoſe ; but without acquainting us by what me- 


thods he came at them; which makes me think they are 
not better than mine. 7220 


The Queſtion is this; To find two Square Numbers, which 
added to their Aliquot Parts ſhall make the ſame Number (or, 
whoſe Aggregate of Diviſors ſhall be the fame ;) As for in- 
flance 16 —-8 +4 +2 +1=31=25+5+1;- Le 
two ſuch other be found. | | „ 

Now 'tis manifeſt (by what hath been before delivered) 
that any Multiple of thoſe two (16 and 25) by any other 


Square which is a Prime to both of them (as 9, 49, 121, 


&c,) will do what is defired. For the Multiple of 31, by 
the Aggregate of Diviſors of any ſuch other Square, will 
be the Aggregate of Diviſors, both of 16, and of 25, Mul- 
tiplied by ſuch Square. As for inſtance, becauſe 9 + 3 
+1 = 13; therefore 31 X 13 =.493, is the Aggregate 
of the Diviſors, as well of 16 X.9 = 144, as of 25 x 9 
= 225. TSP 

But, if we would have others than the Equimultiples of 
16 and 25; we may make uſe of the former Table of 
Squares; wherein (becauſe we do not meet. with. any ſingle 
F Le | Squares, 


. 
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Squares, (other than thoſe of 4 and of 5, ) whoſe Aggregate 
of Diviſors is the ſame) we are ſo to Compound two or more 
of thetn in ſeveral parties, as that the Aggregates be the 


| 1 2967 0 
ad +331. \ Aran I 2x7xprgxgrn67, | 


| gd Paper 367X127, 


5 Ee ZXZXJXJXIZXIQN gIXĩ 7127. 

9 ZXZX7X7X13X19%831X67x127., 
All which ariſe from Compounding the Squares of the 
Primes laſs than 100, taking into the Number the ſecond 

and third Squares of 2. 
And more Couples than theſe are not to be found within 
*Moſe firms, unlefs by Multiplying both the Numbers of 
fo of theſe 'Copples by ſome common Square which is 
® Prime to both of, them; which may be done at plea- 
ſure. But if we extend the limits, to other Primes, and 
cher Powers of theſe Primes, we may have more with- 
Ad by the fame means we may have Three or more 
duch Square, whoſe Aggregate of Diviſors ſhall make the 
$ 


TameTum. As (amongſt theſe) we have Three. Namely 
the Strares of + 8 
ee = 
Sani) f 3XSX7NTXIZHINNSIXO XI. | 
ZXSXIIXIQNS7 | 


But if ve enlarge the bounds, we may find others (Two's, 
Fhrees, Fours, &c,) in great Multitudes, whoſe Aggregate 
| n EET : CANE Die | a 1 f of 


Aliquot Parts, by John Wallis, Tp 351 | 


of Diviſors ſhall be the ſame. As any man by expe- 
rience, may find, who (without going farther) will give 
himſelf the trouble of purſuing the whole, Table here 


given, as I-have done thoſe Primes which are ſmaller than 
100. 8 


I forbear to purſue more Queſtions of this nature; but, 


according to the ſame method, any others of like kind max 
be diſpatched. | 
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MADE BY 


M. THOMAS BRANCKER, M. A. 
And Publiſhed by hn, 
With the Advice and Aſſiſtance of Dr. JOHN PELL, 
185 At London, in the Tear 16683 


| as | | 
'A TABLE OF ODD NUMBERS 
| . LESS THAN ONE HUNDRED THOUSAND, 


SHEWING, 


And, Secondly, The FACTORS, or CO-EFFICIENTS, by the Multi- 


plication of which the others are produced; Supputated, « or Computed, 
by the ame Tronas BRANCKER, 


2 2 
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THE. 


TRANSLATOR'S PREFACE. 


* * 1 4 * 
— — . ( (ͤ ypṔ— — 
— * 


T HE Title-Page ſays that this Book was a Tranſlation, but 
hath been much altered. F any man defire to know what 
the alterations are, and why they were made; be may do well 
to compare it with the Original: A Printed Copy whereof may 
be had at Francfort in Germany, by any that mquires there for 
it by this Title, Algebra Rhonii Germanice +; r1 * apud 
Bodmerum, 1659, in quarto. The Copy which F have, was 
given me anno 1662, by @ good Friend, who then told me be 
much defired to read it, in ſome Language that he underſtood'; I 
then promiſed him to Englith it. As ſoon as my leiſure permitted, 
J correfied it according to the Printed Catalogue of Errata, 
and then began the Tranſlation. When it was finiſhed, I defired 
to ſee it Printed, and got it Licenſed May 18, 1665, with the 
name of An Introduction to Algebra. And fo without any 
alteration either in the Precepts or Examples, ſave only the cor- 
rection of many Miſtakes : It was ſent to the Preſs, with order 
to Re-print the fix leaves of His Table of Incompoſits pre- 
ciſely as they ſtand there, © A 
A little after, I beard that there was at that time in Lon- 
don, a Perſon of Note 4 very worthy to be made acquainted with 
my deſign, before I made any farther progreſs in the Impreſſion. 
Being admitted to ſpeak" with bim, I found bim not only able 
to dire me, but alſo very willing /o to do, ſo far as bis leiſure 
would permit, He gave me divers cautions concerning the Work, 
He ſbewed me the way of making the Table of Incompoſits, 
of examining it, and of continuing it as far as I would. He en- 
couraged me to extend it to 100 thouſand : Telling me that by 
that time that I had Calculated and Printed that Table, be 


* That is, at Zurich, in Switzerland. 


«Zn.  boped 
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boped to be at leiſure to review ſome of Monſieur Rhonius bis 
Problemes, and to work them anew ; and that be would ſend 


them to me, with leave to publiſh them or to keep them by me. 


I had finiſhed and Printed that Table, as alſo Twelve 
ſheets of the Book itſelf, before he ſent me bis Alterations. 

They begin with Probl. 24, pag. 100. All from thence to the 
end is his Work: As alſo pag. 79, 80, 81, 82, which be 
| ſent laſt. of all: So that inſtead of the firſt 124 pages of Rho- 

nius, this bath juſt twice as many: Inſtead of theſe 8 or ꝙ ſheets 
remaining in Rhonius, how much ſhall be bereafter publiſhed, 
I will not adventure to foretell, becauſe of the uncertainty of 
life, bealth, leiſure, and of the acceptance which this ſhall find 
among ſt the Lovers of theſe Studies, to whom this might have 
been more acceptable, if it had been wholly void of Preſs-faults. 


As for the Table of Incompoſits, I was very ſenſible of the 
bad effects of perfunctorineſs in Supputating, Tranſcribing, or 
Printing of it. My care therefore was not ſmall : yet pag. 198, 
is almoſt filled with Errata, and I dare not warrant that none 
| bave eſcaped unſeen : But ſeeing ſo few are fit to undertake to 

Supputate it anew, bay ee ſhall happen to diſcover any. other 
Fault in that Table, ſhall do well to figntfy it to the Book: ſeller, 
er to any other likely to be concerned in the next Impreſſion. 


The Errata in the reſt of the Book are many, notwithſtand- 
ing my care, and the diligence of a good friend, who Corrected 
Part of it, after my removal to an abode ſo far from London. 
Moſs of them cannot trouble the more exerciſed: fort of Readers. 
But fear of leaving any flumbling-block in the way of Beginners 
hath cauſed this larger Enumeration of them in the three next 
following pages. | n 


 White-gate in Cheſhire | | 
April 22, 1668, s | T. B. 


* 


| From pages 34 and 35 of 88 1 ws 
| Rnox us“ s Algebra, 


BY T it is oftentimes very troubleſome to find a Square, | 
Cube, &c, whereby this Abbreviation may be performed. 
Find therefore all the Partes aliquotæ, or juſt Dividers, and 
theſe will tell us whether, and how often any Cube, Square, 
Kc, is contained in the Quantity aftigned. 


Foraſmuch then as the Diſcovery: of the Partes aliquots is 
many waies uſeful in Vulgar arithmetick, I have — 
a Table in the End of this Book, which diſcovers them in 

all une ven Numbers as far as 100, ooo. | | 


In which Table [p] ſtands for a Prime Number chrough- 


| out. 


The Uſe of that Table is 


To diſcover at view whether any given Quantity be com- 
pound or ſimple, i. e. be diviſible or indiviſible, and how 
many Partes aliquote it hath. On the left fide you ſee, run 
down all the odd Numbers to 99, which muſt be ſer after 
the Numbers in the Head-Row, as Occaſion is, thus. Let 
the Number given be 21449, ſeek 49 in the fide, and the 
other 214 in the head, then run downward, and fide-waies 
till their Rows meet in a Square, where we find 89, which 
is a Pars aliquots, which dividing 21449, gives Quotient 
241. With this 241 do as before (i. e. ſeek 41 on the fide, 
and 2 in the head) and in its Square you find (P) which 
ſhews that it is an indiviſible or Prime Number. Wherefore 
the aliquot Parts of this 21449 ſtand thus. 


98 
89 241 
— 
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If the even Number 21696 were given, ſubdivide it con- 
tinually by 2 till the Quotient be an odd Number (as at the 
ſixth Time you will here find 339.) Seek this 339 in the 
Table as you are directed above. In its Square we find g, 
which dividing 339 gives Quotient 113, which 113 we find 
to be a Prime Number. The Parties aliguotæ of the Num- 
ber 21696 ſtand as follows. Out of 1, 2, 3, 113, we may 
find the reſt. 

I 
2. 2 2 2.2.2 


„ „32. 8 
3.6.12. 24. 48.960.192 


713. e 904. 1808. 3616. 7232.3 39.678. 1356.2712. 5024 
10848. 21696. . 


How thoſe Principal Diviſors (1, 2, 3, 113,) are multi- 


plied into each other, and into their Products, lies plain 
before the Eyes without any more words. 


un 
Mr. Tromas BrRAnckeR's Preface to bis long Table of In- 
compoſit, or Prime, Numbers; from pages 193, 194, 195, 
196, 197, and 198, of bis Tranſlatim of Rronius's 
Ls ye in the Year et. | 


© 4 4 8 


This is the ＋. able mentioned . 34; line 8. It fills 50 
pages. Its firſt page calls it @ Table of. Incompoſit numbers 
leſs than 1 00, ooo; but it contains far more'compoſit numbers, 
than incompe/it ; For it doth not only give an Orderly: enume- 
ration of all odd numbers which are not compaſit: but alſo it 
ſhews that none of the reſt are ſo. To every other odd num- 
ber there expreſſed, the Table ſets ſome incompeſit that will 
divide it without. fractiun. 

Each page bath 21 columels, whereof the „i is filled 
with 40 odd numbers ſtanding in their natural order. The 
following twenty columels are diltinguiſhed on their Tops, by 


numbers 
os 
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a in their natural order o, 1, 2, 3, to 6 999. 
Theſe Top numbers are hundreds ; the 40 marginal numbers 
are Unites adbering to the Centuries. A line running from 
any marginal croſs the page, ſhews, in any column, the 
place of the number made up of the Top-number and 
that marginal. In every ſuch place of concourſe you [ſhall 
either find the letter p, or ſome incompoſit leſs than 317. 
The letter p ſhews the number to be a prime or incompoſit, 
(See Euclid, VII. def. 11 and 13.) If any number leſs than 
100,000, do end 1n 1, 3, 7 or 9, you may find its place 
in one of thoſe 50 pages, and then ſee whether it be a prime 
or no: It it be compoſit, you will there find its /eaft Diviſor. 
7 hus in page 1, where the line marked with the marginal 

67, croſſeth the columel whoſe Top- number is 16; there 
you find p, that is, 3 is a prime. Where the ſame line 
croſſeth the next columel, you find 3; That is, 1767 is no 
prime, and 3 is the /eaft Diviſor of it. So in page 25, you 
lee 49031, 49033, 49937 are primes; but 49039 is a Com- 
poſit, and 19 is its ſmalleſt Diviſor. 

It may be of great uſe ſometimes to have 4 complete and 
orderly enumer ation of all incompoſits between o, and 100,000, 
witbout any mixture of Compojits ; thus 1. 2. 3 11, 13. 
xc, leaving out 9, 21 and all other compolits, The 1 numbers 
2 and 5 are primes, though they. be left out of the long 
Table, becauſe no other incompoſit ends ſo. Theſe two 
prime numbers 2 and 5; bein 8 duely placed, all the reſt of 
the primes are taken out o 
ſtand marked with p, from in the firſt page to 99991 in 
the end of the goth page. 

If to each of theſe. primes you ſer the Briegi an Logarithm, 
you may find the Logarithms for all the re e numbers 
in the firſt 100 Chiliads, by addition of the Logarithms of 
their incompoſit Factors. | 

The Reſolving of a number into all its incompoſit Fac- 
tors [as 4620 into 2. 2. 3. 5. 7. 11.] is altogether neceſſary, 
for the determining how many Diviſors that number hath, * 
and which ow be: As in Pages 194, 95. | 


XXIX 


the long Table as they there 


366 xXxIX different Examples of s Cinpefr. 


(29) ab. acdeſc. aaabdſaac. abba. aaaa 
I. abedef ſac. abdeſd. aaabc (23) 
a. bedef ad. abceſaa. abedſ i. aaaabc 
b. acdefjae. abed ab. aacdſa. aaabc[t. abcde 
C. abdef be. aadeſac. aabdſb. aaaacla. bcde 
d. abcef bd. aaceſad. aabeſc. aaaab b. acde 
e. abedf be. aacd}bc. aaad}aa, aabcic. abde 


ac. bdefjde. aab 
. ad. bcefſaab. cde 
ae. bcdfjaac. bde 
af. bcde[aad. bee 
bc. adefjaae. bed 
bd. acef abc. ade 


be. acdt 
bf. acde 
cd. abef 
ce. abdf 
cf. abde 
de. abcf 
df. abce 
ef. abcd 
abc. def 
abd. cef 
abe. cdf 
abf. cde 
acd. bef 
ace, bdf 
acf. bde; 
ade. bcf 
adf. bce 
aef. bed 
(28) 

1.aabcde 
a. abcde 
b. aacde 
c. aabde 
d. aabce 
e. aabcd 
aa, bede 


(29) 

1.30030 
2.15015 
3. 100 10 
5.6006 
74290 
11.2730 
13.2310 
6.5005 
10. 3003 
14-2145 
22.1365 
26.1155 
I 5.2002 
21.1430 
33- 910 
39. 770 


roloed into all its Faftors and Diojfore. ' 961 


6.770 6.168 
10.4620 7.120 
14.3300 4.210 


30S Form 
20 


35- 858] (27) 
55. 540[1.1260 
65.4620 2.630 
77. 399} 3.420 
91. 330 5.252 


143.210 
30. 1001 
42.715 
| 66.455 
78.385 
70.4299. 
110.273 
130.231 
154 195 
182.165 
286.105 


(28) 
1.4620 
2.2310 
3-1540 
| 5-924 
7.660 
11.420 
41155 


4.225 9.24 


ſort hath 64 Di- 
| viſors; the 18th 
- Gſſhach but 38, Sc. 


-. (262. 9 


0 14 Long Table of Numbers v i 
oak: 7 Jo 


| Every e part ot a Number is one of the juſt er | 
of it. eſt Divifor being equal to the wwbole Di- 
vidend, _ not be called a Part: Wherefore, ſubſtract 1 
from every number in the laſt columel of page 195, you 
ſhall have the number of aliquot parts belonging to every 
one of thoſe 29 I 


Having the leaſt Div ifor of any Number ak the * Ti able, 
160 yOu all its other ME e ents. | 


If that Diviſor end in 1 or 9, and have a black ſtroke 
under it in the Dividend's place in the long table; or if the 
Diviſor end in 3 or 7, and have ſuch a ſtroke over it in the 
Dividend's place; ; the Dividend i is the Jquare of an incom- 


pot, and the Quotient is | given, for it is equal to the Di- 
viſor. : 


If the leaſt Diriſor have no ſuch ſtroke by i, let it di- 
vide the propoſed number, the Quotient ſhall be the greateſt 
aliquot part of that Dividend: Seek that Quotient in the 
ſame long Table; if it be there marked with p, your inquiry 
is at an end; the Dividend is of the form AB, If it be net 
fo marked, by the Prime there found, divide your fr Quo- 
tient, deal with the ſecond Quotient as you had done with 
the jr}, wry ſuch Diviſions, till-the Quotient be in- 
compoſit. Thus 53191 is found in PP 27, ws w 
| e 


Ye of the long Table of Numbers, ending in I, 3, 7, g. 363 


ſalleſt Diviſor 43. Now 53191 mou by 43 43 gives . 
1 I * this 1237 s a prime. Inq arther. - 


defiring the inoompoſit factors A pban I find it 

284 pany the long Table, with 7 for its leaſt Diviſor. 

fs yotient 13373 6, found in page 7; with its leaſt, Di- 

„ This 43 gives a ſecond quotient 311. Page 1 

5, this 311 is an incompoſit. So the prime Co- effieients 

= 93611 are 7. 43. 3. 3 infer that 53191 ach to 
Berl, as 1237 to 2177 = 7* 311, of 7* 31 141 4 


If you divide any odd number by all the primes in order, 
beginning with 3, The firft Diviſor that finds a Quotient 
without ion, is the leaſt Diviſor that the Diyidend can 
have. Thus, 239 is the leaſt number that meaſures x 111 111. 
Try 3, 7, 11, &c. No prime can divide 1 111 111 till 
you come to 239. If no ſuch Diviſor find an Integer Quo- 
tient, before the Quotient is leſs than the Divifor, pro- 
nounce your Dividend to be incompoſit, and that laſt Di- 
viſor to be greater than the Dividend's ſquare root. Fre- 
quent occaſion of Dividing by Incompoſits calls for a Taria 
of as many primes as ſhall be needful. For reſolving of 


numbers leſs than 100,000, it ſufficeth if it be exrendad to 
3! 3, as 1n the next page. * 
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Amendments to the following 7 able.. _ : 


* 

* — 
T on p — — 
0 . 


P. Guldin ſayes, 149 is diviſible by 7, and 229 by 31. 
Schooten leaves 80g out of his Catalogue of Incompoſits, Rhonius 
oſits, and ſays 11833 is divi. 


makes 1209 and 1673 inco 


ſible by 19. But this Table ſayes more truly, 


that 149.229. 


$09.11833 are Incompoſits : and that 1209 is diviſible by 3, 
truſt it not, before you have amended 


and 1673 by 7. Yet 
theſe faults in it. 


Numb. For. Set. IPs 


Numb. or. Set, 


22331] p 3 | 
7238 , p 


72557] 73 37 


[222241.97\_79 
73923] p| 3 
730510 711 
73461079 19) 
73493] P| 7 
73913]_P|_7 


31142153 123010301 


40078 199 p11 
80333 67] 11 
pf 11 


es 
448569928 10181 


11890 P| 7 
91707) P| 3 
191793] 23] 17 


47192701 3} 7 


f 192703] 7] 3 


192793[1631113 
193101|151]157 
31510 52 59 
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Article 1. To find as many r ht-angled triangles as we 
pleaſe, of which the three ſides ſhall be expreſſible in ratio- 


8 b WT 60> i. 


* | . i Fed 


» 


[4 
* — a 


Let the numbers that expreſs the lengths of the two ſides £ 


that contain the right angle, be denoted by the letters m 


and n. Then will the number that denotes the hypotenuſe 


of the triangle, or the line that ſubtends the right angle, be 
greater than either of the two numbers m and n, and its ex- 


ceſs above either of the ſaid numbers will be a rational 
number: for, if it were not, the number itſelf which ex- 


preſſes the ſaid hy potenuſe would not be a rational number. 
Let the exceſs of this number, which expreſſes the hypote- 
nuſe, above the number n, which expreſſes one of the ſides 
containing the right angle, be called e. Then will the 
number which expreſſes the hypotenuſe be m + e, and its 


ſquare will be mm + ame + ce, But (by El. 1, 47.) the 


ſquare of the hypotenuſe of a right-angled triangle is equal 
ta the ſum of the ſquares of the two ſides of it. Therefore 


3H 


have = 1, an and un = 4, and "conſequently =- ELLE (= 


g33 © - of Rational Numbers that expreſs the 


mm T 2me + ec will be equal to mm + un; ; and, conſe. 


quently (ſubtracting mm from both ſides), 2me + ee will be 


equal to m; and (ſubtrafting ee from both ſides, which is 
evidently lefs than 2me + ee, and conſequently muſt be lefs 
alſo than un, or the right-hand fide of the equation ane 
+ ee m,) ame will be equal to un — ee; and (dividing 


both ſides of the equation by ae,) m will be mw to 
— and conſequently m Te will be equal to ＋ , 
| or to = + . or to = — =, TE And 


| dy rai m, n, and m +, that will ex. 


preſs the three ſides of a right-angled triangle, will be equal 
ts X'S, , and ED, or , ©, and ED; or, if 
we _ any number ae, and call it e, and take any 


other number whatſoever that is greater than e, and call 


it », the three numbers I] = and — Ki =, will be 


three rational numbers that will expreſs the 3 ſides of a 
A angled triangle. * E. I, 


25 — — _______ 
" 4% g | . N / 
; x N 


Examples of this Met bod of Ladin [4 ſuch Rational Numbers. 


r 


Art, 2. Thus, for example, if e is = 1, and u is S 2, 


(which are the ſimpleſt numbers we can chuſe,) we ſhall 


$1 = 4) and == (= 2x1xt) = 4 


and 
2X1... 2X1 2 


why 5 454 = 452 = — and conſequently 


NT | 
2 + 
n 


— 2 


| And accordingly we ſhall find that the ſquare of Y will be 


quare of = 2 is = = w, and the fares of — I: Woe 


a — Right-anglel Tag., ang 


4,4 — and — --, will be three rational numbets that wilt 


exprels the 1 of the three ſides of a right · an 
triangle. And accordingly we ſhall -_ that the ſquare 


of the laſt of theſe numbers, to wit, - 8 — which expreſſes 
the. hy potenuſe of che triangle, is equal to the ſum of the 
ſquares of the two former numbers, to wit, = and. - 2, 

which expreſs the two Aides that contain the right ang 
For the ſquare of mY — b 2, and the ſquares of 5 5 0 and 


| ” 5 it 4 
2 2 wt 42 is = — FEES. | 


Secondly, let e be = 2, . & bar an 
Then we ſhall have e eee 


and conſequently = 1 * =; 1 * and — 
FS | 2 Ft 1,4 
A 0 85 * (= e . 


Therefore — Ty and Ss will be three rational numbers 


that will expreſs the three ſides of a right-angled triangle. 


equal to the ſum < the ſquares of 4 and "Ry For a A 


156 


G A | 
56 d oe ; and 29 = Ah =, = + = Wannen mart 
i let e be = 3 and n be = = 3. . pil oY : 


Then we ſhall Cai and un = we and 2e = 6; 


and conſequently. — — > (= — —) == A, and- — 


(= — e and . (= 522 apa: 
| * 3 H 180 oh - Therefore 


„ Of Rial Meth inthe 


| [cir 3; is 288 and the ſquares of 5 17 and 3. 11e 2 


| Therefore , E. and in, n bo thive rational 8 


that's Will expreſs the three fides of a right-angled: triangle, 


| And accordingly we ſhall find that the Ir ol 3 will be 


equal to, the ſum of ;che-ſquares of 2 - and . For the 


| 3» 
at's; and 25 ETSY WA BED 


17 bete . 3 and L. — — have been 
reduced to ſmaller 6 by dividing both their nume- 


_ rators and denominators by 2. For they would then have 


been = 258 and 22 1 Therefore theſe” three numbers 


— , and = T, , will expreſs the three fides of a right 


1 
Then we ſhall have ee = 9, and un = 49, ee 
and chmfequentiy e (= . — 0 „and 2. 


82 wn * | 0 ; a: | 
(= Gs 2 40 =? (= 220 = . 


Therefore LY 2 and 2. or = =, and 22 —, will be 


three rational numbers that will expreſs. the ſides * a1 right- 
angled 3 And accordingly we ſhall find that 22 


| ſquare of —- - Will be equal.to the — of the ſquares of —- 
| and. Hg Ihe the ſquare of 2 ; is =, — 1 


o e lee eee 
2-and T are 2 and 2; and is = +. 
3 N 9 * 9 9 7 9 


10 n. i : : | 7 . j a Fifthly, 


1 Right-angled roi 85 | 


: Fifthly, let 7 be 273. and * 11. 8851 e Ar . Nr Oi 


Then we ſhall have ce = 95 and un 121, and 20 
6, and 0 


= (=. 121 LEH = = 112 | and W 


- * 
0 = = and — wt == 121 . = 8 2 Ther- 
112 66 . We ; 56 E, N 
fore —— ＋ 2, ad 2. or, 8 7 — will be thee 


rational numbers that will ah the ek ſides. of a 
angled 5 205 And accordingly we ſhall find — che 


ſquare of = = will be equal to the ſum of the ſquares' of S - 


and * For the ſquare of mn - is _ and, the pn of 


6 108 | 
© wa are BY ang 55 and EE is _ ks 


Sixthly, eee eee 05 pri. 
Then we ſhall have ee =, 253 and 8 ne. 165 and ans 
ro, and Fee BULB (=D 22,55) = it, and 2 = 


= 281 232 4 23 = 93%). aire 
(= 1 N 25 5 ( ) 5 


3 


T peers 5% _ "I and = nts or or K. Ss, and — —, will be 


three. K. numbers that * expreſs the las ſides. of. A 
right- gies Oe And eee e we ſhall find chat 


5 and > on 4. an ef 17 is > and the Gute | 
4 Zan e , . 4 8 n 


was, 
2 


Thus we have e fix ditrerent ſets of ES Td 
bers, which expreſs the lengths of the ſides of as MF Fi: 8 
£ erent 


* 


422 of Rational Numbers that e. 


ferent E qr th to wit, 1ſt, 44 , and 4; 


EY 2dly, — — „ and ==; ans zdly, — —, 1 ts 23 


and, athly, = _ = and 25 and, sthly , 2. 25 and * 
and, 6thly, 2. 55 and 7. And, by . either 


both the 1 * denoted by e and u, or only one of thoſe 
numbers, and e the values of the three fractions 


| ſets of numbers as we pleaſe. 


Art. 3. All theſe numbers ate Kade becauſe they are 
derived from the general fractional expreſſions EL E. 


26 


and == =. But, if we multiply the three fractions of each 


of theſe ſix ſets of fractions by their common denominator, 
che products will be whole numbers expreſſing the ſides of 
greater right-angled triangles ſimilar to the former triangles, 
of which the ſides were expreſſed by the INE * 


Thus, if we multiply the three fractions , — , and — 


by their common denominator 2, we Wall have the 5 
numbers 3, 4, and 5, for the ſides of a greater right · angled 
triangle ſimilar to the former re of which the ſides 


were expreſſed by the fractions . 2, and — And, 
if we multiply the three fraftions 2 7 2, * by their 


common denominator 4, we ſhall have the while numbers 
5, 12, and 13, for the ſides of a greater right-angled tri- 
angle fimilar to the former triangle, of which the fides were 


; 4X * and =, And, if we multiply the three fractions 
7 | 0 


M8 


3 


| — 


* 


— = an — „ we may obtain as many more tic: | 


© Sides 7 . mn a 
| $ 


- =, and 2 12 5 their common denominator 3. we | 


ſhall have the 12 numbers N and I7, for the fides 
of a greater right-angled triangle 07 75 to the PRE tri- 


angle, of which the ſides were * 5 =, and -L. And, i in 


like manner, from the fractions = = | a and EY we may 
derive te whole 58880 20, 21, and 29; 404 from the | 


fractions = . by ; and = L, we may derive the whole num- 
bers 56, $2; and 653 ; = from the fractions 2 "4 


3, we may derive the whole numbers 72, 65, and 973 z 


all which ſets of whole numbers will expreſs the fides of 
right-angled triangles fimilar to the three former triangles, of 


which the fides were expreſſed by the fractions =2, ==, and | 
= and the fractions * =, and -, and the fractions © 5 
1 | 

7 4 


Art. 4. And theſe whale numbers a have 0 ob- 
tained at once by computing only the numerators of the 


three general fractions ===, = and — Z T4 to wit, the 


expreſſions un — ee, acn, = un x ee, which are the pro- 
ducts of the multiplication of the ſaid three fractions into 
their common denominator 28. For then we ſhould have 
found, in the firſt example, in which e is = 1 and # is 
* 275 "that the ſaid expreſſions un — ee, 2en, and un + es, 
would have been equal to (4 1, 2 * 1 & 2, and 4 +1, 
or) 3, 4, and 5; and, in the ſecond example, in which 
ewas = 2, and # = 3, we ſhould. have had n — ez, ach, 
OY N es (9 wr 2 * * 5 2128 ＋ 4, or). 
Pak 55 124 "5, 


4 Of Rational Numbers that expreſs the 


57 12, and 13; and, in the 3d example, in which e was 
= 3, and n = 5, we ſhould have had u — er, 22, and 
an +6, equal to (25 — 9, 2 K 3 & 3, and 29 +9, or) 
16, 30, and 34, which, when divided by 2, become 8, 
15, and 17; and in the gth example, in which e was = 3, 
and #=7, we ſhould have had nm — ce, zen, and mm + 
te, equal to (49 — 9, 2 X 3 X 7, and 49 + 9, or) 40, 
g2; and 58, which, when divided by 2, become 2v, 21, 
and 293 and, in the 5th example, in which, e is = 3, and 
1 is = 11, we ſhould have had nj — ze, 22n, and un T. er, 
equal to (121 — 9, 2X 3 & 11, and.121 ＋ 9, or) 112, 
66, and 130, which, when divided by 2, become 56, 33, 
and 65; And in the 6th and laſt example, in which e was 
= 5, and z was = 13, we ſhould have had n — ee, zen, 
and ty + ee, equal to (169 — 25, 2 X 5 * 13, and 169 
23, or) 144, 130, and 194, which, when divided by 2, 
become 72, 65, and 97. And thus we ſhould have ob- 
tained the fix foregoing ſets of whole numbers to expreſs 
+ the ſides of different right-angled triangles, to wit, 1ſt, the 
numbers 3, 4, and 5; 2dly, the numbers 5, 12, and 13; 
 gdly, the numbers 8, 15, and 17 ; 4thly, the numbers 20, 
21, and 29; 5thly, the numbers 56, 33, and 65; and, 
Gthly, the numbers 72, 65, and 97. 


- p . 
1 G 
4 = 
* a3 it... Aft. * * FI 1 
— 7 — Md * 


Art. 5. Tr may be obſerved; chat in the four firſt of 
he foregoing ſix ſets of numbers, which expreſs the ſides 
Af rig · angled triangles, to wit, in the numbers 3, 4, and 
3, and in the numbers 5, 12, and 13, and in the numbers 
4. 15, and 1), and in the numbers 20, 21, and 29, the 

_ Miſt number of each ſet is leſs than the ſecond; but in the 
faith antl fixth ſets of thoſe numbers, to wit, in the numbers 
8, 33, and 65, and in the numbers 72, 65, and 97, Bo 


| ſhall alſo have 2en (= 24 Xe * 


; to 2e. . N . E. D. N . 91 


ö oe ed ne 


d of Rgh-nge Trial. = 
firſt 3 of each ſet is greater than the FRY Now 


this depends upon the proportion in which the number » 


(which is always greater than e,) exceeds the number e. 
For, if u were not a number, but a quantity incommenſur- 
able to 1, which bore the ſame proportion to the number e 
as 1 bears to V2 1, or to the exceſs of 2 above 1, or 


as the.fide of a ſquare bears to the exceſs of its diagonal 


above its ſide, the general expreſſion m — ee, from which 


che firſt terms of all theſe ſets of numbers are derived, 


would be exactly equal to the general expreſſion au, from 


which the ſecond terms of the ſaid ſets of numbers are de- 


rived: and, when the proportion of 2 to e is leſs than. that 


of 1toV2— 1, or u is leſs than e & —— n the general 


N 
expreſſion aun — ee will be leſs than zen: 7 when the 


proportion of 1 to e is greater than the ſaid: proportion of x 


twoV2a—1,orn is greater than e r the general 


expreſſion my — ee will be greater than zen. Theſe things 
may be pe rrmerivgng in the manner N 7.4 


Art. 6, tn the it lace, if ni = x . we hall 


8 


have un = ee x Tip © e e 


3 ff N 
S ain. + Ty”, N — — — 88 — — 
U log r . 
: | | | 14 : 
8 DP 1 n ? | 
— — — — 1 E Ra : 33 
ir oe YI. 
EEE =; 6 tt Fe = t24/2.X ee 5 22 
n 22 2111 2—2 75a T 
7 2 =24/2+1. e 2 — 1 and 


And conſequently | 60. — in in this ate be qual 


31 '® be EN 2dly, 


7 EE Oe” 


- 


426. 0 Retten! Numbers that exprefi_ the 


b 2dly, If u is leſs than e * 7 the compound quan- 
tity n — es will be leſs than zen. | 


For, if we ſuppoſe u, from being equal to e x 71 = 
to become leſs than that quantity, but till to be greater 
than e, and the decrement of x, or its difference from its 
firſt value, to be denoted by the letter d, it is evident that 
while u is decreaſing from n to n — 4, the compound quan- 
tity un — ce will decreaſe from my — ee to n — d — ee, 
that is, to un — 2nd + dd — ee, or to un — e — 2nd + da, 
or to nn — ee — { 2nd — dd, or will be leſs than it was be- 
fore by the quantity 224 — dd; and in the ſame time the 
quantity zen will ; Brewer's from its firſt value, 20, (which 
was equal to un — ee) to 20 Xx 2 — d, or 20, — 2ed, or 
will be leſs than it was before by the quantity. 2ed. Now, 
becauſe 1 d is greater than e, it follows that = muſt be 
greater than e + d, and conſequently that a — e muſt be 
greater than d. Therefore ad x n — e will be greater than 
2d x d, or 2nd — 2ed will be greater than 24d, and con- 
ſequently 2nd will be greater than 244 + 2ed, and 2nd — dd 
will be greater than dd + 2ed. Therefore, à fortiori, 2nd 
— 4d will be greater than 2ed; that is, the decrement of 
the quantity n — ee while u decreafes from n to n — d, will 
be greater chan the decrement of the quantity zen in the 
ſame time: and conſequently the quantity mn — ee — 
(2nd — dd, to which n — ee will have decreaſed, while u 
was decreafing from » to n — d, will be leſs than the quan- 
tity 2ex — 2ed, to which the quantity 2% (which was at 
firſt equal to n — e,) will have decreaſed in the ſame 
time; or, if 7 is of any magnitude leſs than e x 


I 
. | : o/2 — 1) 
but greater than e, the quantity n — ee will be leſs than 
the quantity 207. OY ( $34974, 0H | 
And, 3dly, if » is greater than e Is the com- 
pound quantity un — ee will be greater than zen. 
THE | . Wh 7 


For, 


or, 


e X a, the quantity HH ce will be greater than the 


0 2 q 1 : a z : 7 o | i 5 F 8 N : d. 
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For, if we ſuppoſe x, from being equal to e K ==; 


* — i? ; 


* 


to become greater than that quantity, and the increment 


of u, or its difference from its former value, to be denoted 


by the lettet 4 it is evident chat, while x is increaſing from 
1 ton + &, the compound quantity n — ee will inereaſe 
from n e to 1 4 ee, that is, to un A 2d + dd 
er, or to n — ce + 2nd + da, or it will be greater than 
it was before by the quantity 224 + dd; and in the ſame 
time the quantity '2ex will increaſe from its firſt value, 2en, 
(which was equal to n — ee, ) to 20 X #-+ d, or 2h T zen, 
or will be greater than it was before by the quantity 2cd. 
Now, becauſe n is greater than e, it follows that zud muſt 


be greater than 26; and conſequently, d fortiori, 2nd'% dd 


will be greater than 26; that is, the increment of n — es 


during the increaſe. of » from to n + à wilt de greater 


than the contemporary increment of zen. Therefore the 
quantity un — ee ＋ 22d ＋ dd, to which un — ee will have 
increaſed while z increaſed from » to n + 4, will be greater 
than the quantity 2 + 2ed, ro Which the quantity 2en 


| (which, was at firlf equal to 1h — e2,) will have "increaſed 


in the ſame time; ot, if u is of any magnitude greater than 


S - 
* ad 


quantity 2e. & B. DB. LOO) 


Art. 7. If we take two numbers for e and x. that are 


nearly in the, proportion of V2 — 1 and 1, we ſhall find 
that un — ce will be very nearly equal to acn. Now Vz 

is = 1.414, &c, Therefore 50 — 1 is = 1.414 &c — 1 
= 0.414 &c, and 2 — 1 is to 1 pretty nearly in the pro- 
portion of 0.414 to 1, of of 414 to 1000, or of 207 to 
500. Therefore, if we ſuppoſe e to be = 209, and u to 
be = 500, the value of n — ce ought to be nearly equal 
to chat of 2ex, And ſo we ſhall find chem to be. For, 


upon theſe ſuppoſnions, we ſhall have e (= 207 * 
42,849, and m (= 560“) S 230, O00, and m — ge (= 
250,000 — 42,849) 2 2 


312 2 


5 
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2 & 20% X, 500 == 207, & 100) =, 297,000 3 Which is 
very nearly equal to 207,151, or n — &. ee 
$0 1891204 297 baue Kwon ma ad ung 


Art. 8. And, upon theſe ſuppoſitions, a ＋ e vill be 
( 230, oo + 42,849) = 292,849 which gives us a ſe- 
venth fer of numbers that expreſs the ſides of a right- 
angled! triangle, to wit, the numbers 207,151, 20%, ooo, 

292,849. And accordingly. we ſhall find that the 
ſquare of the number 292,849, which repreſents the hypo- 
tentiſe of the triangle, will be equal to the ſum of the 
ſquares of the other two numbers 207,151 and 207,000, 
which repreſent the ſides that contain the right angle. For 
mme ſquare of 292,849 is 85,760,536,801, and the ſquares 

207% 51 and 207,000, are 42,911,530,801 and 
42.840, 00, ooo; and 85, 60, 536, 801 is = 42,911,536, 801 
＋ 42,849, 00, 0 0. „ dy 


Art. 9. If we ſuppoſe e to be = 2, and » to be = 5, 
we ſhall have un — ce (= 25 — 4) = 21, and 2% (= 
a X 2 XK 5) = 20, and mn +e (= 25 +4) = 29. 
Therefore 21, 20, and 29, will be three numbers that will 
expreſs the lengths of the three ſides of a right-angled tri- 
angle. And theſe numbers, we may obſerve, are the ſame 
with the three numbers 20, 21, and 29, obtained above in 
art. 4, by ſuppoſing e to be equal to 3, and ꝝ to be equal 
to 7, excepting that the order of the two firſt numbers 20 
and 21 is different in the two ſets, 20 being the firſt number 
in the firſt ſet, 20, 21, and 29, and being the ſecond num- 
ber in the ſecond ſet, 21, 20, and 29; the reaſon of which 
is, that 20 is derived from the firſt general expreffion 
un — ee in the firſt ſet of numbers, 20, 21, and 29, and 
it is derived from the ſecond general quantity -2e in the 
ſecond ſet of numbers, 21, 20, and 29. This, however, 
has an odd appearance, that, when the original numbers 
and e, from which the general expreffions un — ce, zen, 
and un + #& are derived, are made to bear different pro- 
portions to each other (for the proportion of g to a is greater 
9 of 7 to 3, being equal to that of 7 10 
2.8, or of 70 to 28,) the three numbers obtained hens 


-. 


&c, or of 1 to 0.414, & c,) and is afterwards ſupppſed 10 


RE too, 9. a4, £00. 
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of thoſe general expreſſions ſhould ſtill be the ſame, though 
in a different order: and therefore it may not be | 

amiſs to inquire a little further into it. 

© Art. 10, In order therefore that the reaſon of this ſeem - 

ing irregularity. may appear the more clearly, we will recur * 


to the obſervation made above in art. 5, concerning the 
' change in the proportion of the general expreſſion, wn — e 
to tbe general expreſſion 2, When the proportion of # 


to e, from being at firſt a leſs proportion of majority than 
that of 1 to 2 — 1, or of 1 m0 0,414, &c, becomes 
equal to, and greater chan, the ſaid ratio; to wit, that, 
when the ratio of to e is leſs than the radio of 1 to o. 414, 
Re, the quantity n — ee is leſs than the quantity 2e8 ; ah, 

chat, when the ratio of u to e is equal to the ratio of 1 to 
0.44, & c, the quantity un -e is equal to the quantity 
aen; and that, when the ratio of 2 to & is greater than the 
ratio of 1 to 0.414, &c, the quantity n ee 18 greater than 
the quantity a2cn. And io this obſer vation we muſt. add 
that, if the ratio of = to e, after having been equal to the 
ratio of 1 to 0.414, &c, is ſuppoſed to increaſe gradually 
ad iuiitum, the ratio of n — ce to gen will increate gradu- 
ally at the ſame time ad inſinitun, or ſo as to become greater 
than any aſſigned ratio whatſoever. -For the ratio of an — ee 
to am is equal to the ratio of = to (=, or) 1, or to 

ON: "8." | 


| 20n | | | 
1, which evidently increaſes ad infinitum, while the ratio of 
1 to e increafes ad infinitum. Therefore while the ratio of 


3 in ee | | | „ N 1 3 80 b 
the ratio of ——— to 1, or to the ratio of = — — to 


n to e increaſes, from being equal to the ratio of 1 to o. 414, 


& c, ad tnfwitum, the ratio of un — ee to 28% will increaſe 
gradually. from a ratio of equality ad ixſnitum, and conſe- 
quently. will become ſucceſſively equal to all ratios of ma- 
jority whatſoever, Thereſore, if the ratio of u to e is at 


one time 3 ratio of 7. 10.3, (Which is leſs 
f 7 


than the ratio to 2.898, &c, or of 7 to) X 0.414, 


4% f Rae Nuntbers thot'2xreſs the 


increaſe gradually till it becomes equal to the ſaid ratio of 
1 to 0.414, &c, and then to increaſe further ad' infinitum, 
the ratio of the compound quantity n = ee to the quantity 
zen (which is equal to the ratio of 20 to 21, when the ratio 
of # to e is equal to the ratio of 7 to g,) will firſt become 
a ratio of equality, to wit, when the ratio of to e becomes 
equal to the ratio of 1 to 0.414, &c, and afterwards will 
increaſe continually from being a ratio of equality, (which 
may be conſidered as an infinitely ſmall ratio of majority, 
and is vſually ſo conſidered by writers who treat of the 
nagnitudes and meaſures of ratios,) till it becomes ſucceſ- 
doch equal to every ratio of majority whatſoever. It there- 
fore muſt at one point of time during its ſaid increaſe be- 
come equal to the ratio of 21 to 20; or, there will be a 
certain ratio of majority, greater than that of 1 to o. 414, 
&c, to which when the 4-4 of n to e ſhall have become 
equal, the ratio of n — ee to 2en will be equal to the ra- 
tio of 21 to 20. And this ratio of majority is that of 5 to 
2, as has been ſhewn in the foregoing, or gth, article. 


- Art, 11. I will juſt add one more example of the fore | 
going method of finding three whole numbers that ſhall ex- 
preſs the lengths of the ſides of a right - angled triangle. 


Let e be = z, and n be = 17. And we ſhall have 
ee = 25, and un = 289, and mn — ee (= 289 — 235) = 
264, and 2-2 (= 2 X 5 N 17 = 10 X 17) = 170, and 
mn + ee (= 289 + 25) = 314. Therefore 264, 170, and 
314, or (dividing all theſe numbers by 2j) 132, 85,. and 
157, will be three whole numbers that will expreſs the three 
ſides of a right-angled triangle. EE e 


And accordingly we ſhall find that the ſquare of the 

number 157, which repreſents the hypotenuſe, or line ſub- 
tending the right angle, will be equal to the ſum of the 
ſquares of the two numbers 132 and 85, which reprefent 
the ſides that contain the right angle. For the ſquare of 


157 is 24,649, and the (quares of 132 and 85 are $7,424 


and 7225 and 24,649 is = 17,424 ＋ 7225. 


q We 
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We have therefore now found the nine following ſets of 
whole numbers for expreſſing the 1 ones * different 
right · angled triangles ; ;*toiwly, +: 
iſt, The whole numbers 3, 4» and Te 
. 2dly, The whole numbers 5, 12, and 3+ - + ; 


3dly, The whole numbers 8, 15, and 17 


4thly, The whole numbers 20, 21, and 297 


s thly, The whole numbers 56, 33, and 6 


6thly, The whole numbers 72, 65, and 97 a 

7thly, The whole numbers inge I ark: E * 

24% N 
8thly, The whole numbers 21; 20, pane 293 EE | 

- gthly, The whole numbers 132, 85, and 197. 
4 ſuch num- 


And we may eaſily find as many more ſet 
bers as we pleaſe, by ſubſtituting different numbers for 
and u, or for either of them, in the three of pc expiet- 
fions un — ee, 2en, and mm + ce. 


Art. 12. The foregoing ſubject may alſo be twin in 
- ſomewhat different manner, by. ſo ling the following 
roblem. 


- . * 4 $ 2 N 
— In I It ee nn nt ren nna— — — — G4 


— 
* 


A PROBLEM. 


\ _— 7 


* 
— — — — 
. * 


To divide a given ſquare number into two o other ſquare 


numbers, either Whole b N or fractions, * or mixt num- 


ber. 


* 
. 


' SOLUTION: 


/ 
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8 0 Luer ION. 
— rr 


Let the given n number that 1s to be ſo divided, be 
denoted by the letters aa, and let xx be one of the two 
| ſquare numbers that are ſought, and yy. be the other, 


2 


Then, ſince the two numbers ſought are together to be 
equal to the given number, we ſhall, in the firſt place, have 
** ＋ Jy = 4m. 1 

Now, fince xx + Y is = aa, it Lp that yy will be 
= 4a — xx. But aa — xx is 2 TY X a — x, There- 


fore yy will be = a + x Xx 4 — #. Therefore-y will be 
a geometrical mean proportional between @ + x and a— x, 
and conſequently will be leſs than @ + x. Let the pro- 
portion of @ + x. to be that of the two numbers m and u, 


of which m is the greater. Thea willy be = = K 2 Tx, 
and yy will be = = x 2 FEE 


= Z . * % l 2 „ r. Themfore, © 


+» vill be = ax ＋ 2 x00 +E x 290+ x 


xx ( * ax + Z X 4 + = X zr + = „ 
= == ax + = * as + = * 24x. But 


| —_ ado — + nn | an 
xx + yy is = ag. Therefore —— 5 * = x 6 
+ 2 K* 2ax will alſo be = as, and conſequently = 


* as. Therefore = 
mm * 


X ax + = X 2ax will 


be= = x aa — — * aa = X aa, and con- 


ſequently 


W wo _ 88 


* 
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— (mukiplying all the terms by mm,) mm + un] c 
xx + mn X 24s will be = n * ge and (dividing 
all the terms by mm + m,) xx + = 


o 
* 


um 48 


— X 2% will be 


* aa. 1 herefore (cating = 1 * 2 6 to 


both gdes of the equi) we ſhall have xx +> heads 


* — 
NY 


| I GG DRY 
* ar + n= * 8 "Do 2 * . . —==,x 


mn — 7 X mm o+ wn "2% = + 
= = 43 44 = 
* mx 7 == X FR 


x a+ == x a6 = i x 60 Thhli a 
tracting the pL of both fides,) we ſhall have x + 


— = — X a, and conſequently x = FT 


* 4. Therefore a ＋ * 


* 44 


en e x 


mm ＋ nn : 2 


vill be = a 4 Z — * 4 (= 


2mm 


* 9) — 2 mm + nn 


* „ * @, that is, x, or the 


root, or fide, of the firſt of the two _ ſought, to | 


ek X 8 + , will be = 


wit, xx and I will be equal to 2 * 4, and y, or 


the root, or fide, of the latter of the ſaid two ſquares, will 
be equal to 


— X a; and conſequently xx, or the 
firſt — che faid two ſquares itſelf, will be equal to 


Sos a aa, andy or the latter of the ſaid two Rt 
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4 


Az 4 
irfelf, ; will be equal ts ZR x 6 or —— a. 


or, if n and n be 2 two numbers whatſoever, of which n 


1 


i the greater, = x as and = x, 44 will be 


two ſquare numbers that will ER be equal to the origi. 
nal 13 number 4a. Q. E. 1. | 


"Ak 13. Tm: theſe two ſquare numbers ED X as 


and Si X aa, will together be equal to the original 


ſquare number aa, will be evident by adding them together. 


mm — 2 - 2n* + “ 
a 
For Sh. X 48 + pn X ag are = , 
4 m* + 2mn* + n* 
nnr; 7˙ · rome EI 


Q E. D. 


This ſolution of | the foregoing Problem ſeems 'to me 
more eaſy and natural than that of Dr. Saunderſon in his 
Algebra, Vol, 2, pa page 366, et Ann. 


* : 


Examples of the U Solution, 


ll. 


Art. 14. Let the given ſquare number « aa be 2 5, and let 
* be 1, and m be 2. 


[They will a be & i, undd an be 2. 4, a wa 
vill be (=4—1) = 3- and wm + nn will be (= 4 +1) 
| = 0; and confequently mm n will be '= — 0 and 
| _ T0 will be = 25, anda vm be (= ee 

== Iv, 


Eb ED! % 4 ain be . & 35 8 5, and 


ug, e e e Joi een My 
und 16 will be twW-o ſquare; numbers 8 ill to 8 


wa to the given ſquare 1 number 18 And * 1 evident 
chat 9 andi ace; equal to: 25. (t 


Secondly, let b : 25, and u = * * Ba 


Then will an be = 1, and nm be = = 9, and Clnfeqoetaly 
mm — un will be ({=:9.— 1) 8, and mm f n will be 
=9 +1= 10, and 4 will be (S 4 * 9 x 1) = 36. 


| Therefore. ian = vill be = 5 and mm 7a un e will 


WW 1, and ES X 4 "with be OPS £ 


* 25 = 5 * 25 2 16, an eh ee. = 


ERTIES 1 is. Therefore 9 


ons - 


* 


L 14 
uf 


TAB S K 25 9. Therefore 16 an 


9 will be two SE 8 that will together be equal 


to the given ſquare number 25. Axe. it is F 2165 


they are equal to 25. 


Theſe two ſquare numbers 16 and 9 are the * oh the 
two former ſquare numbers 9 and 16, derived from the 


ſuppoſition that n was = 3, Ev... in che orcder of their 
_ poſition, e 


8 tet en be = 66, and ebe a : x,.and-m. bh 


" A have un I, and mm = 16, and chaſe. 190 


quencly wh — an (= 16—1) = 155 and mm + un (= 
16 . 59 = 175 and mn — m (= eh = = 225, and 


9 


100 2100 


. (Si). = 469, and 4 (= 4 * 16 x. 3) 


5D. = 64. Therefore = Naa will be (= 0 X as) | 


3 K 2 7 S 


43h Of en . 


225 


25 
= % X25. „ There 25 x x5 ang = * 25. vill be 


two ſquare numbers that will, together, be equal to the 
given ſquare number 25; And it Is evident that * two 


ſquare numbers are equal to 25 pf T4. 225 * Wy 5 * 25 


— 227 4654 
ah one” e ed „ 


225 


If we multiply theſe three ymbers 220 x 25, 5+ En * 25, 


and 2 5 by 289, we ſhall thereby obtain the three follow- 
ing whole numbers, to wit, 225 X 25, 64 N 25, and 
289 X 25, which will be, all of them, ſquare numbers, and 
of Which the two former will, together, be equal to the lat- 
ter. And, if we divide theſe three laſt numbers, by 25, we 
ſhall obtain the three followitg leſſer whole numbers, to wit, 
225, 64, and 289, which will be, all of them, ſquare num- 
bers, and of which the two former will, bs. ai be: Sg 
to the latter. ; 


| N aa be = 25, Ny n be = = 15, , and'm b 


Then we ſhall have m=1, and 1 = = 26, and conſe- 


quent iy mm — n = 24, and mm + m= 26, and u un - 
(= 24 = = 576, and ns un]! (= 20) = 676, and 
Ann. 4 4 * 25 N 55 = 100. Therefore EDS, N aa 


vill be (56 ) = 5 e 
1 will be ( 5 172 * N = =P X 25. Therefore 27; X 25 
200d X 25 will be two ſquare numbers that' will; to⸗ 


3 be equal to the given 88 nnn 
accord- 


» -- 


». 


rw WY yr YE, UF. 


id 
4. 


and let 1 be = 2, and m be 3. 


a 8 1 Rigbt- angied Triangle. 99 Th 


| accordingly i it is evident that hel two ſquare numbers are 


equal to 25· for © * N K 26 . oh. * As. are = Lib do 


W 9 
1 * ——— 42 


. 
* * , * 32 
- 


696 DIE. 
*g l & 46 S 25 * ar 


If we multiply theſe . mymbers, [4 5 2 25, 2 25» 
and 25, by 676, we. ſhall thereby Ren 1 8 three follows 
ing whole numbers, to wit, 376 “ 25, 100 X.:25; and 
676 X 25, which will be, all of them, ſquare numbers, 
and of which the two former will, together, be equal to 
the latter. And, if we divide theſe three laſt numbers by 
25, we ſhall, thereby obtain the three following leſſer whole 


numbers, to wit, 576, 100, and 676, which will be, all 


al them, ſquare numbers, and of which che two former 


will, together, be equal to the latter. And, if we divide 
theſe laſt numbers, 576, 100, and 676, by 4, we ſhall 


thereby obtain the three following ſtili leſſer whole *num- 


bers, to wit, 144, 25, and 169, which will likewiſe be, all 
of them, ſquare numbers, and of which the two 9 
will, together, be equal to the latter. 


1 


Att. 15. In the th place, let as be, bis = + 25 


Then we ſball, have m = 4, 5 mm 9, Bi _ 
quently m — m (= 9 — 4);=""5, and mm + n (= 
9.7.4) S 13. and mm — r 45, and "om + un“ 
_— 169, and 4 (= 4 * us X 4) = 144. "Therefore 
mm — n] | 


er e will be (= 0 555 e ip 255d 


n 1 


| = 1. . 
5 4 will be (= 15 * aa) = f X 25. There. 


169 


fore | 5X. 25 ab = X125_ will be two ſquare numbers 


that will, together, be equal to 25. Ard r it is 
evident that theſe two ſquare numbers 20 „ * 26 and = 


x25 


, Bs 


1 


Of Ne! 2 Wine Wat ys 7% th 


$18 iA 163. 3 HELI EL + 
* 26 ae equal t 00 26. "For they are are equal to 152, x 23 
. * 11 


rern * 


"y " 
CIV" £5 


= x25 = 46. > 


IF we multiply theſe three number, — * 25, * 


25 5 and b 169, we ſhall thereby 8 the three . | 
. — to wit, 23 * 25, 144 ** 25, and 

201 X25; which wil be, all 6f them, ſquare numbers, 

and of which the two former will, together, bo equal to the 


* 


Adatter. And, if 'we divide theſe thice Ht numbers 25 X 25, 


A4 Xx 25; and 169 X 235, by 25, we ſhall thereby obtain 

the three following leffer whole numbers, to wit, 25, 144, 

and 169, which Will be, all of them, Iquart mimbers, and 

—— * co former will, gelber, 2 to the 
er £7 


FILE 


„Fiel 1 eee 56 and Jet e 2, 
nod, n be = 5. 

Then we ſhalt have ty 1 150 1 = — 2 " 100 tone. 
— mm — m ( 25 = 4) '= 21, and m + m (= 


285 + 9 * 29, and m — 1 (= £1137 = 447, and 


mm + mn (= % = her ad d (AN 25 * 9 
= oo: "Thirefors ans x a will be (= 1 * ad) 


| 2 525 25 
= Ex 26/104 EL ee * 


Therefore = * 25 and £2 x) 25, will be two ſquare 
numbers that will, together, be equal to the Siven ſquare 
number 25, And fo we ſhall find them to be: for 4 


| 841 
* 15 1 K. * 33 afs fe OTE e EEE 
_ 5 Ps. ; 8. 841 2 155 * 5 
wy -4 4 2 * * f Jas 1 > a, * OS FM | 
4 — . U B1 (ont net 2a 21; = 


K 


"OY 1 _— S— AC. a PR" 2 _ rn 


a=... re we. . ar 


on I ß RET gs 
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it ue antrphy theſe three numbers, 6 * 25, = 22 * 25, 


* 25, by $41 ; we ſhall thereby obtain the three following 
whole numbers, to wit, 441 Xx 25, 400 X 23, and 841 „ 

which will be, all of them, ſquare numbers, and of 
aich the two former will, together, be equal to the latter. 
And, if we divide theſe chree whole numbers by 25, we 
ſhall obtain the three following leſſer whole numbers, to 
wit, 441, 400, and 841, which will be, all of them, 2 
numbers, and of which the two former will, rogether, be 
equal to the latter. 


Seventhly;" let aa be, ATR 4 ; nd let bes, 


and n be = 7. 


Then we ſhall have m = 4, and mm = 495 Ga coil 
quently mm — mm (= 49 — 4) = 45, and mm + m (= 


49 + 4) = 53, and mm — un] (= 44) = = 2025, and 
mm + nm} (= r= 280g, and 4m (= 4 X 49 & 4) 


= 784. Therefore = * aa will be (=; == * aa) 0 


2026 


— Ame 
245 X 16 and — * aa will be = 28855 * 25. 
Therefore 2625 * 25 and 398 X 45 will be two ſquare 


numbers that will, together, be equal to the given ſquare 
number 25. 2 Fees i , thang, that theſe two 


ſquare numbers 8 hog * 2 5, and 28. * 25, are equal to 


COR 


* For e are equal 6 to TY > 4 = . X 25 


2 23. | 
If we e theſe three numbers, 2225 S x 25, 236 — 25, 


and 25 by 2809, we ſhall thereby aun the three THEE 


ing whole numbers, to wit, 2025 X 25, 784 X 25, and 
4809 * 25, which will be, all 1 them, - ſquare - * 
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and of which the two former will, together, be equal to the 


latter. And, if we divide theſe three whole numbers by 25, 

we ſhall thereby obtain the three following leſſer whole num. 
bers, to wit, 2025, 784, and 2809, which will, all of them, 
be ſquare numbers, and of which the two | former will, to- 
_ be equal to the latter, 


Art. 16. In the 8th place, let aa be, as before, * to 
45 and let # be = 3, and m be = 5, hs: 1 


Then we ſhall have mn = 9, and mm = =; 25, Rp con- 
ſequently mm — m ( 25 — 9) = 16, and um + m (= 


256 rank, and mm — unf e 0 and 


mm + un (= 347) = 1156, and 4m (= 4 X 25 X 9 
S100 K 9) = 900. Therefore ESL x 4a will be 


ee 
uw — 236 
5 255 * % 40) * * 255 and => X aa will 
be (= $i * as aa) = = X 25. Therefore i, ** 25, 


and => — X 2 5, will 0 be two ſquare numbers that will, to- 


be, be equal to the given ſquare number 25. And 
accordingly it is evident .that theſe two ſquare numbers 


5 * 25, and 155 * 25, are equal to 25. For they are 
ON 256 + goo : 5 4 
_ 7156 * 28 * E 25 = 25. | 
"4 It we multiply theſs three ſquare numbers, =. 25, 
255 * 26, and 25, by 11 56, we ſhall thereby obtain the 


three following whole numbers, to wit, 256 X 25, 900 * 
25, and 1156 X 25, which will be, all of them, ſquare 
numbers, and of which the two former will, together, be 
equal to the latter. And, if we divide theſe three whole 


F by 26 we ſhall thereby obtain the three. following 


lefler, 


n mung ann 1 _ "4 133 * 


—— Trans, 0 on 


_ leſſer Ab nen, to wit, 256, 900, and 1156; Which 
are, all of them, ſquare nambers, and of which 158 two 
former. Ale, together, equal to the latter. N 99 3 


Ninthly, ker 46 be, a3 before, 85 25, * let 1 de S = 35 
and n be = 7. 8 


Then we (hall: Rude wil = 95 . 
quently mm — (S 49 — 9) = 40, and m o+ n ( 
49 + 9) = 58, and um — — 1 = 40 = 1600, and a 
mm + ( 58% = = 3364, and qm*n* (= 4 X 49 * 9) 


| — mm — nn)? 1600 - 
1764. Therefore ===— == „& aa will be (= 75 55 | 
1600 


| = 55 25) and = X a ill be (= . ag 


* 


FE 5 1600 8 = 
2 4 * 25. Therefore 1 25, an and 3354 25, will 
be do 8 numbers that, together, will be equal to the 


given ſquare number 25. And accordingly It 1s evident 
- that theſe two numbers are equal to 25. For == 15 


"iy 25 | 
| 1764 1600 + 1600 + 1764. vg 
2 * * 25. W 7 * 2 25 = - Ws 
= 25. 8 | C | 

If we wolte theſe ute numbers, I. 2 x 25, 1 55 


X 25, and a 3, by 3364, we ſhall thereby 8 the three 
whole numbers 1600 X 25, 1764 X 25, and 3364 X 25, 
which will bez all of them, ſquare numbers, and of which 
the two former will, together, be equal to the latter. And, 

if we divide theſe three whole numbers by 25, we ſhall 
thereby obtain che three following leſſer whole numbers, 
to wit, 1600, 1764, and 3364, which are, all of them, 
ſquare numbers, , , Wh of which LINE. two former are 4 to 


, 4 . 4 1 «> F # * 7 
* N 105 ff * — 1 : „ \ ; F # SM th 
% 18 4 l PAY 
* 


„* K n 
2 Wt * * 14 — F wy 


* 
4 „ 4 - * 13 4 2 > A 1 
. 
a > 2 % 
. 1 
3 L 5 Teach : 
* — 
7 * 1 * Ys 
- 
* 
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Tenthly, let aa be, as before; = 25, and 28 1 Na 23. 
and m be = n 


Then we ſhall have 1 = 9, 10 mm = 121, 5 con- 
fequently mm. — m (= 121 — 9) = 112, and mm + n 
(= 121 + 9) =. 130, and mm — nn\* (= II.) = = 
12, 844, and mm + un), (= 10) = = 16,900, and 4m"; 


4 * de 9 2 484 XK 90 4356. Therefore 
mm — un] . 12,544 


* — 12,544 _ 
nn Had X 4 will be {= ea * aa) 1 * 25, 
13 — 4356. — 4356 
and — * aa will be (= ns X a) S 76955 25 
Therefore CES X 25, and 765555 X. 235, will be two 


ſquare numbers that will, together, be equal to the given 
ſquare number 25. And accordingly it will caſily appear 


that theſe two numbers are equal to 25, For TX. 2 5 


. 16,900 
\ 4356 — 12,544 + 4356 16, 900 | 
4.4 N AP OM 1 16,900 * 25 — 16,900 X 25 


. i ü 18555 . 4356. 
If we multiply theſe three numbers, - 3 
25, and 25, by 16,900, we ſhall Denby obtain the 
* following whole numbers, to wit, 12,544 X 25, 
4356 * 25, and 16,900 * 25, which are, all of them, 
1quare numbers, and of which the two former are, together, 
equal to the latter. And, if we divide theſe whole num- 
bers by 25, we ſhall thereby obtain che three following leſſer 
whole numbers, to wit, 12,544, 4356, and 16, 900, which 
are, all of them, ſquare numbers, (to wit, the ſquares of 
the numbers 112, 66, and 130, ) and of which the wo 
| former are, together, equal to the — n 4 
Art. 17. In the 11th place, let aa be qual; as before, 
er and let # be = 55 . 


| Then 
1 | y | ons 


 Sibrof Right-ngled duk. . 


Then we ſhall have un = 25, and am = 49, and con- 
ſequently mm — nm (= 49 — 25) = 24, and mm + un 
(= 49 + 25) = 74, and mm — ing (= 24") = 576, 
and n + wn} (=. 74") = 5476; and 4 (= 4 X 49 


' * 0 * mm — un F | 
©..85.50 209 X 49) R Dee * XIE 
1 3 „ 

Mae 105 . pad 885 e r 


| raft. 
= 22 Therefore - 
758 1 $470 M2 547 
* 25, and = * 26, will be two ſquare numbers that 


will, together, be equal to the given ſquare number 2 5. 
And accordingly, if we add theſe numbers together, we 


2 | 
wal find them to be (= i e 25 = Fen * 25) 
= 25. | 


1 1 976 4900 
If we multi eſe mbers, . x 2 * 2 
ply theſe three nu „5476 X 25, 54% 25, 


and 25, by 5476, we ſhall thereby obtain the three follow- 
ing whole numbers, to wit, 576 X 25, 4900 Xx 25, and 
5476 . 25, which are, all of them, ſquare numbers, and 
of which the two former are, together, equal to the latter. 
And, if we divide theſe whole numbers by 25, we ſhall 
thereby. obtain the three following leſſer whole numbers, 
to wit, 576, 4900, and 5476, Which are alſo, all of them, 
ſquare numbers, and of which the two > former are, together, 
equal to the * | 


- Twelfihly,. let aa. 2 be, as velare, = — 25, and I n be 
= 5 and i be = 11. : 


Then we ſhall have. In 25; and mm = — Jute con- 
ſequently am. ( 121-5) = 965 and mm + un 


(= 121 + 25) = : 146, and mm — im). (= got?) = : 9216, 
* | 523 4 3 ; and ; 


? 1 


. 


and and + 3 9 e (= 4 x 
121 * 25. =-121 * 100) = 12,100, 


| Therefore = === 


x . wilt be (= flag . a5) = fg 


| 21,310 21,316 * 255 1 
- ge? 8 2277 12,200 
ee * „ * 25 


Therefore = - * 255 = —— X 23, will be two 


21 — 21 275316 


ſquare aumbers that will, together, 5 equal to the given 
ſquate number 2 5+ And ſo we ſhall eaſily find them to be, 


9216, 12,100 9216 ＋ 12,100 
For 21,316 * 25 * 78 21,316 * 8 are equal to © 21316 
21,316 ; 
* 25 2 — 21 21,316 X 25 = — 25. | | 
If we multiply theſe three numbers, 2 ES ohm 


21,316 x 255 25316 
* 25, and 25, by 21,316, we ſhall thereby obtain the 


three following whole numbers, to wit, 9216 x 25, 


12,100 X 25, and 21,316 x 25, which are, all of them, 
ſquare numbers, and of which the two former are, together, 
equal to the latter. And, if we divide theſe three whole 
numbers by 25, we (hall thereby obtain the three leſſer 
whole numbers 9216, 12, 100, and 21,316, which are, all 
of them, ſquare numbers, (to wit, the ſquares of the num- 
bers 96, Ito, and 146,) and of which the 46 nes are, 
together, "equal to the latter. 


An. 18. We have now = now obtained, 2 wean of the three 


general expreſſions En * 4a, = . and aa, the 
twelve following ſets of three whole numbers each, that 
are, all of them, ſquare numbers, and of which the two 


firſt numbers in every 22 1 0 N I 


PRINT: af wit * 


181 


* 27 CG 


. 9 
' t : * * ' [ 
ba Sk 4 it, 
* = i 17 
* „ 


W 


tl 


iſt, The numbers 9, * and 2 6 
azdly, The numbers 16, 9, and 23, which differ Gm the 5 


three former numbers 9, 16, and 25, only in the order in 
which the two firſt numbers 9 and 16 are placed s e 


3dly, The numbers 225, 64, and 289 ; 
Athly, The numbers 144, 2 4 and I 69; . 1 


zthly, The numbers 25, 144, and 169, ei differ from 
the three foregoing numbers 'only in the order i in which the 
two firſt numbers 25 and 144 are placed; 


6thly, The numbers 441, 400, and 841 

7thly, The numbers 2025, 784, and vin 
Sthly, The numbers 256, 900, and 1136; 

gthly, The numbers 1600, 1764, and 28870 8 
rothly, The numbers 12,544, 43 56, and 16, 900; * 
11thly, The numbers 576, 4900, and 5476; _ 
32thly, The numbers FREE 12,100 and 21,316. 


Art. 1 9. The ſquare- roots of the foregoin twelve ſecs of 
numbers are as follows; z to A 
iſt, The numbers 3, 4, and g; 
_ 24ly, The numbers 4, 3, and 8 
'3dly, The numbers 1 5 8, and 17; 
achly, The numbers 12, 5, and 13; n 3 
5thly, The numbers 5, 12, and 13 "Jp 
bthly, The numbers 21, 20, and 29; 3 
Ithly, The numbers 45, 28, and 53 . n 
Schly, The numbers 16, e e ONS OR 
gthly, The numbers 40, 42, and 58 <a S era. | 
 10thly, The-humbers'1 3, 66, and #30 3 1 m 
| bichly, The numbers 24, 70, and 24 and 
0 The numbers 96, 110, and 146. MTS WS 


. 20. It we divide bs mymbEr of ſome of cn 


4 — A — . 0 
TY J RD 2 22 
1 2 * 


=Y 
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going ſets of numbers by 2, (which will not alter the pro- 


portion of ſuch numbers to each other,) the ſaid twelve | 


ſets of numbers will be as follows; to wit, 


iſt, 3, 4, and 5; 
2dly, 4, 3, and 5; 
zdly, 15, 8, and 17; 
athly, 12, 5, and 13; 
sthly, 5, 12, and 133 
6thly, 21, 20, and 29; 
7thly, 45, 28, and 53; 
8&hly, 8, 15, and 17 
gthly, 20, 21, and 29; 

10thly, 56, 33, and 65; 

I1thly, 12, 35, and 37; and 

12thly, 48, '55, and 73. 


And all theſe twelve ſets of numbers will. expreſs the 
lengths of the ſides of different right-angled triangles. 


Art. 21, In the three foregoing general expreſſions 
mm — nn)? An | ö | 
mm 4+ n ; £ mm + nn\> 6 AT mm + nn\* - 


obtained in art. 12, the letter ꝝ anſwers to the letter e in the 


three former general expreſſions an — ee, 2ne, and un + ee, 
obtained in art. 4; and the letter m in the three expreſſions 
obtained in art. 12, anſwers to the letter 2 in the three 
former expreſſions obtained in art. 4. And 1 we 
find that, where the ſame two numbers have been ſubſti- 
tuted inſtead of the letters m and n in the general expreſſions 


2m — 2 4 mm + nn © 


were ſubſtituted in art. 4, inſtead of the letters u and e 
reſpectively, in the general expreffions n — be, ane, and 

im + ee, they have produced the ſame three numbers to 
repreſent the lengths of the three ſides of a . 
9 "05 f | | | tri 8 , 


——s as £% a a> 
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— — 2 22 — mw — 


„ my 2 


triangle. The only difference between theſe two ſets of ge · 


mm vine 
X da, 


neral expreſſions is, that the three ex; reſſion | 
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amn? mm + nn)* 
mm + un 2 mm + nn)? | PO 
of ſuch numbers as will expreſs the ſides of right-angled 
triangles, and the three expreſſions wn — ee, zue, and 
un + ee, give us the ſaid numbers themſelves. 


aa, and X aa, give us the ſquares 


Art. 22. The whole numbers that expreſs the lengths of 
the ſides of a right-angled triangle, cannot, when they are 
reduced to the loweſt numbers poſſible by dividing them 
by their common diviſors, be, all of them, even numbers. 


For, if chey were all even numbers, they might all be 
divided by 2, either once, or more than once, till at laſt 
ſome of the quotients would be 6dd numbers. Thus, for 
example, the three even numbers 16, 30, and 34, which 
have been found above to expreſs the three ſides of a right- 
angled triangle, are all diviſible by 2, and are by ſuch di- 
viſion reduced to the three leſſer numbers 8, 13, and 17, of 
which the two latter are odd numbers. „ | 


Art. 23. And further, the ſaid numbers that expreſs the 
lengths of the fides of a right-angled triangle, cannot be, 
all of them, odd numbers. | | 


For, if the two numbers expreſſing the lengths of the 
two fides of the triangle that contain the right angle, were, 
both of them, odd numbers, their ſquares would alſo be 
odd numbers; becauſe the ſquare of every odd number is 
an odd number taken an odd number of times, and conſe- 

uently muſt be an odd number: and conſequently the 

um of the ſaid two ſquares muſt be an even number, be- 

cauſe two odd numbers added together always make an even 

number. Therefore the ſquare of the number repreſent- 

ang the hy potenuſe of the triangle, being equal to the ſaid 

ſum of the two other ſquares, muſt be an even 1 
= | os | n 


And conſequently the ſquare-root of the ſaid number, chat 
is, the -number repreſenting the hypotenuſe of the triangle, 
muſt" be an even number likewiſe, which is contrary to the 
ſuppoſition, Therefore it is impoſſible that all the three 
numbers which repreſent, the lengths of the ſides of a right- 

- angled triangle, ſhould be odd numbers. 


Art. 23. There is alſo another way of finding ſeveral 
whole numbers that ſhall repreſent the lengths-of the ſides 
of different right-angled triangles ; which conſiſts in form. 
ing a lift, or table, of the ſquares of the natural numbers 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, £2, $3, &c, fet down 
in their proper order; and a liſt of the differences of the 
ſaid ſquares, (which, it is well known, are the ſeveral odd 
numbers 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, &c, 
taken in their natural order,) and adding together the ſaid 
differences that follow any given ſquare number in the liſt 
of ſquares till their ſum amounts to another ſquare number. 
2 a table, carried as far as the ſquare of 100, will be as 
follows. | | q 4 
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A TABLE of the Squares of the Natural Numbers I, 2, 3, 


4, 6» 6, 75 8, 95 10, II, 12, I3, Oc, as far as I OO, 
and of their ſeveral Differences from each other, and likewiſe 


of the Differences of thoſe Differences, or of the Second Dif. 
ferences of the Join Squares. | 


_—_— 


The Squares of 
The Natural] the Natural 
Numbers. | Numbers. 
1 I TYTL 
2 3 
3 9 
4 16 #2500 
„ 
6 5 BY 
7 4 
5 * 
9 * 
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OOO The Squares of | The Differ- | Their 2d Differences, 
The Natural the Natural | ences of the | or the Differences of 
Numbers. | Numbers. ſaid Squares. | their Differences. 
29 841 
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45 ants ©. 3 2 
40 21160 R OE 
47 2200 3 2 
48 2304 533 2 
49 W 13 
50 a "or HR 
51 r 9 2 
a” | l oy 7; 2 
53 2809 © 105 = 
54 291 6 = . 2 
| 55 3025 | JOY 2 7 
56 ee | „ 
57 3249 © 32 — 4 2 
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59 348 1 111 7 once}, 2 
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62. | ads 75 ; 23 _— | 2 
633969 1 — 1 2 
ee 


<1 1 The 
* 5 


Sides of Right-angled Triangles. © 453 

fe Squares of | The Ditter- | Their 20 Differences, 

The Natural} the Natural | ences of the | or the Differences of 
Numbers. Numbers. | ſaid Squares. | their Differences, 
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7 44% — 35 

6 eee 

67% P 476% — 130 — 
70 4900 122 — 
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73 . 8. 
74 | 5476 | 12 hk 
75 5625 2006 151 1 
76 3776 — . 2 6 
77 | 5929 5 
78 6084 1 
79 „ 3 
80 6400 3 2 — 
81 6561 — 16 5 
82 „ 6724 2 * 
83 6889 | 5 — 
84 -Fqage k "i 
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95 9025 07 
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97 | 9499 ++ 

98 9604 95 | 

99 990 17 
100 [10,000 99 
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Art. 25. In the foregoing table the firſt column contains 
all the natural numbers 1, 2, 3, 4, 5, &c, as far as 100; 
and the ſecond column contains the. ſquares of the ſaid 
numbers ſet down even with the ſaid numbers themſelves, 
or ſo that every ſquare number ſhall be in the ſame hori- 
zontal line with the natural number of which it is the 
ſquare; and the third column contains the differences of the 


ſquare numbers in the ſecond column, ſet down in lines 


between the lines in which the ſquares themſelves, of which 


they are the differences, are ſer down; and the fourth co. 


lumn contains the differences of the foregoing differences 
that are ſet down in the third column, or the ſecond dif- 
ferences of the ſquare numbers that are ſet down in the ſe- 
cond column ; and each of theſe ſecond differences is ſet 
down in a line that hes between the two lines in which 
the two firſt differences, of which it is the difference, are 
ſet down, And we may obſerve, that the differences ſer 
down in the third column are the. odd numbers 3, 5, 7, 
9, 11, 13, 15, &c, taken in their natural order; and the 
ſecond differences ſet down in the fourth column, being the 


differences of the ſaid odd numbers, are all gqual to each 
other, and to the number 2. | 


Art. 26. From the conſtruction of this table, it is obvi- 
ous that, if we take any number whatſoever in the firſt co- 
lumn, and look out its ſquare in the ſecond column, and 

then add together the ſeveral differences in the third column 
that follow the ſaid ſquare number in the ſecond column, 
till the ſum of the ſaid. differences ſhall amount to a ſquare 
number, the ſquare- root of the ſaid ſquare number, or 
the number in the firſt column that is placed even with it, 
and the number firſt taken, will expreſs the lengths of the 
two ſides of a right-angled triangle that contain the right 
angle, and the number in the firſt column that immedi- 
ately follows the laſt of the ſaid differences in the third 
column, ſo added together, will expreſs the length of the 
hypotenuſe of the ſame triangle. Thus, for example, if 
we take the number 3 in the firſt column, and find its 
{quare, to wit, 9, in the ſecond column, and then add up 


the 


1 


A W 


42 
OO 


a vo 
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the differences 7, 9, 11, 13, &c,' in the third column, 
which come after the ſquare number q, till their ſum be- 
comes equal to a ſquare number, (for which purpoſe we 
need only add together the two differences 7 and , be- 
cauſe their ſum is 16, which is a ſquare number, ) the 
ſquare root of the ſaid ſquare number 16, or the number 
in the firſt column which is placed even with it, to wit, the 
number 4, and the number 3, which was taken at. firſt, 
will expreſs the lengths of the two ſides of a right-angled 
triangle that contain the right angle, and the number 5 in 
the firſt column, which immediately follows the laſt of the 
ſaid two differences, ſo added together, to wit, 9, will ex- 
preſs the length of the hypotenuſe of the ſame triangle. 
So that we we ſhall hereby obtain the whole numbers 3, - 
4, and 5, to expreſs the lengths of the three ſides of a 
right-angled triangle: which numbers we had before ob- 
tained by both the former methods of inveſtigation. 


Art. 27. If we' look in the 3d column, or column of 


differences, for thoſe differences that are themſelves ſquare 


numbers, without being added to any of the foregoing, or 


following, differences to make them ſo, (which differences 


are but few in number, being only the following fix num- 
bers, to wit, 9, 25, 49, 81, 121, and 169, in the whole 
table,) we may at once obtain from each of theſe differences 
a ſet of numbers that will expreſs the lengths of the three 
ſides of a right-angled triangle. h 


For, fince 9 is a ſquare number, and is likewiſe the dif- 
ference between the two contiguons ſquare numbers '16 and 


25, and e We 9 + 16 are S 23, it follows that the 


ſquare-roots of theſe three numbers 9, 16, and 25, that is, 


the three numbers 3, 4, and 5, will expreſs the three ſides 
of a right-angled triangle. | 


And, in like manner, ſince 25 is a ſquare number, and 
is likewiſe the difference between the two contiguous ſquare 
numbers 144 and 169, and conſequently 25 ＋ 144 are = 


— 


169, it follows that the ſquare- roots of the three numbers 
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2g, 144, and 169, that is, the three numbers 8, 12, and 
13, will expreſs the three ſides of a right - angled triangle. 


And, fince 49 is a ſquare number, and is likewiſe the 
difference of the two contiguous ſquare numbers 576 and 
625, and conſequently 49 + $70 are equal to 625, it fol- 
lows that the ſquare-roots of the three numbers 49, 576, 
and 625, that is, the three numbers 7, 24, and 25, will 
expreſs the three ſicles of a right-angled triangle. 


And, fince 81 is a ſquare number, and 1s likewiſe the 
difference of the two contiguous ſquare numbers 1600 and 
108 1, and conſequently 81' + 1600 are = 1681, it follows 


that the ſquare-roots of the three numbers 81, 1600, and 


1681, that is, the three numbers 9, 40, and 41, will ex- 
preſs the three ſides of a right-angled triangle. 


And, fince 121 is a ſquare number, and is likewiſe the 
difference of the two contiguous ſquare numbers 3600 and 


3721, and conſequently 121 + 3600 are = 3721, it fol- 


lows that the ſquare roots of the three numbers 121, 3600, 
and 3721, that is, the three numbers 11, 60, and 61, will 
expreſs the three ſides of a right-angled triangle. 


And, laſtly, fince 169 is a ſquare number, and likewiſe 
is the difference of the two contiguous ſquare numbers 


7056 and 7225, and conſequently 169 + 7066 are = 7225, 


it- follows that the ſquare-roots of the three numbers 169, 
7056, and 7225, that is, the three numbers 13, 84, and 85, 
will expreſs the three ſides of a right-angled triangle. 


Art. 28. In this way of obtaining three numbers that ſhall 
expreſs the three ſides of a right-angled triangle, namely, 
by chuſing ſuch numbers in the 3d column, or column of 
differences, as are themſelves ſquare numbers, it 1s evident 
that the number expreſſing the hypotenuſe of the triangle 
will always exceed the greater of the other two numbers, 
that expreſs its ſides, by an unit. But, when. we take ſeve - 
ral ſucceſſive differences, of which the ſum is equal to a 
ſquare number, the number that expreſſes the hypotenuſe 

the triangle, will exceed the number taken at firſt, and 


between 


W „ =»<aA «at 
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between the ſquare of which, and the ſquare of the number 
repreſenting the hypotenuſe, the ſeveral differences that are 
added together lie, by as many units as there are differ- 
ences that have been ſo added together in order to make 


a ſquare number. Of this it will not be amiſs to give a few 


examples. 


Art. 29. Let us take 8 for the firſt number. Then, 
ſince the ſquare of 8 is 64, we muſt begin with the differ- 
ence 17, which comes immediately after 64, and we muſt 
add together this difference 17, and the following differences 
19, 21, 23, 25, 27, &c, till their ſum amounts to a ſquare 
number. For this purpoſe we need add together only two 
of theſe differences, to wit, 17 and 19. For 17 + 19 are 
= 36, which is a ſquare number, to wit, the ſquare of 6. 
Therefore the firſt number 8, and the number 6, (or the 
ſquare-root of the ſum of thefe two differences), and the 
number 10, '(or the ſquare-root of the ſquare number 100, 
which comes immediately after the laſt difference 19), will 
be three numbers that will expreſs the three fides of a right- 
angled triangle. For 8 + 6Þ will be = ich, or 64 + 36 
will be = 100. And the number 10, (which repreſents 
the hypotenuſe of the triangle,) exceeds the firſt number 8, 


(which repreſents the greater of its two ſides,) by 2, or two 


units, or the ſame number of units as there were differ- 
ences added together, in order to produce the ſquare num- 
ber 36. n | 


And, if, inſtead of taking only two of the differences 
17, 19, 21, 23, 25, 27, 29, &c, we take nine of them, 
we ſhall find their ſum to be qual to another ſquare num- 
ber, to wit, 225, which is the ſquare of 15. For 17 + 19 
+ 21 +. 23 +. 25 + 27 + 29 + 31 + 33 are = 225. 
Therefore the firſt number 8, and the number 15, (or the 
{quare-root of the ſum of theſe nine differences,) and the- 


number 17, (or the ſquare- root oͤr the ſquare number 289, 


which comes immediately after the laſt difference 33,) will 


be three numbers that wi "I the three fides of a fight- 
'T 


angled triangle. For 8Þ + will be = 777, or 64 + 


225 
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225 will be = 289. And the number 17, (which repre- 


ſents the hy potenuſe of the triangle,) exceeds the firſt 
number 8, (which repreſents one of the ſides that incloſe 


the right angle, ) by 9, or nine units, or the ſame number 
of units as there were differences added together, in order 
to produce the ſquare number 225. 


Art. 30. Now let the firſt number be 20. Then, ſince 


the ſquare of 20 is 400, we muſt begin with the difference 


41, which comes immediately after 400, and muſt add to. 
gether this difference 41, and the following differences 43, 
45, 47, 49, 51, &c, till their ſum amounts to a ſquare 
number, And for this purpoſe it will be neceſſary to add 
together nine of theſe differences, For 41 + 43 + 45 + 
47 + 49 + 51 + 53 + 55 + 57 are = 441, which 
is the ſquare of 21. Theretore the firſt number 20, and 
the number 21, (or the ſquare-root of the ſum of theſe 
nine differences,) and the number 29, (or the ſquare-root 
of the ſquare number 841, which comes immediately after 
the laſt difference 57,) will be three numbers that will ex- 
preſs the three ſides of a right-angled triangle. For 70 + 

21\* will be = 20“, or 400 + 441 will be = 841. And 
the number 29, (which repreſents the hypotenuſe of the 
triangle,) exceeds the firſt number 20, (which repreſents 
one of the ſides that incloſe the right-angle,) by 9, or nine 
units, or the ſame number of units as there were differences 
added together in order to produce the ſquare number 
441. | 


Art. 31. Now let the firſt number be 28. Then, fince 
the ſquare of 28 is 784, we muſt begin with the difference 
57, which comes immediately after 784, and we muſt add 


together this difference 57, and the following differences 


2 


F 4 wa 


59, 61, 63, 65, &c, till their ſum amounts to a ſquare 
number. And for this purpoſe it will be neceffary to add 
rogether ſeven of theſe differences. For 57 + 59 + 61 + 


63 + 65 + 67 + 69 are = 441, which is the ſquare of 


21. Therefore the number 28, and the number 21, 
"# C 10TH 03607 
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(or the ſquare-root of the ſum of theſe ſeven differences,) 
and the number 35, (or the ſquare-root of the ſquare num- 
ber 1225, which comes immediately after the laſt difference 
69,) will be three numbers that will expreſs the three fides 
of a right-angled triangle. For 28]* + 21 will be = 35, 
or 784 + 441 will be = 1225. And the number 35, 
(which repreſents the hypotenuſe of the triangle,) exceeds 
the firſt number 28, (which repreſents one of the ſides that 
incloſe the right angle,) by 7, or ſeven units, or the ſame 
number of units as there were differences added- together, 
in order to produce the ſquare number 441. | 


Theſe examples, I apprehend, are ſufficient to explain 
this method of obtaining different ſers of whole numbers 
that ſhall expreſs the lengths of the ſides of different right - 


angled triangles, And with them 1 ſhall conclude this 
little tract, 


End of the Diſcourſe concerning the Methods of finding Rational 
Numbers that expreſs the Sides of Right-angled Triangles. 
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Article 1. We have ſeen in the table of the ſquares of 
the natural numbers 1, 2, 3, 4, 5, 6, 7, &c, . 

in the foregoing Tract, that the firſt differences of the 
ſquares of thoſe numbers are the odd numbers 3, 5, 7, 9, 
11, 13, 18, 17, &c, in their natural order, and their ſe- 
cond differences, or the differences of their firſt differences, 
are all equal to each other, and to the number 2. We 
will now ſet down a table of the cubes of the ſeveral natural 
numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, and of their dif- 
ferences, and the differences of thoſe firſt differences, and 
the differences of thoſe ſecond differences; by which it will 
appear that the cubes of the ſaid numbers have three orders 
of differences, and that their differences of the third order 
are all equal to each other and to the number 6. This 
Table will be as follows: _ 43 {VS 


et down 
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A TABLE of the Cubes of the Natural Numbers 1, 2, Þ 
4, 5, 6, 7, 8, 9, Se, as far di 100; together with their 
Firſt; Second, and 7 bird, Differences. 
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14491 
14911 
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17557 
18019 


18487 


18961 
19441 


19927 
20419 
20917 
21421 
21931 
22447 
22969 
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2 5669 
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Art. 2.. And in like manner it will be found that the 


fourth powers of the natural numbers 1, 2, 3, 4, 5, &e, 
will have four orders of differences, and that their fifth 
powers will have five orders of differences; and, in gene- 
ral, that their ath powers, # hong any whole number what. 
ſoever, will have # orders of differences. This is a curtis 
ous property of the powers of the natural numbers 1, 2, 3, 


4, 5» 6, 7, &c, and has been long known to Mathemati- 


cians. The celebrated Mr. Leibnitz, of Hanover, had 
taken notice of it before the month of February, 1673; 


and it had. been obſerved before him by a French Mathe- 


matician, named Mouton, (who was a Canon of the Church 


of Lyons,) in a book on the apparent diameters of the 


Sun and Moon ; but which Mr..Leibaitz declared he had 
not ſeen at the time he made the ſame diſcovery. Mr. 
Leibnitz's manner of conſidering the ſubject is explained 
pretty fully in a large extract from a letter of his to Mr. 
Henry Oldenburgh, the Secretary of the Royal Society of 
London, dated at London on the 3d of February, 1673, 
which has been publiſhed in the Commercium Epiſtolicum of 
Mr. John Collins and other Mathematicians of that time. 
This extract, as it contains ſeveral intereſting particulars re- 
lating to theſe numbers, I ſhall here inſert at length from the 
laid Commercium Epiſtolicum, pages 108, 109, 110 
114. It is as follows. | | 


Art, 3. Excerpta ex Epiftold Domini Gothofredi Gulielmi 
Leibnitzii ad Dominum Oldenburgh, Londini, Anno 1673. 
3% die Februarii, datd. 


Hyus Autographon in ſeriniis Regie Societatis extat, et exemplar 
dus in Libro Epiſtolarum difie Societatis, N*. 6, pag. 35, 
aeſcriptum legitur. | 0 
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CUM heri apud illuſtriſimum Boylium incidifſem in ela- 


nlimum Pellium Mathematicum inſignem, ac de Numeris 
mo | incidiſſet 
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incidiſfet mentio, commemoravi ego, ductus occaſi ione Ser. 
monum, eſſe mihi methodum ex quodam differentiarum ge- 
nere, quas voco generatrices, colligendi terminos Seriei cu- 


juſcunque continue creſcentis vel decreſcentis. Differentias 
autem generatrices voco, fi date Seriei inveniantur differen- 
tie, & differentiæ differentiarum, & ipſarum ex differentiis 
differentiarum differentiæ, Sc. & ſeries conſtituatur ex ter- 
mino primo & prima differentia, & prima differentia differ- 
entiarum, & prima different ex differentiis differentiarum, 
Sc. ea Series erit differentiarum generatricium, ut fi Series 
continue creſcens vel decreſcens fuerit a, b, c, d. 


Pgſitd N differmiie Nora, differentiæ generatrices erunt; 


eee 
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Aut in Numeris ; 83 Series ſit Numerorum cubicorum 
deinceps ab unitate creſcentium, differentiæ generatrices 
erunt numeri o, 1, 6, 6. Voco autem generatrices, quia 
ex 11s certo modo multiplicatis producuntur termini Seriei; 
cujus uſus tum maximè apparet, cum differentiæ generatrices 
ſunt finitæ, termini autem Seriei ipfiniti; ut in propoſit 
exemplo Numerorum Cybicorum. 


0: 8 0 


0 G.. 8 8 125 8 216 


Hoc cum audiſſet clariſſimus Pellius, reſpondit, id jam 
fuiſſe in literas relatum a D. Mouton, Canonico Lugdunenſi, ex 


obſer- 
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the Natural Numbers 1, 2, 3, 4, 5, 6, % Cc. 


obſervatione nobiliſmi viri Franciſei Regnalds Laim, 


dudùm in literario Orbe celebris, in libro laudati D. Mouton” 
de diametris apparentibus Solis & Lunæ. Ego qui ex Epiſ- 


tola quidam à Regnaldo ad Monconifium (cripta, & Diario iti 


nerum  Monconifiano inſertàã, nomen D. Moutoni & deſignata 

ejus duo didiceram; Diametros Luminarium apparentes, & 
conſilium de menſuris rerum ad poſteros tranſmittendis; 
ignorabam tamen librum ipſum prodiiſſe: quarè apud D. 
Oldenburgium Societatis Regalis Secretarium, ſumtum mutuò 
tumultuariè percurri, & inveni veriſſimè dixifle Peilium. Sed 
& mihi tamen dandam operam credidi, ne qua in animis 


relinqueretur ſuſpicio, quaſi, tacito * inventoris nomine, ali- 


enis meditationibus honorem mihi quærere voluiſſam; & 
ſpero appariturum eſſe, non adeò egenum me meditatio- 
num propriarum ut cogar alienas emendiceare. Duobus au-: 
tem argumentis ingenuitatem meam vindicabo. Primò, ſi 


ipſas Schedas meas confuſas, in quibus non tantùm inventio 


mea ſed & inveniendi modus occaſiõque apparet, monſtrem: 
deinde, fi quædam momenti maximi Regnalao Moutonaque 
indicta addam, quæ ab heſterno veſpere confinxiſſe me non 
fit veriſimile, quae que non poſſunt facile expectatri à Tran- 
ſeriptore. N S mh: eden 103-4821 þ 

Ex Schedis meis occaſio inventi hæc apparet : quærebam 
modum inveniendi differentias omnis -generis | poteſtatum, 
quemadmodum conſtat differentias Quadratorum eſſe nume- 
ros impares; inveneramque regulam generalem ejuſmodi. 
Data potentia gradũs dati præcedente, invenire ſequentem 
(vel contrà) diſtantiæ datæ vel radicum datarum; ſeu in- 
venire potentiarum gradũs dati utcunque diſtantium differ- 
entias. wav e ee gradũs, proximè præcedentis 
radicis majoris per differentiam radicum ; & differentia po- 
tentiarum gradds proxime præcedentis multiplicetur per 


a7 
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radicem minorem : productorum ſumma erit quæſita differ. 


entia potentiarum, quarum radices ſunt datæ. Kandem re- 
gulam ita inflexeram, ut ſufficeret, præter radices,  cyjuſ- 
libet grads, etiamſi non proxime præcedentis, potentias da- 
tarum radicum dari, ad differentias potentiarum alterius cu- 

i ed, c, a 0 2a 
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- Juſcungue, licet altioris, gradis inveniendas. Et oſtendi 
quod. in Quadratis obſeryatur, numeros impares efle eorum 
3 id non niſi regulæ propoſitæ ſubſumptionem 


His meditationibus defixus, quemadmodum in Quadratis 
differentiæ ſunt numeri impares, ita quoque quefivi quales 
eſſent differentiæ Cuborum, quæ cum irregulares videren- 
tur, quæſivi differentias differentiarum, donec inveni differ. 
entias tertias eſſe numeros ſenarios. Hæc obſervatio mihi 
alam peperit : videbam enim ex differentus præcedentibus 
generari terminos differentiãſque ſequentes, ac proinde, ex 
e ideò voco generatrices, (ut hoc loco o. 1. 6. 6, 

uentes omnes. Hoc concluſo, reſtabat invenire, quo ad- 
ditionis, multiplicationifve, aut horum complicationis, gene- 
re, termini ſequentes ex differentiis generatricibus produce- 
rentur. Atque ita reſolvendo experiundõque deprehendi 
primum Terminum o componi ex prima differentia genera- 
trice o ſumtã femel, ſeu vice una : Secundum 1 ex prima o 

ſemel & ſecundã 1 ſemèl: Tertium 8 ex prima o ſemel, ſe- 
cundà 1 bis & tertia 6 ſemèl: nam o Xx IT IX 27 
6 Xx 1 = 8. Quartum 27, ex prima o ſemel, ſecunda 1 
ter, tertia 6 ter, quarta 6 ſemèl: nam o X1+1 %X 3+: 
6x 3+6 x 1 = 27, Sc. idque Analyſis mihi univer- 
ſale eſſe comprobavit, Hæc fuit occaſio obſervationis, meæ, 
longe alia à Moutoniand, qui cum in Tabulis condendis la- 
boraret, m hoc calculandi compendium cum Regna/do inci- 
dit: nec vel illi vel Regnaldo adimenda lays ; quod & Brig- 
gius in Logarithmicis ſuis, jam olim talia quædam, obſervants 

Pellio, ex parte advertit. Mihi hoc ſupereſt ut addam non- 
nulla illis indicta, ad amoliendum Tranſcriptoris nomen; 
neque enim intereſt Reipublicæ quis obſervaverit, intereſt 
quid obſervetur. Primum, ergo Mog adjicio, quod apud 

Moutanium non extat, & caput tamen rei eſt; quinam ſint 
illi numeri, quorum Tabulam ille exhibet in infinitum con- 
tinuandam, quorum ductu in differentias generatrices, pro- 
ductis inter ſe junctis, termini Serierum generentur. Vides 
enim ex ipſo modo quo tabula ab eo pag. 385, exhibetur, 
non fuiſſe id ei ſatis exploratum ; alioqui enim veriſimile eſt 
ita Tabulam fuiſſe diſpoſiturum, ut ea numerorum connexio 

öpn¹,,M | + argue 


ie Natural Nuibrrs 1, 3, 3, 4, , b, 5, Ge. 157 


atque harmoniik appareret; nifi quis de induſtrid cextiſe di. 


at : im enfm fe habet pars Tabule. 


os x 
341 2 1 - 
r 
n 
1 5 1 
AF w ' q 
8]1 7 1 ͤö»;Ü : 
01... 28 : 5 -...60. 
Win . 
1111 10 45 120 210 252. 


Apparet ex hujus Tabulæ conſtructione ſolam haberi ratio. 
nem -correſponſiis numerorum generantium cum numero 
Termini generati; ut cum terminus eſt quartus (4) produ- 
citur ex prima differentia ſemèl, ſecunda ter 3, tertia ter 3, 
quarta ſemel 1; ideò in eadem (4) Linea tranſversa locantur 


10 3: 3: 1. Sed vel non obſervavit vel diſſimulavit autor 


correſponſum numerorum, fi a ſummo deorſùm eundo per 
columnas diſponantur hoc modo, | 


+ 141 
2 1 1 
4 32 
„„ 
511 4 6 4% 1 
611 8 10 10 581 
711 „ 10 13 
2 7 2x 36 35 1 * 
Gr Ts wve=- 
101 9 36 84 126 126 
111 10 45 120 210. 252 


Ita enim ftatim vera genuinaque eorum natura ac genera- 
tio apparet ; eſſe, ſcilicer, eos numeros quos Cantinztorios 
appellare ſoleo, de quibus multa dixi in differtatiuneula de 
Arte Combinatorià; qu6ſque alii appellant Ordines numeri- 

302 dos; 
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cos ; alii ſpecie primam columnam Unitatum; ſecundam 

umerorum naturalium, tertiam Triangularium, uartam 
Pyramidalium, quintam Triangulo-Triangularium, Sc. de 
quibus integer extat Tractatus Paſcbalit ſub titulo Trianguli 
Arithmetici; in quo tamen proprietatem numerorum ejuſ- 
modi» tam illuſtrem tamque naturalem * non obſervatam 
ſum miratus. Sed eſt profectò caſus quidam in inveniendo, 
qui non ſemper maximis ingeniis maxima, 7 ſepe etiam 
mediocribus nonnulla offert. ö 


Hine jam vera numerorum iſtorum natura, & Tabulæ 
conſtruct io, five a Regnaldo five x Moutonio diſſimulata, in- 
relligitur : ſemper enim terminus datus columnæ datæ com- 
ponitur ex termino præcedente columnz tam præcedentis 
quam datæ: Atque illud quoque apparet, non opus efle 
moleſto calculo ad Tabulam à Moutonio propoſitam continu- 
andam, ut ipſe poſtulat; cum he numerorum Series paſsim 
Jam tradantur calculentũrque. : 


Cæterùm Moutonius obſervatione iſtà ad interponendas 
medias proportionales inter duos extremos numeros datos; 
ego ad inveniendos ipſos numeros extremos in infinitum 
cum eorum differentiis, utendum cenſebam. Hinc ille, non 
nifi cum differentiæ vitime evaneſcunt (aut penè evaneſ- 
cunt) uſum regulæ invenit; ego detexi innumerabiles caſus, 
regula quadam inobſervata comprehendendos ; ubi poſſum 
ex datis numeris finitis cerio modo multiplicatis producere 
numeros plurimarum Serierum in infinitum euntium, etſi 
differentiæ earum non evaneſcant. 


r 


Ex iiſdem fundamentis poſſum efficere i in ' progreſſionibus 
E plurima; aut in Numeris ſingularibus, aut in 
ionibus vel Fractionibus: : Peu enim r ad- 


* 7mo 83 fait, 75 de Paſchalii EN I TR Pariſiis 
Anno 1665 editum, pag. 2. ubi definitionum _anlepenultima bac 72 
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 Multa alia circà hos numeros obſervata ſunt à me, ex 


quibus illud eminet, quod madum habeo ſummam inveni- 
endi Seriei Fractionum in infinitum decreſcentium; qua- 
rum numerator Unitas, nominatores vero numeri iſti Tri- 


angulares aut Pyramidales, aut Triangulo-Triangulares, Cc. 
End of the Extras from Mr. Leibnitz“ Letter, | | 
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Art. 4. By the help of the foregoing table of the cubes 
of the natural numbers 1, 2, 3, 4, 5, 6, 7, &c, as far as 
100, we may find” the cube-root of any number exact to 
two places of figures, without the trouble of any calculation 
whatſoever, or by the mere inſpection of the table. Thus, 
for example, if I wanted to find the cube · root of 2000, I 
need only look along the ſecond column of the table, 
(which contains the cubes of the numbers ſer down in the 
firſt column, ) till I found the two cube numbers which are 
neareſt to the propoſed number 2000, the one above it and 
the other below it. Theſe numbers I ſhould find to be 
2197 and 1728; of which the former is the cube of 13, 
and the latter is the cube of 12. And hence I might con- 
clude with certainty that, ſince the propoſed number 2000 
is greater than 1728, or the cube of 12, but leſs than 
2197, or the cube of 13, its cube- root muſt be greater than 
12, but leſs than 13, and conſequently that the two firſt 
5 of it muſt be 12. And from the two firſt figures 
ot the cube · root of any propoſed number, we may derive 


numbe 
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number of figures that we may deſire, by the method of 
approximation invented for this purpoſe by Monfieur De 
Lagney, which has ſince been. approved and adopted by 
Dr. Halley and other Mathematicians, as the moſt conye. 
nient that can be taken. This method is as follows, 


. k * * 
, . 
. 


Monſieur De Lagney's Method of approximating to the Valu 
| of he Cube. root of "any propoſed Number, when the Two, or 
Three, firſt Figures of the ſaid Cube-root are known. 


Art. 5. If the number of which the cube-root is to be 
extracted be called 7, and a number, confifting of two, or 
more figures, that is ſomewhat leſs than the true value of 
the ſaid cube-root be called a, the remaining part of the 
faid cube - root will be very nearly equal to the quantity 
1 conſequently the whole of the ſaid cube. 


c+280 * 


root will be very nearly equal to. 4 pena xs, but it 


"c + 243 | 
will always be a little greater than the ſaid quantity. Alſo 
The ſaid remaining part of the cube-root of c, which is to 
be added to its firſt value a, will be very nearly equal to 
whe quantity E.. and conſequently che whole 
of che ſaid cube-root will be very nearly equal to 4 + 


124 2 
be a little leſs than that quantity. And this latter expreſſion 
will be a little nearer to the true value of the cube- root 
of 'c than the former expreſſion a + IT 8 but the 
difference will be ſo ſmall as to be hardly worth confi- 


SEE EL Aw + VE; but it will always 
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i will be al little greater than the Gia: quantity... 
Alſo the ſaid difference between: 4 and che true wn oft 


the Naur Numbers I, 2, 33 4. 5. 6, . Ge. 47, 


Art. 6. And, if a, or the firſt near value of the cube- 
root of the propoſed | number c, be a little. greater than its 


true valve, the quantity to be ſubtracted from a, in order 


to make it equal to * faid true value, will be” very nearly 


equal to the quantity © — Axe „ and conſequently the ſaid 
cube · root will, be very Ne equal to a — EE; ; but 


: 11 43 2. 


the cube root of c, or quantity which is to be fubtracted 
from a, in order to make it n to the m_ cube- root, 


as 
wa be 555 nearly equa to the Eno 7 A 45 — 
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4 but the difference will be ſo ſmall as to be 


hardly worth conſidering. | 
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Art. 5. The number of figures that will be exact in the 


ſecond; near value of the cube - root of the propoſed nume 
ber c that will bo obtained 95 ner of theſe four expreſgps 


c=a3l 
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VE. ( bieh - laſt exprofcig — abſerve, is the | 


very, ſame with the ſecond. e fion,), is uſually triple, or 
triple wanting one figure, and in t he worſt cales is triple 
wanting two figures, of che e of Or that are ena 
in the gelt near value, 4. 
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Art. 8. Let it be required to extract the cube · voot of the 
number 2; which anſwers to the ſolution of the Problem, 
ſo much celebrated amongſt the Antients, of doubling the 
cube, or finding the length of the yor of a cube that ſhall 
be double of a given cube. F 


Here I obſerve, in the firſt placa, "_y fin nce the number 
2000 is equal to 1000 X 2, or to 10 X 10 X 10 X 2, 
the cube-root. of 2000 mult be equal to 10 times the cube. 
root of 2, But it appears from the foregoing table of cube 
numbers, that the cube-root of 2000 muſt be greater than 
12, but leſs than 13, and conſequently that the two firſt 


147 
£4 


figures of it muſt ”" 12, Therefore the cube-root of 2 


muſt be (== 10 == * =) = 1:2, or the two firſt figures 


of the ſaid 3 muſt be 1.2. Here then we have 

c = 2, or 2. oo, ooo, and 4 1.2, and conſequently. 4. = 

1.728, and 24 = 3.456, and c + 2% (=2 + 3.456) = 

5.456, and e — 4 (= 2.000 — 1.728) = 0-272, and 
c— a\ X a 


C — Py Xx @ (= O. 272 X 1.2) * and - => 
2250 = 0.0 69,82. Therefore a + . = will be = 


_ + 0.059,82, or 1.2 59, 82; or the ſecond near value of 
the cube root wy 2, which is obtained by means of the firſt 
2% a 


7 
The number of figures that are exact i in this ſecond near 


given in art. 5, is 1.259,82. | 


value, 1.2 59,82, of the cube. root of 2, is four, to wit, the 


figures 1.259, that is, three times as many figures, wanting 


tuo, as are contained in 1.2, or 4, the firſt near value of 
8 | ne 


the Nataral:Nunders r, 25.94 596. &: n 


the, faid cube · root, the more accurate valve of which «i is 
1.259,921,049, which is greater than Shay by 
Sans novd var ide „t >. 41 5 Sch 20 
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PR PIR given in art. s ioc vi = 2 7 0 / | 
may be computed | as follows. | 


Since 4 is = 1.2, and f = 2, ve hal have 115 * 
12 X 1.2) = = 14-4 and — = 0.6, and 4= 8.000, am 


4 I (= . — 00 — * and 2 {= 
7) = 043555551555» Ke, and fr (= V 0.435, 
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655.855 &c,) = o. 6 59, 96, and = + viz (= 


* 


0.6000,00 + 0,659,96) 42 59,96. Therefore 8 = + 


9 — > = or the ſecond: near value of the cube · root of 2, 


which is is obtained by means of the ſecond expreſſion given 
in art. 5, is 1.259,96; which is exact in the firſt five figures 
1.2599, and is greater chan the true value of the ſaid cube - 
root, to wit, 1.2 69.92, &c, by only o. ooo, o4, &c. which 
is leſs: than the difference o. ooo, 1, by which 1.2 69, 82, or 
the ſecond. value of the cube · root of a, obtained by means 


of the former expreſſion 4 + E fell ſhort of the 


true value of the ſaid cube · root. But either of theſe ſecond 
near values, of the ſaid cube- -root, 1.259,82 and 1.259,96, 
2 a 288 improvement upon its firſt near value, 1. 2, thou h 
| ae an it would have been if the two firſt figures of 
Iv of the propoſed number had been ker figures 


WES 1 


. % 181 


1 | And, 53 we wee this proce of approximation 


reo 


with ae. two expre Bons 


IS. 


— 
— 


as "OY Exiraion: of Me Cube- m 


2 5 75 211 i REES 13 1 1 
E taking in En four f gures of the ſecond valves 


of n — root of 2, which pos deen already : hand, 
(and hich are the ſame in both the foregoing calculations, ) 
to wit, "the four figures 1.259, ' for the baſis of 'the next 
operation, we ſhall obtain the value of the ſaid. cube-root 


to a very great degree of delt This may be Gone | in 
the manner following. Das == 2} 


SE 


r 


"Le be oppoſed = 1599. 


Then we ſhall have 4 (= gb per 4.5 ö, br h 
and conſequently 24 (= 2 X 1.995,616,979) = 3.991, 
233953; and & + 20" (= 2 T 3-yy1,233.958) = 
5 991,233,958, and c 4 — .000,000,000, — 1.995, 
616,979). = 6.004,383,021,' and c = = * 4 ( . oo, 


383, X 1.259) S o. oo5, 518,223,439, nd 
818 22374 9 — 

S ee 0.000, 9413049, 55, Sc. "Therefore 

a +I -. will be (= 1.259 + /0:000,921,049155, ke, 

="x:559;921,049655s cc; which is exact in the firſt ten 

$."'1.2 59,9213049, the more accurate value of the 

cube- root of 2 being 112 59, 92 1,049, 89, which is greater 

chan 1.259,92 1049,55 by the ou ſmall * 

HR WON 2! 5 Wan | 

2 5 we 91 ho, al =4, * 94 = 8.000,900,900 


Ti 


2 | "021 err | 

210 (= e Ri deere 
= \/0:307,430,7003) + — 0:630,421,650,01,” Free 
3 + VIE will be (= 1.259 + 0.630, 421,050,0 5 


08: rtf Jo 21350717 it e [91 9W 11 bank N 
0.6295, + 0.630, 421,050,012 = 2 $9,920,950,07 ; which 
eds the: more accurate eabel rost of 25 lo 
| vi 
* N 


* 


wit, 1.239, 8 — hit very” ſmall quaitey 
Wade is ſtill leſs 450 che fg quantity 


_ — 
— 


nin DIS eg. 88 N (0. = ({ 126 * x68 £20. © 1 
rar S ' 


. v5 -4,$07,221.0 Dude Ae, 8 +. $1.0 =) 50 ier 
Aranler- —_— the Exerabtiow of the Cube 8 Nun. 


Hul ge e ee ee i 
149 .nolic 755 11: 844 11 2015 199 Ell 1900 8 ; 10 551. 26 2 
i Art 20; gi. Anne el > SO IG ? 808070 er £95 


Att. 10. Leia it he propoked, to, find, in inches an 
mal parks: of 2 nah, the ge gf, 69k e that N 6 gal _ 


- Englih;meaſure all gallons which, contains 281 cubick 


ivebes; .97z in, gther; words,, let it eb ame din find the 
cube: root of aße Me VP {0 $3.17 LA's ttt 10 263 2101 


Now, if we look" along the col ic eabe\ pom! 1 
the foregoing table, we ſhall find that 216 is the cube of 


and that 34g is the cube of 7. Therefore we? ma co 
clude that the cube · root of the propoſed number 2 muſt 
be greater chan 6, but leſs than 7. We will therefore take 


6 forthe'valie of 2 or for the firſt near valve of tbr, 
with which we are to begin our approximatiu .. 
Now, fince c is, in this example, equal to 2.21, and, 48 


= 6, e have 4 (= DYE =. 216, and 24 = 432, 
and e T 24 (= 431 + 432 2 66g, and 4 "(= 


231 —1 Bah Sus, and * (46 X $0: e 


- =} —_ Pas 5 

Now M a be de = 6.1 3: in » ta obtain a third 
e 

Then) we ve moll nan, ede 230,446 Bop 

25 [="2"X 49996397) = Rn ang c + 12 


G obe · root of 2 „ TK e Bes 


— 


416 e the Extrd@inn of the cl. se 


(#5231 +460:692,794) = 6g usa, ga and e — (= 
231000, % — 230. 346,397) = 065 3603, and -x a 


(= 0.6 53, 603 x 6.13) = 4.006, 586,39, Me 


CE + 243 


5 4006. 588. 258 — . 
(= nd = 0.005,792,436. Therefore a + =—=* 
will be (= 6.13 + 0.005,792,436) *= 6. es. 


which is therefore the third near value of the cube - root of 


231, or of the length, in inches and decimal parts of an inch, 
the fide of a cube that contains an Engliſh gallon. d. E. 1, 


—_— re 


This number 6.1 3 $,792;436, is exact in the firſt nine 
figures; 6.135,792,43, the more accurate value of the cube- 
root of 231 being, according to Dr. Halley, (from whoſe 
tract upon this ſubject in the Philofophical Tranſactions 
this example is taken, ) 6.15 5.792, 439,66 1,98, &c. There. 
fore the number of figures obtained exactly in this inftance 


** means of the expreſſion 4 + —— 3 is juſt rriple of 
the, number of figures chat are — in 4, or 6.13 
a ut is obſeryed above in art. Nan aua, 
Art, . The other pennen e the third near value of 
the cube-root of 237, to wit, the ener + VI 
Tay be computed as follows. le 

Since cs; 5.231,; and dis = = 6.13, we ſhall dave 4c (= 

4 * 232) = 924, and N = 3.065, and 124 (= 


5 "x 6.13) = 53:56; and. af. (= 6,73P)" = 230,346,397, 
ard 4c—a* (= 924.000,000 — 230.346,397) =693-653:603, 


_ 2. — 5 2 (= e = $-429-766,218,053:285.8, 


= * 1 0 


($90 mee * 1 A by 2 3055 


+ DOE 407 


1; 


WF 
pry 


- * 
0 
of 1 + 
— * * 


| aha, = e. „ will be 6. ee po WH 


| curate value of the eee of 231, to wick 6.238, 79274395 


W 


by Mr. de-Lagney's Method of A4pprotimation. 477 


4+ 3079,792,448) = A 28% re 07: the third near 


value of the cube-raot of 231, obtained. by means of che 


A1 
ON 1171 41 01 14 g nnr eV 3% . . 1. 


5 e 1095 * ani 169 


Oe 12, This number 4 $441: obtained, by means 
of the expreſſion '== — EY * 


&c, by only the ſmall fraction o. oo, o, ; which is 
ſomewhat leſs than the ſmall fraction o. ooo, ooo, 003, by 
which the former number 6. 13 * 1365 that was obtained 


— en 


by means of the expreſſion a + — = falls ſhort of the | 


ſaid more accurate value. But boch theſe differences 
in the ſame place of decimal fractions, to wit, the ninch 
place, and therefore the ſmall — * exactneſs in 


thele two expreſſions 3 RES - an T — — — 
is not worth attending to. But Dr. — . c Pe 


ference to the latter expreſſion - + ＋— Es an another 


aedunt to wit, becauſe he thinks the exrradtion 'of the 


ſquare-root of the fraction EZ 2 leſs. laborious operation 


than the diviſion of © — X a > bj the great diviſor 6+ — 
His words are as follows. And this Formula [the igra; 


© tional formula 2. + VE, though he uſes 4 — 


# what different ho) is ert preferable to he 
« rational [or a + 1 75 W upon the account of the 


great diviſor, which is not to be managed without 2 
1 deal of labour; whereas the extraction of d 
« proceeds much more caſily,, as manifold ' ex- 


cc Sus a 
N ce has * me.“ 
87 | | Theſe 


458 ie Eran "of the" C %? 


14 "Theſe bre examples are taken from a very ingenious and 

vfefdt . TabjeR, intitled, pI _, and eafp 
Method of finding. the, Roots of Eqtations. Generally, and that 
without 1 8 di Lalla ren by fs celebrated 
Dri Edmund Halley, and publiſhed firſt in the Philoſophi- 
cal Tranſactions for the month of May 1694, Number 210, 
wt üftetwards in the year 1708, in the ſecond volume of 
the Collection of Mathematieab and Philoſophical, Tracts, 
intitled Miſcellanea Curidſa, in three volumes octavo. See 
ide ad vohmne of the ſaid Aifceliance Cur igſa, pages 70, 71, 


72573y 745 and 7. 
YI »,0Q0G68;02G0-S0 :. av; 


1 


* E17 \ 5 N 1 4 
A 17.0 1 & + & & . * 


” 
#44 7 i v4 L ” « — 14 1 — j p 147 157 * — 
Lsalntdd nas ve 2 » % + a%s „ 4 23 4 13 11 „„ df :54 


1 — * C1 © i 3 * * 3 : 
5 . <2 - 5 "£1 . * & 
of 4 10 - LO: , 44. * * 5 p CL 181 
4 
1 * $ 44 


” 


of: Third: Exitinple of the Extration A the Cube-root of a 
4 oy Number, by the ſame Method of Approximation. | 
_ M1 2e. 10 IMG) | N Nel . 

2 — — — — 

— — 


a — * 


14 | 

o I e * 1 : . p Ci nb 3% 4 , 4 
Me. Ka on in his Analyſis Aquationum Univerſalis, Pro- 
blem ad. It is to find the cube-root of the number 37,945. 
Nowe if we look along the column of cube. numbers in 
the foregoing table, we ſhall find that 35,937 is the cube 
of 33, and that 39,304 is the cube of 34. Therefore, 
ance the propoſed number 37,945 is greater than 35,937, 
bur leſs than 39,304, it follows that the cube-root of 37,945 
wilt be greater than 33, but leſs than 34, and conſequently 
hat the two firſt figures of it will be 33. 

Here then we have c 2 37,94, and @ S 33. Therefore 
5M be = 35,937, and 23 wi be(=2 X 35,937) = 
Ju, gya, and c +243 will be ( 37,945 + 71.874) = 
109,819, and c — 4, will be (S 37,945 — 35,937) = 
2008, and:c.— 4 x 4 will be (= 2008 x 33) = $6,264, 


— a * : 4. | * 4 ; g | | Gf 264 . * g 
eviiſequedtly e 2 = will be (= 5 9 ="6.6035- 
7 ; | FE 


*»#$% 2 1 
97 Sone 


— 


8 1 ä c 9 Therefore ; 


4; This example ſhall be that Shih in giren by 


r— WE), 


a. ai a. oo... 


w_— WI. Ww- 09 


>”. .&” "68 V9 CLOTH 


* 


by Mr. de Lakney r Method of Entre gtim. 


#12 


weak e, or ny : 


of the pro ed number 37579. 945, will be (= 3 
ps ee oe of) 33.6 28 of Which number the ** 


res 33.60 f ate exact, the mere accurate v 


_ fad 5.5 root being 33.60, 526, 179,43, de. 


Now let us ſuppoſe à to be = 3576033; or the fecond 


near value of the cube · root of 372945, hat. has been 8 001 | 


found ; and let us, in order to obtain a-'third near val 
of 1 it, repeat me foregoing proceſs. g TY 


Then we ſhall have a* 37, 944.23 3:801,74 47,937, War! 455 


(S2 & 37; 944-233.801,747,937) = = 755888. 57674603, 495. 
874, and c ＋ 24 (= 37,945-000,000,000,000 + 75,8 88.467, 


603,495,874) = 113,833 7663.493784. and.e —#t (iz | 


37:945-092,009,000,000 377944. 238,01 4930) = 
0.766, 198,252,063, and 3 x a (S 0.76 6,198,2 52,063 
x +33-69g3) = ..251746,789,723,548,607,99, and conſe- 


724 Joy = 2 5-7 464739» 123»5486607,9, 
9 "607-407 Nw 1113-83 3-407-00344955Þ7- OP * -0.000;286, 


179,495. "Therefore u K. e in be ( 33.6035 


＋ 9.000, 226, 179,437.95, = * 60, 526. 1794375955. 


that is, the third near value : of the cube-root of c, or 
37.9485 that is obtained by mean of the rational expreſſion 
a vir e. will. be 23-03,g26,179:437 953 which 1 
believe to be exact in the fitſt fifigen figures g3- aue 
e not in the 1 oC "HHP TOO 51 


Pat 391801 tact 


Art 14. The other e of * i near yaly 0 | 
th cube: x ot of 37,945, 10 wit, 


irrational expre eon 
N Ee, may be re, follows. T6239 901 ied 


57h „ % *% — 


Seer ie 37,945, an and ais = 33- ig we - ſhall Wer : 
* 2 (= * Bn) = = 5,16, 801,65, and 129 (= 12 * — 


* 


vid) N | : —_ 


. 


> 
* » 
8 
- *s 

_ 
£4 
1 * X 
* * 
f 

25 

_ 

4 <Q 
128 

4 

4 0 

£2" 
1 

* 
1 

1 * | 
3 
* 4 
9 

L . 
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$6 "Of the Bens of 1h" Cubechnot * 


2 1 * 357945). 11514780, and 


_&(S, 2885840 = =. 37-944:233-801,7474937, and 4c —& 
(= 151,780.000,000,000,000 — n 


= 113.835.766,198,252,063, and Er (= 


252,063 \ 
13835: = 252,063 ) = 282, 303,943-149616 706g, and 


3 * $$2903,04314965,69) = 16, 801, 


876,17949796 Therefore a = 2 + ESS wh be (= 


26.801,65 + ies 50, 0.870 = = 5 603,526,179, 
43796 3. that is, the third near value of the cube-roor. of c, 
or 37945. chat is obtained by means of che irrational ex- 


Ns 2 0 ==, vill be 33.603,526,179-437-96. 


"Art. 15. This e 33. TROP $19.431.gh wollt 00 
there has been no miſtake made in the calculation, ) be ſome- 


what greater than the true value of the cube · Toot of c, or 
37.945; and the former number 33.503, 526, 179.437,95, 


obtained by means of the rational expreſſion a + ——— . 


muſt be ſomething, leſs than the ſaid true value, Theſe 
two numbers differ only by an unit in the laſt, or ſixteenth, 
n re. And hence it follows: that the firſt fixteen figures 
the faid true value muſt be the ſame with thoſe of the 
Jeffer of thoſe two numbers, or 33.603,526, 179:437-95 
Mr. Raphſon, however, computes it to be 33.603, 526, 179, 
438,08. But I ſuſpect that his three laſt figures are not 
exact, But, whether they are exact or not, we may, at 

leaſt, conclude that, ſo far as theſe ws calculations 


* 391 : err F " —— : ny 
F 4 41 231 ö "up A 10 11 1 * * 
— * — 1 * * * # TT 0 21 iy * 4 * * * f L 6 . 


k . 7 - 3 8 7 * 1 4 
{+ JJ £ * ; k 4 F * * .. N ” — 7 1 
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'4 Fourth Example of the Extraction of the Cube. rob of A 


root of 696,536,483. 


0 * ul oh a 5 * + * * 
. h 31 l #1 


Number, by means of the foregoing Method of Approximation. [> 


- 
W Ly 3 4 
„ "SW "3 2 * 2 
& 1 „„ 4 
w 4 » % 


> . — ute a * r 


Art. 16. This example ſhall be one that is given by 
Monſieur de Lagney himſelf, in his book intitled, Nous, 
veaux Elements d Aritbmłtique et q Algebre, which was publiſh- 
ed at Paris in Duodecimo, in the year 1697. It is to find 


the cube · root of the number 696, 536, 483,318, 640,036, %, 


641,037, which conſiſts of twenty-ſeven figures, and may 
be expreſſed in the words following, to wit, 696 quaqril- 
lions, or fourth powers of a million, 536, 483 trillions, or 


third powers of a million, 318,640 | billions, or ſecond 


powers of a million, 035,073 millions, and 64t,037 units. g 


This number is ſo great that it will be convenient to divide 
it into theſe two parts, 696, 536, 483, ooo, ooo, ooo, ooo, ooo, ooo 
and 318, 640, 035, 073,641, 037, and to begin by ſeeking the 
cube- root of the firſt part, 696, 636, 483, ooo, ooo, ooo, ooo; 

000,000, ET" EY ier BUT Bd 


Now this number 696, 536, 483, ooo, ooo, ooo, ooo, odo, ooo 
is = 696,536,483 X 1, ooo, ooo, ooo, ooo, ood, ooo, or 
696,536,483 Xx the cube of 1,000,000. Therefore its 
cube-root. will be equal to 1,000,000 X the cube. root of 
696,535,483. Therefore, if we can find the cube-root of 
696,536,483, we need only multiply it by 1,000,000, in 
order to obtain the cube root of 696, 536, 48 3,000,000,000, 
000,000,000. We will therefore endeavour to find the cubes 


- © x 7 * 
who ” : *% A © * * ? 7 ah 
0 ON mT 


Now this number 696, 536,483 is greater than 696 536,000, 


or than 696,536 „ 1000, or than 696,536 x the cube of 


10. Therefore the cube-root of 696, 536,483 will be greater 
than the product of the multiplication of the cube - root of 


696, 536 into 10. Therefore, if we can find the cube - root 
of 696,536, we need only multiply it by 10, in order to 


obtain the cube · root of 696, 536,000, which will be ſomethi 


32. 2 


leſs than the cube-root of 696,536,483, and may ſerve as 4 
baſis from which to begin our approximation to the true 
value of the ſaid cube-root, We will therefore now en. 


deavour to find, to a ſmall degree of exactneſs, the cube-root 


Art. 17: Now, if we look into the foregoing table of the 
Abs Lake hard numbers , 2, 3, FIG. 7, &c, as 
far as too, we ſhall find that 681,472 is the cube of 88, 
i at 704, 969 is the cube of 89. It follows therefore 
hat the cube: root of 696,535, (which is greater than 
681,472," but leſs than 704,969,) muſt be greater than 88, 
but le s than ” and conſequently that the two firſt figures 
of it tnuſt be 88. Therefore the cube-root of 696, 536,000 

Oe than 88 X 10, or 880, bur leſs than 89 x 
G or 890, and conſequently the two firſt figures of it 
will be 88. Therefore $ o, being leſs than the cube-root of 
the number 696,536,000, will be leſs alſo than the cube- 
root of the number 696,536,483, which is greater than 
696,36, 00; but it will approach ſufficiently near to it to 

enable us to begin a further approximation to it by means 
of the foregoing expreſſions of Monſieur de Lagney. 


Art. 18. Let us therefore ſuppoſe à to be = 880; and, 
in order to find a ſecond near value of the cube · root 
—5 or 696, 536,483, let us compute the expreſſion a + 
-& A 4 *. | 2 

4 ＋ 2 nals : | 

Here then we ſhall have 4˙ (= 880]*) = 681,472,000, 
and 24 =. 1,362,944,000, and 4 + 24? (= 696,536,483 
＋ 1,362,944,000) = 2059,480,483, and e — 4 (= 
696,536,433 — 681,472,000) = 15,064,483, and c — © 
x 4 (= 15,064,483 & 880) = 13, 256, 7455040, and con- 

ty LA ,__ 13,256,745,040, __ | 

e 2 0 Log 6.43679. "ma 
vill be (= 880 + 6.436,9) = 886.4369 
and cpſequently 886.4369 will be a ſecond near value of 
Ke cube · root of the number c, or 696,536,483. * ES 
ECL Art, 19, 


_ „ 9 0 r SI 


TX Gn) = —_ 443,18, 00, and 


by My. de Laney Method of dpproximation 483 


Art. — Therefore (by what is ſhewn. in art. 16.) 
286 face 2 1000, O00, or 886,436,900 will be nearly 
ual to, but ſomewhat leſs than, the cube. root of che num 
ber 696, 536,48 3, 000, ooo, ooo, ooo, ooo, ooo, and, à fortiari, 
will be leſs than the cube - root of the propoſed, 0 5 : 
6,536,483,318,640,0 5,0 3,041,037, And, as 6, 
ys 55 not much leſs than 886,437,000, it ſcems proba a 
that 886,437,000 will likewiſe be ſomewhat leſs 5 8 the 
cube · root ot the ſaid number 696, 536, 48 33185640, be 10. 
641,037. And ſo upon trial we ſhall find it to be 


the cube of 886,437,000 is 696,535,206,9 2 adele 


000,000, which 1s leſs than the faid propo 


Art. 20. Now let a be ſuppoſed to be 2 $96,457,006 
and let us endeavour to find a nearer value of the cube · root 


olf the propoſed number 696, 5 36-483, 318,640,03 075,4. | 


037, by computing the expreſſion — 5. VF 
Then, ſince e is = 696, 802001 1408 649,035.07 10. 


037, and @ is = 886,437,000, and conſequently is = 


696,53 5.206, 998, og5, 463, O00, ooo, ooo, we ſhall have * 


I 


50 (= 4 * 696,536,483,318, 640,035,073,641,037) 
2, 786, 145,933,274, 560, 140, 294,504,148 
and 4 — 4 (= 2, 786, 145,933,274, 560, 140, 294,564,148, 
— 696, 535, 206,998, 055, 453,00, ooo, ooo) 
SZ 2,089,610,726,276, 504,687,294,564,148, and 122 (= 


12 * 886,437,000) = 10,637,244,000, and 5 — {= 


12a 
2:089610,726,27 eee ke 


D os anette. gn. ; 
gb, and [= 4 * 196,442,868, 686,332,983) = 


E deri. ee —— Ih * == mill ha o 


* 


443,218,500 + 443, 218,59) =' 886,437,259; and con. 
lequently the cube - root of the propoſed long number 
696, 536,483, 318, 640, 035, 73, 641, o3), will be very nearly 
equal to 886,437,259. d. E. 1. 8 Ha 


Monſieur de Lagney determines this cube - root to be 
only 886,437, 166. But this is owing, as I apprehend, to 
his intirely neglecting the laſt eighteen figures, 318,640, 
935,073,641, 37, of the propoſed number, and conſe- 
.quently giving us only the cube-root of the number 
596, 636,48 „ooo, ooo, ooo, ooo, ooo, ooo, which is leſs than 
the propoſed number: whereas in the laſt operations of the 
foregoing proceſs we took notice of all the figures of the 
propoſed number, when we found the value of 4c, and 
extracted the ſquare-root of the fraction — 


124 


Mr. de Lagney adds, as a proof of the great uſefulneſs 
of this method of extracting cube-roots, that the moſt {kil- 


ful Arithmetician would not be able to find the cube-root of 


this long number, 696, 53648 3,3 18640, of 5073, 641037, to 
the ſame degree of exactneſs, or to nine places of figures, 


by the common method of extracting the cube - root, in the 


ſpace of a whole month. See Monſieur de Lagney's Mo- 
peaux Elements d Arithmitique et d Algthre, page 307. 


A Ss C HO LI U M. 


N 


— — 
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Art. 21. This very uſeful method of approximating to 
the cube: roots, and other roots, of numbers was firſt pub- 


- "Jiſhed by Mr. de Lagney, at Paris, in the Journal des 


Scavants for the 14th of May 1691, and afterwards was 


-publiſhed again at greater length, and with a demonſtra- 


* 


tion, jn a ſeparatę tract in quarto, in the month of May of 


the following year 1692. But Mr. Joſeph Raphſon had 
publiſhed his 4H, Equationem Unipetſalis, (which con- 
EL N B's, tain3 


by Mr. de Lagney's Method of Approximation. 4a; 


tains a general method of finding the roots of all ſorts of 
equations by approximation,) in the year 1690: and his 
method of approximation is not very different from this of 
Mr. de Lagney; and the ground, or principle, of it is ex- 
actly the fame.” So that, if Mr. de Lagney had ſeen Mr. 
Raphſon's Analy/fis Aquationum before he had diſcovered his 
own method of approximation, it would have been eaſy 
for him to have deduced. his own method from Mr. Raph- 
ſon's; and in that caſe it would have been candid in him 
to acknowledge that he had ſeen Mr. Raphſon's book, and 
had been led by it to the diſcovery. of his own method. 
This, however, he has not done; at leaſt, not in his Nouveau 
Elẽments d Arithmẽtique et d' Algtbre, which is the only book 
of his that I have ſeen. And therefore I ſuppoſe he invented 
his method of approximation by his own efforts, and with- 
out having met with Mr. Raphſon's book. | 


* 


Art. 22. It may further be obſerved, that Mr. Raphſon 
himſelf was not the firſt inventor of the method of reſolvin 
—— by approximations of the kind he has made = 
of, that 1s, by approximations performed by transforming 
the original equation into another equation that involves in 
it the powers of the unknown difference between the firſt 
near value (already obtained, by conje&ure or otherwiſe,) 
of the root of the firſt equation and its true value, and by 
reſolving the ſaid transformed equation in the manner of a 

ſimple equation, or by dropping all the terms that involve 
in them any higher powers of the ſaid unknown difference, 
or root of the ſecond equation, than its ſimple power. But 
this excellent method of diſcovering the roots of high equa- 
tions had been found, out by the great Sir Iſaac Newton 
more than twenty-four-years before the publication of Mr. 
Raphſon's Analyſis Aguationum Univerſalis, to wit, in the 
year 1666, when he wrote” his learned little tract, intitled 
De Analyfi- per equationgs numero terminorum infinitas, which 
is printed in the Commercium Epiſtolicum of Mr. John Col- 
lins and other Mathematicians, pages 67, 68, 69, &c. = - 
93, of the 2d edition. This tract was firſt printed in the 
year 1712, in the firſt edition of rhe ſaid” Commercium 1 Sn 

. cum. 


* 


kicum. But it had been ſhewn in manuſcript to Dr, Ifaac 
| Barrow, and by him ſent to the ſaid Mr. John Collins, with 
Mr. Newton's leave, in the month of July 1669, and ſhewn 
to the Lord Viſcount. Brouncker, (a great Mathematician 
of that time,) and, probably, to many other learned Mathe. 
maticians that were Fellows of the Royal Society, to which 
| Mr. Collins was then a Secretary. And afterwards a part of 
it, containing a ſhort ſpecimen of Mr. Newton's method 
of reſolving equations by approximation, was publiſhed by 
Dr. Wallis in the 94th chapter of his Algebra in the year 
1685, which was five years before the publication of Mr, 
Raphſon's Analyſis Afquationum ni ver ſalis. Whether this 
ſpecimen ſuggeſted to Mr. Raphſon the diſcovery of his 
method of approximating to the roots of equations, (which 
differs but little from that of Sir Iſaac Newton, ) it is diffi- 
cult to determine. He has not mentioned Newton's method 
in his treatiſe on this ſubject, though he was a great ad- 
mirer of his genius, and ever ready to commend him: and 


* therefore I am inclined to think that the above-mentioned 


ſpecimen of Newton's method of approximation was not the 
circumſtance that led him to the diſcovery ef his own. But, 
whether it was or not, it is certain that the honour of 
priority with reſpe& to this very uſeful invention 1s due to 
Sir Iſaac Newton. a 


Of the Graund, or Principle, of the Inoeftigation of the fore- 


going Expreſſions, invented by Monfieur de Lagney, for Ap- 
© proximating t0 the Value of the Cube-root of a giuen Number. 


Art. 23. The inveſtigation of all the foregoing exprel- 
ſions invented by Monfieur de Lagney for 7 3 
to the cube- root of a given number, when a near value 
of the ſaid cube · root that 


* 


is exact to one, or two, or — 


by u. de Laney Methud of Apprecdmation, 457 


of decimal figures, is already known, is not difficult. 
t reſults from the contemplation of the compound quanti- 
ties that are equal to the cubes of a binomial quantity, (ſuck 
as 4 + b,) and a reſidual quantity, (ſuch as a — b,) ac- 


cording as a, or the firſt near value of v3[c which is als 


ready known, is leſs, or greater, than V/ 3ſcs and therefore 
it ought properly to be divided into two parts, the one re- 
lating to the caſe in which a, or the firſt near value of the 
cube-root of the given number c that is already known, is 
leſs than the cube-root of c, and the other relating to the 
caſe in which a, or the ſaid firſt near value of lc, is 
greater than the ſaid cube-root. The firſt of theſe inveſti- 
gations, (by which we ſhall alſo obtain Mr. Raphſon's ap- 
proximation to the value of the ſaid cube- root, in the ſame 


caſe, or when a is leſs than V* ſc,) is as follows. 


e * 
2 VIEES, given by Monjieur de Lagney, for a S 


er @ Firſt near Value of it that is already known, is leſs 
than its true Value. ; 


Art. 24. Let x be put for the unknown difference by 
which a, or the firſt near value of the cube-root of the 
given number c, falls ſhort of its true value; ſo that a + 2 


Then will a + 2 be c. But 2 T is = 45 + 302 | 
+ 3422 + 2%. Therefore 4 +. 3442 ＋ 3 + 2 will 
allo be = 6 This cubick equation is the foundation both 


lid 


of Mr. Raphſon's and of Monſieur de Lagney's-inethods of 
approximating further to the Þ inner ry of /*(c. 


Art. 25. Mr. Raphſon's/approximation is obtained as fol. 
lows. Since z is leſs, and üfually much leſs, than à, to wit, 
about a 10th or a 1ooth part of it, or, perhaps, till leſs,) 
it follows that both 3azz and 2? will be leſs, and uſually 
much leſs, than gaaz, and conſequently that a* + 3aaz will 
be nearly equal to 4*, + 3aaz + 34zz + 2?, and therefore 
to c. Let them therefore be ſuppoſed to be equal to c, 
Then, fince a + 3aaz are | = c, we ſhall have 3442 = 


= dich fraction con. 


— 


Cc 


c — 47, and conſequently z = 


- fiſts intirely of known quantities. Therefore @ + x will be 
. . DI | — a3 at 
S2 + —_ and 4 + —— will be a ſecond near value 


3aa 
of 4/* [c, or the cube-root of the given number c. Q E. 1, 
This is Mr. — approximation to the cube. root 
of c, when à is leſs than the ſaid cube- root; and it is the 
ſimpleſt and eaſieſt approximation that can well be imagined, 
and approaches very conſiderably beyond à to the true value 


of y/*(c. For it uſually gives us twice as many figures 


exact as we had before in a, or the firſt near value of V 


And it is leſs operoſe, or difficult to compute, than Mr. de 


Lagney's firſt, or rational, expreſſion a + — D be. 
cauſe it is eaſier to divide c — 4 by Zaa, or three times 
the ſquare of a, than, firſt, to multiply e = 4 by a, and 
then to divide the product by. c + 24?, which is a longer 
number than 343. And for theſe reaſons Mr. Raphſon, in 
the Appendix to the ſecond edition of his Analyſis Ægua- 
tionum Univerſalis, (which was ' publiſhed in the year 1697, 
ſeveral years after the publication of Mr. de Lagney's me- 
thod of approximation,) declares that he continued to prefer 


his own approximation to thoſe of Mr. de Lagney, not- 


withſtanding their greater exactneſß. 


* 


We will now proceed to inveſtigate Mr. de Lagney's firſt, 
or rational, expreſſion above-mentioned, in obtaining which 


Mr. Raphſon $ hop the? is made uſe x as a . 
ſtep. 


A | 
Art, 26. Mr. de Lagney” 8 firſt, or a geeint, 


43 + e 25 V obtained by preſerving the term 3422, as 


well as the term 3aaz, of the cubick equation a. + 34 . 
3422 + 2 = e, or by ſuppoſing a + 34a + 3azz to be 
equal to c, and reſolving the quadratick equation 4 + 34a 
+ 3azz = reſulting from that ſuppoſition, in an im- 
perfect, or inaccurate, manner, by proceeding as follows. 


Since 4 + 3a ＋ 3azz is = c, we ſhall have gaaz + 
Jazz = c— 4, and (dividing both fides by 343 + gaz) 
Cc 45 


2 . Let us now ſubſtitute, inſtead of 2, in the 


7 Þ Jaz 


bd * . CC — 3 . W s « 
denominator of this fraction gry the near value of © 


aa + 3as 


already obtained by the reſolution of the ſimple equation | 
a⸗ + 34a% = c,"to wit, the fraction — D . 


thereby obtain the equation 22 — ; which 


; 2 


laſt quantity is equal to., (= —<=£ 


0c — "x — 


8 
18 
[| 
8. 
* 
1 
8 
2 
8 
4 
2 


will be = INT , and 3 a 580 2 will be = 


+ ED Therefore the true value of a + Z, or 


the cube-root of the Wm number 05 will be nearly = 


p + ene] xe 


8 3 R At. 27. 


„ My.  Lagney's Method of Hb. 49 


. 50 Of the 23 of the cu 


"An. 27. This expreſſion 4 N . — — - of 225 "IE 


| near value of ig, will always be lefs than its true value; 
as may be demonſtrated in the manner following. | 


* 


ee - is = 30 + 30 + PE and 3aa + 3azz 
+ 2 is = aa + a +, 2422 + Fs it follows that c = @ © 
will be = 3 + azz + a + 2, and conſequently will 


be wr than 34²ꝰ + anz. Therefore — will be 
— et or than 3az + 22. 8 5 | 
Therefore 3a X & 3 will be greater 
dan 3a = zZ OC 2 (adding 3aa to both des, : 

34a + 34 X ELF will be greater than 3aa + 363 ＋ *. | : 
_ . Therefore — vil be leſs than — * 


2 34 X 


. r 
. 
But . n= — RA d., CHE 
— a3 c+2 344 + 3az + 22 
3⁴ ga X[—— "OY * 
is = the true value of 2. Therefore TT x wil be le, 


than the true value of 2. Therefore a + ———- — will 


be leſs than the true value of a + 2, or "Ry ON "CG. ; 
Q. E. D. 


EET 


This expreſſion, @ + i gives uſually three times 


as many figures of the Aue of 7 3 ſc exact as were given 
exactly by a, or the firſt near value of the ſaid cube · root. 
But in ſome caſes the figures which it gives exactly are only 
three times as many wanting one, and in ſome unfavour- 
able caſes only three times as 1 * ſh: as Were 


” 
» - bs. . FR 
? $4 4 , 4 
* " ” 


9 8 5 : : 

1 ne — _ - $2 

We: 4; as. ye. have. ſeen un fame of de foregoing * | g 
_— N 4 * 12 3 


21! 1 1 


An. ab. e nth; expreſo, 
2 + VE an , for the ſecond near value of the cube. root 


ol c, ae 4 is leſs than the fad cabs: root” is obtained by 
preſerving the term 3a, as well as the term 34a, of tre 
cubick equation a* + 3aaz + 3azz + 2 e, and reſolv- | 
ing the * thence reſulting,” to wit, the quadratick 


"ul ehvation + Jaaz + 3a = e, in an eee manner. | | 
"This may be done as follows. | | 


I we ſuppoſe a* + gaez + gaz to + he equ to 4, we 
ſhall have 3a + yours = , and. Red the 


#4 »*% 
* 


25 t "RS 


PE 


x terms by 39) az + * = . Therefore 8 1 


boch fides,) ve ball have + az + az S 
b 2 = EQ e 21 


124 gn TCO 5 122 ee 
ing the ſquare-racts of both ſides,) — + z =- MESS 
| Therefore = will de ve and a + = will be 


(= a+ 4 — 9 == +. Therefore 9 


vV*(c will + bt nearly equal to the fame quantity — er 
V EDD | "G4." 1. 


" ' 9 g 3 3 
by 24 
F F. 5 f 1 4 5 
2 x i 
; a „ $S43-/% 


Art. 29. This lens? — —_ 


be greater than the true my of 5 = or ud the tide ö 
value of 4 Þ+ 2 in the original cubick equation a* + 3aaz 
+ 3422 ＋ 2* = & 


For it is derived from a ſuppoſition that 4 + 34az + 


* 


492 0 the "Extrattion of the Cube-root 


3a is equal to e, or to & + 3aaz ＋ 342 + 2, or is 
greater than it really is: from which it will neceſſarily fol- 
low that the value of z deduced from that ſuppoſition muſt 


be greater than its true value, and conſequently that the | 


value of @ + z deduced from that ſuppoſition, that is, the 
expreſſion 2 + * — will be greater than the true 
value. of 6 1 25 or than /*ſc. d k. b. 

Att. 30. The irrational expreſſion £ + == wil 


124 
approach a little nearer than the rational expreſſion a + 


 "fg=—-4*] X a 


e to the true value of V*(7, becauſe it is obtained 
by reſolving the quadratick equation 4 + 3aaz + 34zz 
esc accurately, whereas the rational expreſſion 4 + 
— n = = is obtained by reſolving the ſame quadratic equs- 
. "tion inaccurately, by ſubltituting <= inſtead of 2 in the 


455 quantity -34% in the denominator of the fraction 2 


3aa ＋ 3a | 
in art. 26. But the difference of the two expreſſions in 


point of exactneſs is not conſiderable ; and the principal 
| pant 


"reaſon for preferring the irrational expreſſion - + * == 
to the rational expreſſion @ + ===, is, that there 1s 
much leſs labour in extracting the ſquare-root of the fraction 


: , than in dividing the numerator c be &| X 4 by the 


denominator c + 245, when that denominator 1s a very long 


number. ; 


. * 
— wth r 


. — 
. 3 8. 8 
WE he , —_ 
by Mr. deLagney's Method ef. 493 
%. 04, 2653: Ph NY N 3 e i | ; "x 
ation” of the Two Frets a A 
An Inveſtigation” of” the Two Expri p Mont, e and 


or a Firſt near Value of it that is already known, is greater 
_ than its true Value. | . 


— 


| — 
. \ OO 35 3k « . 24 . . 12 2 Bp 
| Art. 31. Let z be put for the unknown difference by 
which a, or the firſt near value of the cube · root gf the given 
number c, exceeds its true value; ſo that à — z ſhall be 
14 = V/*(c. e eee ll RT e 
Then will a—2Þ be = c. But a — 2 is = & — 
- 340% +3422 — 2%, Therefore a — ga + 3azz — 23 
will alſo be = c. This cubick equation is the foundation 
e 


both of Mr. Raphſon's and of Monſieur de Lagney's me- 
thods of approximating further to the true value of 4/*(c. 
Art, 32. Mr. Raphſon's approximation is obtained as 
mou.” en „„ 
Since z is leſs, and uſually much leſs, than a, (to wit, 
about a 1oth, or a 100th, part of it, or, perhaps, {till leſs,) 
it follows that both 3azz and 2 will be leſs, and uſually 


1. — 2 RI 


i much leſs, than 3aaz, and conſequently that 2 — 3a 
A will be nearly equal to 4* — 3aaz + 3azz — 27, and there- 
fore to c. Let them therefore be ſuppoſed to be equal to c. 

ne Then, ſince a3 — 3aaz are = c, we ſhall have a = t. 
8 Zaax and 164% = a* — c, and conſequently z = — 
And, 3 H π 6g. 9 r 
Therefore 3 — z will be = a — [== and conſequently 


-a3 — e. 


the expreſſion a | will be a ſecond near value of 


y/*(c, or the cube-root of the given number c. &. 1 5 
k . / 18 


* * 


% \ 


4 


Mas 


an 


* 0 « * % * 
a * * . 3 * 6 . 
? * " 1 * 2, 9 " * ; bo ; 
» * * L " I 5 by, "= e 
y . SER, - 4 * g . „ * « * 7 . 
EPL P the" 5 the 1 "FEE 92 
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f » 


This is Mr. Raphſon's zpproximation ts the . . 


of c, when à is greater than the ſaid cube · root; and it is 
the ſimpleſt and eaſieſt approximation that can well be ima. 
gined, and approaches much nearer. than à to the true value 


of the ſaid cube- root. For it uſually gives us the value of 


the ſaid cube · root exact to twice as many decimal places of 
figures as were exact in a, or the firſt near value of the ſaid 
cube · root. And it is leſs operoſe, or difficult to compute, 
than Mr. de Lagney's firſt, or rational, expreſſion, a — 


: 2 10 1 + — 3. 
e 5 becauſe it is eaſier to divide c — 4“ by 3as, or 


three times the ſquare of a, than, firſt, to multiply "I 
by a, and then to divide the product by c + 24, which is 
a longer number than 324. And for theſe reaſons Mr, Raph. 
ſon always preferred it to Mr. de Lagney's approximations, 
notwithſtanding their greater exa&tnels  . 
We will now proceed to inveſtigate Mr. de Lagney's firſt 
expreſſion above-mentioned, to wit, the rational expreſſion 
— , in obtaining which Mr, Rapbſon's approxi 
mation is made uſe of as a neceſſary ſtep, - 5 
Art. 33. Mr. de Lagney's firſt, or rational, expreſſion, 
4 ——— — is obtained by preſerving the term 3422, 23 


well as the term 34az, of the cubick equation a* — 3442 
+ 3azz — 2* = , or by ſuppoſing a. — 3a + gaz to be 


equal to c, and reſolving the quadratick equation 3 — 


3aaz + 3azz = c, reſſilting from that ſuppoſition, in an 
imperfect, or inaccurate, manner, by proceeding as follows. 


Since 4 — 34 + JAZZ is ſuppoſed to be equal to c, 


we ſnall have 2 + 3azz = c + 3802, and a = c ＋ 3442 


— 342%, and 4 — r 348; — gazay Of 3442 — gar 
= 4 — c, and ((divgding both fides * — equation by 
344 — 30, 2 2 37 8 Nase Lagney chen ſubſti- 


- 
* 
* 
* 
- * 


% ian 


£2 ” 
- = 
1 8 md * 
28 1 * 
.. - '4 


4 0.” — > $125 ©3 


ud, 


tt 


« * 


„ % 


"i „tele, 2 anl. x 5 5 


cates, inſtead of 25 in tie denoniinator of the” fraftion | 
— the; near value of 2 pready obtained by the reſo- : 


LA! 
lution of che nplevoquarian 45 — gaaꝝ = & to vit, b. 
faftion , ind thereby obtains. the equation * = 


34 
. . Watt 
. 2 = which aff dann is equal 1 2 
483 * [7 1 
236% 33 „ a3 — c * 
(= | "p04 3 I = 
3a — (4 — e eee eee a 
3 To . DR ; 
a wy  a3—c, Xa. ale XS 
Ta Ta Therefore 2 will be = regs 


25 = a3 —ciIX @ a * 
„ 
Þ+ 24 * * 


fore the true value of 4 —-3, or of the cube-roo of the”: 


and conſequently 4 — 2 will de * 440 


cl Xx 4 
given nba Cy will 8 = Þ * EDD, 3 
* Ge. : ; . 


2 — „of the ſecond 
near value of Vi ſc, will always be greater than its true 
value; as may be demonſtrated in the manner following. 


It has been ſhewn above in art. 31, that a — 34 + 
3422 = 2 is = c. Therefore a* + 3azz will be = c + 
zaaz + 2*, and @* will be = 6: + 34az — 3azz + 25, and 
& — © will be = 3aaz'= gazz + 2%. But 3aaz — 3 
+ 2 is = 340% — 22 — 2422 ＋ 2. Therefore a — c will 
be = 3442 — 822 — 2 + . But, becauſe 2 is leſs 


Art. 34. This ee 1 


than « a, 2* will be lefs than azz, and, 2 fortiori, leſs than 


2422., Therefore 344% — 4 — 242% ＋ 2 will be leſs than 
344% — ag; and conſequently a — 4 (which is = gaaz 
— 4 — af + ,] will be leſs than 344% — ax. 


Therefore —— == vin be leſs _ ==, or than 342 == 
| 22. 


7 
» . : - y . , A+ 4 : 
. * 8 o , 
* 9 h g * ; . * 1 Fs 
K - 4 o <p \ 
» * © * - * * ” ” * 
: * - 3 1 
496 Of g — * * . * * 
8 1 + . * 9 . 
, - N 9 + * . 
. p R * 
. 


. N > * 3 = 135 e 7 * 3 1 zaa 
uill be leſs than 3a — zz. Therefore, if both theſe quan- 
tities be ſubtracted. from 3aa, the remainder gas — 34 


X e will be greater than the remainder: gaa —[3az—22, 
or than 340 — 3az + 22. Therefore vil 


| - 3 | a — 1 
be leſs than 3 But = is = 
7 a 8 8 3aa — 3a X — 


425 — e ͤ 8 a3=d 8 e 
7 Therefore 2 will be leſs — . 


7 a == % 2 | RR ; 
But — — is equal to the valu 
ey Oo al to the value of z in the cubick 


equation a* — 32az + 3azz — 2* = >, or to its true value. 
Therefore —<=< LEE will be leſs than the true value of 2. 


* 5 
And conſequently a — = will be greater than the 


true value of 4 — 2, or than the cube-root of c d. E. p. 


ee * 0 N g FORE 

Art. 35. Theother, or irrational, expreſſion — +y ==, 
given by Mr. de Lagney for the ſecond near value of the 
cube-root of c, when à is greater than the ſaid cube-root, 
is obtained by preſerving the term 3azz, as well as the 
term 3aaz, of the cubick equation a? — 34a + 3azz — 2 
= c, obtained in art, 31, or by ſuppoſing the trinomial 
quantity à˙ — ga + 3azz to be equal to c, and reſolving 
the quadratick equation 4 — 3aaz ＋ 34ZYZ c in an ac- 
curate manner. This may be done as follows. 


If we ſuppoſe * — 3aaz + 34zz to be = c, we ſhall 
have 4˙ + 3azz = c + 34aaz, and & = c + 3adz'— 3422, 
and 4 — 4 = 344Z == 3922, or ads . 305 = & — 6 
9 e » Therefore. 


- 


. PE RO * * 
n 1 * 
* 1 
z : — oo b 


» Mr. de you's Method of Approximation 9 
Therefore (dividing both fides of the equation by 36) we 


8 = c WE" 15 I'S | | | 
. have 4 = 22 ue Oy . 


The complnnd . 4% — z, which Guns ü the lefts 


hand ſide of this equation, is 2 — 2 & >. and cools 
quently (by Euelid's Elements, Book ad, Prop. 3, muſt 


be leſs than the ſquare of = 75 or than — And ——— 
=. will 


the other ſide of the equation, or (A quantity a 


alſo be leſs than — =, They may therefore both be gl : 


from = 7; Let 8 be ſo ſubtracted. And we ſhall then have 
5 — 22 = 2 — 2 or — 42 + 2 = 2 


— cs 
34 4 4 


=== * 2 — Ei - ge) — 5 


. 124 124 


4c 
124 


255 — 4 + 2353 wil be equal to the ſquire-root of the 


fraction 2 Now, if z could be of two different values 
the £4 greater than 25 1 the other leſs than £ — the tri- 
nomial quantity - — az ＋ zz might have two ſquares 
roots, to wit, 2 —25 and 2 — =. But, as 2 in the pre- 
ſent problem i is ſuppoſed to be much leſs than — — „ the later 
of theſe ſquare- roots, to wt 1 5 , cannot 41 and the 


other ſquare-roat, © 7 — „, will be the only one confiſtent 


with 8 conditions of the Probleni. Therefore we ſhall 
| L e 1 8 habe 


=o Thetefore the ſquare-root of the trinomial quantity | 


. K 
y « >». WP n 


. 
* 


5 8 0 the kane. of the cue 


; 
4 


have g — 2 22 —=, and conſequently (adding zto 


both ſides,) = = HERS — 5 ＋ 2, and (ſfubrrating VEL 
fom bow ey) = £— ==, Therefore a— 2 


A 


„ 2 + V 4c ==, — Woche the Sabel near value of 


Lf 7 Boo 98 . 
ic will be .— = Qs E. I. 


Art. 36. This expreſſion — —_ + Wks 


be leſs than the true value of the 3 of the given 


number c. g 


For, if we pple, z to increaſe ſe continually from o till 
it becomes equal to =, the compound quantity 22 — 22, 


ors = AX 2, will dees 3 at the ſame time 


till ; it becomes equal 0 , or and conſequently the 


compound quantity 34 X ſaz— = or the compound quan- 


tity your = _ will egg" continually till it becomes 


equal to 34 c 2 7. or =, Therefore, when the compound 


quantity 3aaz — 1 % equal to a — Cc the quantity 2 


will, be greater than when the compound quantity 3442 — 
3422 is equal to 4 — c — 2?, which is lels than 4 —c; 
that is, the value of z in the quadratick equation 3442 — 
34zz = & — c will be greater than the value of z in the 
cubick equation 3442 — 3azz = a3 —» £ — 2, or in the 
cubick equation 3442 — 3422 + 2* = * , or in the 


Eubick equation 4 — 34a + 342z, — 2 . But the 
ralue of z in che quadratick Equation 34 — 3422 = 


_ 
- * 


o Me, 4 Lagney's Mated of ibu, 499 


wo 
1 % 


PET IO = and She miu of 2 in. the cubi * 
equation # — 34 + 3% — BP, = © is the true T,alu 


of z, or of the excels of a-above Vis. Therefore: Fae - 
2 <q 


z. Theiefae's = — FEEL 1240 . Ore + * be” wh 
will be leſs than the true value of 4- — Z, ort t 1an 0 cube 
root of the Given. 1 55 eg 0. K. Fo 1 907 


Art. 37. The Wedel e — * 1 * A 


approach a little nearer than the ratior al Formula 42 — 

— — 5 . to the true value; of the cube -root of 77 becauſe 
the irrational Formula is derived from 'che quadratick equa- 
tion a* — 34 + 342 = c by an 3 ccurate reſolution of 


it, and the rational Form als i is derived from the ſame equa-' 


tion by an inaccurate reſolution of 1. But the difference 
of exactaeſs between theſe two expref ions is not great, and 
either of them will uſi ally give us th.ree times as many de- 


cimal figures of Ic exact as vert : exact in a, or the firſt. 


near value of it. ut, when the : given number c ſelf 
conſiſts of nine, or ten, or more figures, and alſo when 6 
conſiſts of three, or four, figures, and conſequently a con- 
fiſts of nine, or ten., or more, fig ires, the irrational expref- 


fion I , will be f ound to be much caver bo 


compute. than the rational expref a fon 4 — ALS s on ac- 


| c +24 a3 N 
count of the labour of dividing a — A * 4 by the long 


number c + 24⁵; and dere e Dr. Halley thinks it ought 
to be N to "the other. 1 . 


3 82 = Art. 38, 


n 


- #4 Ls * * Fad „ — 
2 * VE. Sas a L ; 181 „ 1 * 4 
* 92 * . ” Of TE . BYVAL LA] enden 


Art. 38. I: "Ou now given v fall "EDM 
p four expreſſions invented * 7 de Lagney . 
ſecon d near value of the cube · root of 


wen, number c, 
'of W ich a firſt near value, denoted of the letter 8 i 
2 known, to wit, the four expreſſions ＋ e 


4 243 

lata * = 
c ＋ 245 a2} and 7 . Ve 
«nk HM the two firſt ae, to the wy in which a, or 
near value of the ſaid cube-root, i is leſs than its true 
2 and th e two laſt relate to the caſe in which a, or 
the firſt near vi lue of the ſaid cube-root, is greater than its 
true value. An d | have ang demonſtratiahs of what is 
aſſerted concerni 2g theſe four expreſſions in art, 5 and 6, 


do wit, that the fi rſt of them, or *. is al- 


ways leſs than the e rue value of V *(c, and that the fecond 
of them, or — + * e 18 always greater than the 


faid true value, and. hat the third cxpreflion 42 — _— 


is always greater that) the ſaid true Values, and that the 


fourth expreſſion — 4 Viet i is always leſs than the 


ſaid true value. 424 t be two firſt of theſe aſſertions have 


been confirmed upon tri al in the exarnples given in art. 9, 


9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, and 20, of the 
extraction of the cube-roa ts of the numbers 2, 2 1, 37,945, 
and the long num her 696, 5 36,483, 318, 645,03. 52073, 641,033; 
the ſaid cube-roots —_ been extracted by means of the 


8 


two firſt expreſſions @ + : : i and 2 i VIE, 


17 5 relate to the caſe in 1 zhich 4, or the firſt near value 
of ſe 1 is leſs than its tri ie value. 1 will now therefore 
give an example, or two, of the extraction of the cube- 


Icots gf numbers by means of the two lauer expreſſions 
2 


- 
1 W —— 


4 a p yy 


* M. d. r Method of Approcimation. fox 


* >) CT. JI > 
* * F. * . 
* * 265 


En © + (ES, which rela to the 


caſe in which a, or the firſt near ue of Velen greater 
than itt due val. 8 


—— 4 


* 


+. % 
* * 


An Example of the Extraction of the enen of 6 given Mam 
ber, by means of mne . 


3 = Sr + ab Sf which a, 


or the Firſt near Walue 7 is ſuppoſed to be greater 
e youu Value. 


Art. 29, Let it hy required to find the cube · root if 6 2 
- which was extracted above in art. 8 and 9; and let a, or 
the firſt near value of the ſaid cube-root, be 1.26, which 
is ſomewhat greater than 1 its true value, which is 1.259,921, 
049, &c. 


Here then we have c = 2, and @ = 1.26. Therefore a. ; 
will be = 2.000,376, and 24* will be = 4.000,752, and 
« + 24 will be (= 2 + 4.000,752) = 6.000,752, and 
* — c will be (= 2.000,376 — 2) = 0.000,376, and 


#—J x a will be (= 0. 6,000:376 X 1.26) = 0.000,473376, | 


and conſequently. : TE = Will. be (= . SY ) = 


0.0c0,078,950, Therefore 2 — 2 5225 7 


near value of the cube- root of 2, will be (= 1. 260,000,000 
— 0.000,078,950) = 1.259,921,050; which is a little 
greater than-its true value 1. 259,92 1,049, &c, agreeably to 
what is aſſerted in art. 6, and demonſtrated in art. 34. 


And " ſhall have 4c (= 4 X 2) = 8 ooo, ooo, and 
- (= TY = 0.69 and 124 (= 12 X 1.26) = 15.12, 
and 


, or the ſecond 


z 


50a pe Ronde 1e, 


= 4c— 4. (= 8.000,000 — 2,000,376) = 5. pI 
= (S — * 


1 3 


and * E (= of 0.396, 300, 1 &c,) 
W tg pep aageys and = +. A —— (= 


My 'AW 


cube-root of a 2, obtained by the ircational expreſſion < © 


v. 8 25 „ will be 1.2 59.92 1049,94, 763 > which is a little 


leſs than the true value of the ſaid cube. -root, agreeably to 
what is afferted in art. 6, and demonſtrated in art. 36, the 
more accurate value of the ſaid cube-root being 1. 259,921, 


949,894.87 3:104,70, — 


Art. 40. The foregoing m more accurate value of the cube- 
root of 2, to wit, 1,259.92 1,049, 894,87 164,76, was obtained 
by taking 1.2 59, 92 L, o for a, or the firſt near value of the ſaid 


cube. root, and cothputing the expreſſion 15 + ES == 


Far if a is = 1 259,921, o, or 1. 259, 921, we ſhall have 


— == 0.629,960,5, and & (= 1.259,92 1P) = 1,999,999, 
362,396.486,961, and 2 (= 4.X 2) = 6.000, ooo, ooo, 
ooo, ooo, ooo, and 4c — 4 = 8. ooo, ooo, ooo, ooo, ooo, ooo 


WE 999,999, 762, 390, 486,961 
= 6. ooo, o00, 237, 609, 513, oz, 


and 124 (= 12 X 1.259, 921) = 15.119, 052, and conſe- 


EO 6. ooo, ooo, 2 37, 60, 5 13, o — 
quently - drm © 


: ©.396,8 8 50, 982, 12 57069, 746, 436, and / 2 


124 


(= V 0.3968 50,294423,850982,125069,746436 ) = 
Ante epd, Kc. Therefore - — + 


PT 


KF 5. 12 7 0.396, 800,529, 100,529, 00529, Ke, ö 


&# &4 4a 


5 
vil be (S 6.629, 960,6 + 0.629,960,549,894, 
$ 3,164,76, &c,) = 1.259,921,049,894,873,164,76, &e, 
kh therefore. will be a very near value of the cube-root 
of 2. | OL NS. 88 7 


049:894-873,164,76, may be depended upon as exact, if 


no miſtake has been made in computing the value of the 
expreſſion \/ — becauſe a, or the firſt value of the 


cube · root of 2, to wit, 1.2 59,921 „o, conſiſts of eight figures 
which are all exact, and the number of figures that are 
eudd in 2 + OE is always triple, or triple wamting 
one or two figures, of the number of figures that are exact 
in 4; as was obſerved in art. 7. N 


Art. 41. And in like manner in the ſecond example, re- 


lating to the extraction of the cube · root of 231, if we take 


a equal to 6. 14 (which is ſomewhat greater than the true 


value of the ſaid -root,) inſtead of taking it equal to 
6.13, (which is ſomewhat leſs than the ſaid true value,) and 
| 3c xa 


Cc + 243 


w_ . ; 
=, we ſhall find the former of theſe expreſſions to 


compute the two expreſſions a — 


” 


* 


be ſomewhat greater, and the latter of them to be ſomewhat 
leſs, than the true value of the ſaid cube- root, agreeably 
to what is afferted in art. 6. Theſe computations may be 
performed as follows. | e 


and + 


If a is ſuppoſed to be = 6.14, we ſhall have =(= — 
=. 3.07, and 124 ( 12 x 6.14) = 73.68, and 4 (= 


6. 14%) = 231.47 5,544, and 4 — c (= 231.478,44 


231) = 0:475,5445/and. a — N 4 (= o. 475,544 X 6.14) 
= 2.919,840,16, and 24 (= 2 X 231.475,44) 2 
Fit £1 MK ; 4 . 


4 
ada a \ . * 9 4 * N 
-* * 6 * 2 Me * * 7 of 7 9 + wi * 6 | | 8 
s » 304 
, „ 


All che twenty-one figures of this number 1.259,921, 


hn 


30 Of the Exton of the Cuba, 


462. 951,088, and c + 24 (= 231 + 462. 951,088) = 2 


693. 9 $1,088, and conſequently — r = EE 


AN @ 
| "© + 20> will be Es 
6. 140, oo, ooo — 0.004,207,559.) = 6.135,792,441 ; 
which is greater than the true value of the cube-root of 
231, agreeably to what is aſſerted in art. 6, and demon- 


0.004, 20m 5 59. Therefore a2 — 


ſtlated in art. 34, the ſaid true value being only 6.135,792, 


439,661,958, &c. See above, art. 10, page 476. 


And we ſhall have 4c (= 4 * 231) 3 =-924, and 4c— & 
\= * ooo, o — 231.475,44 = 692. 524,456, and 


Fe (S | = 9.399,08, 279,044, 5 16,829, and 
25 


— (= 9. 399983,2790441516829) = = 3-065,792, 
439,004. Therefore + = == will be (= 3.07 


+ eee ee = CA which is 
leſs than the true value of the cube-root of 231, to vit, 
6. 1351792,439-60 1,953, &c, agreeably to what 1 is aſſerted 
in art. 6, and delnonſtrated in art. 36. 


Art. 42. Theſe two examples are ſufficient to illuſtrate 
and confirm what is aſſerted in art. 6, and demonſtrated 


in art. 34 and 36, concerning the two expreſſions à — 
(ESE and and — + „ which are given by 
Monſieur de png for a ſecond near value of the cube- 
root of a given number c, when a, or the firſt near value 
of it, is greater than its true value. And with them I ſhall 
conclude the preſent tract. | 


End of the Tra®t on the Cubes of the Natural Numbers 1, 2, 
3, 4, 5, 6, 7, Ec, and on Mr. de Lagney's Method of 
; o_ the Cu. reots of Numbers by HAI. 
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GENERAL METHOD _. 
EXTRACTING THE ROOTS OF NUMBERS 


APPROXIMATION. 


| 


_— 


Article 1. JN the foregoing Tra& I have inſerted Mon- 
f | four s Lagny's Method of Extracting the 
Cube-roots of Numbers by Approximation, and have borh 
given full inveſtigations of it, and illuſtrated it by ſeveral 
examples that clearly prove its great utility. But Mr. de 

Lagny did not confine this method to the extraction of the 
cube-roots of numbers, but extended it to the extraction of 
their fifth roots, and their ſeventh roots, and all higher 
roots of them whatſoever. This he did by purſuing the ſame 
principle by which he had before been enabled to find his 
approximations th the cube-root of a given number, to wit, 
by conſidering the conſtitution of the compound quantity 
that is equal to any given power of a binomial quantity, 
(ſuch as @ + 5,) or of a refidua} quantity, (ſuch as a— 6, 
and ſubſtituting the ſum, or difference, between a, the firſt 
near value of the root ſought, (which is ſuppoſed to be al- 
ready known, ) and 2, its unknown difference from the true 
value of the ſaid root ſought, inſtead of the ſaid true value 
itſelf in the original equation derived from the conditions of 
the Problem, and then reſolving the new equation, reſult- 
| ö 312 ig 


bo | © 


_ 


3 


38 Mr. de Lagny's Method of Extrafting Te 
ing from ſuch ſubſtitution, as if it were a quadratick equa. 


tion, or neglecting all the terms of it which involve any 


higher powers of its root, or the difference 2, than the ſquare, 


This method I ſhall now. endeavour to explain in the ſolu. 


tions of the two following Problems. 


. 14 4 * 1 +. by Ja £ . 1 * a — 
e 
Moms 

7 | 


Art. 2. Let N be any propoſed number whatſoever, and 
en any propoſed whole number whatſoever ; and let @ be a 
known number that is nearly equal to, but leſs. than, the 
uh root of the given number N. It is required to find a 
ſecond near value of the ſaid mth root of the given num- 
ber N, that ſhall approach much nearer to it than a, or the 
former near value of it that is already known. 


—— —„-—— 
1 * 
T a * : A 


| Let Z be put for the unknown difference between a, the 
firſt near value of the th root of the given number N, and 
the true value of the ſaid number. hen, ſince @ is ſup- 
poſed to be lefs than / N, it follows that @ + 2 will be 
= N, and conſequently that 2,+ I' will be = N. 
But, by the binomial theorem in the firſt and ſimpleſt caſe 
of it, to wit, the caſe of integral powers, 4 + zl vill be 


oo MW, | Wee], melt 0 
= the ſeries” + m 2 A x SE. x 
+. 


r 
# s , . 
i * 


i 
t 
0 
g 
+ 
b 
f 
] 


| : , 
| 123 222 „t „e 
4 a 8 my £5 4 3 5 8 f £4. A ge 2 © 2 bt ; "# 


3x * * xXx N N 


I &c, continued to m + 1 terms; or, if, for the 
ſake of brevity, we ſubſtitute the capital letters A, B, C, 


721 i m2 mT 22 
n WORTIEN WR RoW NID. NT 0 


=, and mx * „, c, * 
4 3 3 4 5 reſpec- 


dvely, @ TT will be = the ſeries A + B 
LOO er E e 
+ &c, continued to m + 1 terms. Therefore the {aid ſeries 
Ag” + B&"”'2 + Ca" r Da" 32 + Ea" iz 
+ Fa""525 + &c, continued to m + 1 terms, will be 
= N. This is the original equation, by the ſolution bf 
which we are to find a near value of z, and conſequently 
a ſecond near value of @ + 2, or „ N. 
Art. 3. Now, fince is leſs than a, and uſually much 
leſs, being about a 1oth or 100th part of it, or ſome ſtill 
leſſer part of it, it is evident that all the terms in the afore- 
laid ſeries that involve zz, and 2, and z*, and the follow- 
ing powers of 2, will be leſs, and uſually'much leſs, than 
the term B.. z, Which involves only the ſimple power 
of z. And therefore, if all the ſaid terms of the ſeries be 
neglected or omitted, the two firſt terms alone, to wit, 
A“ BY, will be nearly equal to the given num- 
ber N; and conſequently (if we ſubtract A . from both 
fides of the equation, ) we ſhall haye B 2 nearly = 
N— Aa”, and (dividing both fides by BS ) z nearly 


1 
1 4 


eee eee Methad of — 


e (becauſe / A is = : bs al B 1 S 5) 
5 


nearly 2 
118 25 


known quantities N and @ by the operations of Multiplica- 
tion, Subtraction, and Diviſion. This therefore is an ap. 


proximation to the true value of 2, and conſequently « + 
* 
11 
= * will be an approximation to the true value of a +z, 
or of „ N, or will be « ſecond. near Mae of it that will 
n. nearer to it than a, or the firſt near value of it 
which was already known. But it will evidently be ſome- 


what greater than the true value of V N; ; becauſe it aroſe 
from a ſuppoſition that A a® + B E were equal to the 


whole ſeries of which they are only the two. firſt terms, or 
that Os were * than 70 Mw were. 


; which baden may be derived from the 


: This quantity, „4 þ 1 is the expreſſion given by 


Mr. Raphſon for the Far near value of the mth root of 
the given number N. And it is a very uſeful approxima- 
tion: for it uſually gives us twice as many figures of the 


true value of N exact as were exact in @, or the firk 
near value of the ſaid wth root. And it is evidently the 


moſt ſimple and eaſy approximation to the value of the ſaid 
mth root that can well be gn". 


Art. 4. Bot Mr. de Lagny, being Fefirous of finding at 
once. ne reboot the mth root of the number N, 


retains the third term C 2 „ as well as the two firſt 
terms Aa and Ba” in of the ſeries A 4 + B 2 
. + Da” 322 + E F .. 


bees (which! is _ to N,) and thereby © converts the original 
equation 


— — 8 
equation A ＋ B. 2 + C e + DS 24. ; 
E af" + Fa" 52 * &, = N inta a quadratick 
equation, to wit, che equation Ad TBA TC 
= N, inſtead of e it (as 2 Raphſon does,) into 


the ſimple equation Aa" + Ba""'z = N. And this 
quadratick equation he reſolves firſt imperfectly, or inacs 
curately, by ſubſtituting in one of its terms, inſtead of z, the 
inaccurate value of z already found by the reſolution of the 


ns." + 32 N, to wit, the fraction 


pra” 


775 ===, (by which ſubſtitution the quadratick equation is 


dyed to a fimple nen; and then reſolving the faid ; 
ſim ple equation thereby obtained which produces a 04 


value of z that is nearer than the former value 


a® 

+505 hy O75 5 

irs true value. And this gives him a rational expreſſion for 

| the vilus of # + 2, or the ſecond near value wv” 
And then he reſolyes the ſame quadratick equation, A 


+ 32 71 . G4. accurately, by the eemmon 
methods of reſolving quadratick equations; which produces 
a ſurd, or mien, exppeſſion for the value z, and 
conſequently another ſurd, or irrational, expreſſion for the 


value of @ . z, or for the ſecond pear value of V= N. 
Theſe reſolutions of the ſaid quadratiek equation A . 


Ba” C42 2˙ mY may be nr the | 
un manner. 


Art, 5. Since Ao" ＋ B * + Can 23 is = N, 


we ſhall e Sete. r N= he”; that 
| | is, 


— , 


he e R 
64 „ 


is, *x Ba”” SN K * in be N 
A's” „ or 2 * ＋˙ T hei be = N — 
A. 2 by Therefore (dividiog both ſides of the equation by 
the compound quantity Bo”” "Rf +C x 4” 2) we ſhall 


* 
* K " a ok * aa” F * 4 g j * 4 - i * 
+& + ® vV 4 V þ 
; - 'B@. * ca * 1 4 | 
0 1 1 1 : a 47 {3} 7 \ 
ITE * er 0 . & 


- Som 10 . 5 or ZE, (hich, has already been 
ſheyn to be Sas equal to 2, be ſubſtituted. inſtead of = 
in he ſecond term C r of the, denominator of the 
frafion lat obtained, to wit, the fraction 


ET on {4 ca 25 al +0" we 
2 1 4 
And ve kan have 3 = — ͤ — == ot 
mol m2 N- a 
ca" «„ — 
* on 13s Fl 3 * SIR Fg 
(becauſe A is = 1, and h 0 + ads . 
No . a 
2 * — * — =; en . y 


* 


* = 2087 2 2 
2 * ——, 404 Stüc 20 is = * 8 
which therefore may be ſubſtituted for 8 ; =o 


3 es * 7 E 1 1 457 r 
? "y , 8 * * = a N — * 2m a * i * 12 BY 444. PEE, 2 ; * — 


- 


ans TR + mx\m—=1| x na" "*umx TS, * 
2 we ** 11 the numerator 4 the . Uo 


1 = morn” TEL EO 


tiply both the numerator and denominator i into TY 


> o * * I be , '2 55 9352 jew 
x —a'l x 2a | 


=IzT merit arte * 1 . (by dividin ang 


D 
1 ＋ 1 & 4 Tin Xa 


both the numerazor and the denomjpater of this. his fraction by 
Cs 12 2 888 


* 
\ 


n 
X N 2 4k 15 x 8 
— or 2 28 


e N eee 


. 


Thorefqre- n. b = —— Xn PI wy 2 f 12 85 
I * N 1 * — x5 : _ 4 


- * 
© ” 4+ 1 2 3 . Pa L T 2 > que 
Ts 
4 1 5 
. - . 


——— 


% 


quay #4 x will be = += 3 — 
—1 * w+.m+1] * a® 


| 24x n=" | 
ors + —= — 
* 0 xn 11 +1 wh 


7 of + 3, or of the mth root of the propoled nymber N, 
K. 1. 


will be a ſecond near value 


An, 6. The — ne Init above- in 


art. 4, to uit, the equation Aa + BA. "LAEC ooh 
N, or (becauſe A is = 1, and Bis = m, ind C's = 


— 


mx x =) the equation * + ma” 2 + m * 5 a 
G = = N, may be eee reſolved in the manner 
follow 


By "7 85 both gdes of this equation we © Gal bave | 


22 + 2me” 4 +0 BY IK * 26 S 2N; 
and, by A pris both fides of chis equation into aa, we 


mall haye 22 ＋ An l x 4 


* 28 = 24 N; and, by ſubtracting 24 725 from both 
ſides, we e ſhall have 2ma 2 + M X m— 


X 4 X22 
. = 24⁴ N — 24 ; and, by Prong both ſides of this 


1a "equation. by = x #= 1 x6 , we ſhall have 
1 | 


m2 m+1_ 
* — — 2 . | 
2ma 8 + 2 = aa * — ——— — — + 
xml > X 2 * m X Woonl „ % * * IX 
nr . l. 20% 
a 5 —==p or (becauſe - is S 4, ) == + 
m X IN 42 8 arr * ) * 


Eg: 2 
r * K — 


5 " $ g K * | 
| B22 2 24 . 41 4 — 77 n 544 0 OR 
—ͤ 9 : 


"Now Jet the Hee of 2 2 ich is „ hal 6s enden 
of 2in the term my Yo added to, both fides of this quis 


ra, ** 7 — —— 92 

1 K 71 X a 2 7 2 r bee * 
1 for the ſake of e oo we. Fo P Tor the. hay nd 
m N — 27 = 


Kö 2 + 2 = E. Therefore, (ering 5 8 
of both gde) we hall have r 7 r Sp, and a = 


VP a. = =, Therefore" 2 e e. will be = 


—— 
2 * 1 
— 


* 


5 
e 
m 


* 


249 — 2 TEL va! 

ü — a Ho N al | — 
e I ; | . | | 

A+. \ — "7 48; ; 1 1 i ' 37 1 Y1 * 4 4 8 1 N 
is . 72 1 5. 2 * 1 6 187 55 3:58 9 2 TW: 25 oa” 9 ne 


. & 
e 14. WILT 
ve Art. 7. This irrational expreſſion 3 


mx N 


, 
” 


: * * * * 
8 A nw - k "OP" q 0 , —— Fl V A 
; - |: 4 * 1 1 LEY 4 
f AZ 8 ' = mM — 4241 M \ i ge WIE; 1 
ö | * TS ng 3d” 
* v —_y = 
WY 


* * Fx 


mI 5 
: Vp Dans RI I * * * {1 7 5 
+ cow nor.) wil appronch. ſomewhat x nearer to true 


——j—j—ä — 
. _— * 


walve of ve *. wan the former, ot racloral, "Ekpreffion,. 
"ot ae 2dr To eee Hot att ammdareg. 


IN 


accurate reſolution of the hal equnion 1 


r — 

*; K * 4 22 = N, whereas the rational ex 
215 * 05 —9 E GAR" _—_— 'v Web +453 d 5 £51 9 

* 24 XN —__— | 

pr 795 214, =—z i ves defved from an in- 


AK 1 71 * 4 


; pn te reſolution of the ſame. ras equation. Bur 
| difference of the two e in point a 
is not great; and either of them will uſually give us three 


dimes xs many decithat” gures of the true value of y/ 
exact as were exadt ) in a, or the 88 near value of i 1 


Witagup <3 107 e 


. of „ Eine of the 115 77 22 * 
1 We eee n 23 


2 ES 1411 1 5 7 4 
0 1 o 1 LO 
9 — — 2— —＋7 wm . a 
2 MP L 1 E 
\ ® 
wn *. We | 
Tz ww; 8 * 0 , a 3 L 1 * 
1 * 244 4 3 * 1 — . 8 N 
9 oe -- — * 1 — * 1 4 ＋ | 5 1 t N 
2323 8 ; 


NIK 
An. 8. Let it be condingl to find the e of the 
number 2, having 1.259 for 4, or the firſt near valle of the 
faid cube- root. ; 


. 9 1 * Ee TE 
Here N is 2 2, f 8 = 3» and conequently m—1 
is N 23 19. fs and * ＋ 1 HATES ER, 
42 . j Np 1 


* 
— Pa. we þ 4.4 


— 2.6 
the ee a Kam 72 f 4 + 
$0711 "241 o, 1216507 oye N I 484 


18 


n a + a> 5 or, (if 
we ſubſtitute the ſmall letter e Inſtead of the capital 1 


nume Py N LIES 8 | 5 by = 1359s der 


n 8 f * * Tk I * 4 36 
ſhall find that this expreſſion with; upon making =o 
| * 


preſſion oo —.— ede 0 1.259 ak 
_ cw B. = S : 070 Ki 


= 1-459 + —— MI on = 1.269. + 

rg Te Oe abS) Do's 
— 259 85 y 9 * 29 

7273. 991,339,958 „ 6997/23398 

+ o. oo, 92 1, 49, 5 55 . — I 1-259 921, 049,5 24 Kc. Theres 

fore: ee — de a near value of the. ohe 


2 . I. 24 22 2411 n Ca + FI * W949 11 497 
Soe the Þreceeding ing Tat, page 474+ FEY 
i þ WOT SOS, 2 5 — vv _s 


d. 9 And if 1 we © contpute _ ewe wer 1 means 


s, co-incide with the 15 
for the cube-root of a given number e in — 3 


calt, to uit, tle expreſich © 4 + ==, "ated « ehe- 1 


BY 


* 
# 4 


quently ive the lame value of che root 20 
N the foregoing tract by — of that We 


* fince mis = = 3, ve  thall' have | m — * 2 27 int. 
2 744 andy x) nes. AR 9. S br and 


2 
= 3.52). = ande 8.2 and 8 ras ly. 
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* a OV 
& # 


* , ” 
N LY - 6 
” vis p * 
AE" 9 "> ” _ 
” 
W 


2 OY uf” SIS F 
R) £2=% or, (if we 


ſubſtitute c inſtead. of N, in order to adopt the notation 


- uſelt in the foregoing tract.) PR —.—, and 58 


be e VP) = — + 
SE z which is the irrational expreſſion given in the 


8 tract for the ſecond near value of the cube-root of 
the number c. So that the general, irrational, expreſſion a — 


ec 2 NAS 


„ XxX. mo1x an—” 
which is obtained by the general inveſtigation. of the mth 
root of the given number N in the preſent tract, Hes 


pertectiy with tl the particular, irrational, expreſſion — — ods 
* , which was obtaied 3 in the foregoing = by 
= neee of the cube oo. of, the. Pye 


c. 
And, ſince c is = 2, and "$$ — nas we ſhall have 


45 (= if) = 1 995,616,979, and 4c — 4 (=8 ooo, 
000,000 — 1.99576 6,979) = 6. 004,383, 2 1, nd 124 


=12 X 1.290 = 15.108, and ry = — —_Y be - 
0:397439,700,3z and. * — ( * 0:397430,7003) = = 


| oo lar oho oi, 10-2 (= — = wee and 


95 * . — - (= 0.6295 + 060g ,9g0,01) = — 105. 


P * o 
, . | : 3 
0 


pear value of the cube-root 


— 
* 319 


e Therefore eee will be ſecond 
| Q K. 1. 33 . 
The firſt eight figures 1. 259, 92 f, o, of this number 
1.259,92 1, f, ol, are exact, the more accurate value of the 
cube. root of 2 being e kee b. d, 8 xc, 
of which I believe all the figures to be exact. See above, 
* e | , 


: af £ | Y 


- as 4 * 2 * 
4 ; Hr _ : L | * 
. Y * 
1281 a c * 8 
* ” 0 f 1 ; 4 4 
** * 5 F $ ; : | 2 
. * * F F 4 3 * 9 N * 
- 
* br P 
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Art. 10. Let i it be required to find the fifth root of a | 
number 2, which the celebrated Vieta, or 3 * | 0 
hay found to be 1. 148,697. | / "Fl 


1 


Here m is = 5, and conſequently. m—1is = 4 1 
i 12 IE ere | expreſſion” . 


— — 
e 


2 * Rð* 


3 
a * N. M4 X & 
* re TEST 


vin be (=a x 28 K = +, 


and te other general expreſſion 


— —— 4 


A ＋ P. or a- - + VE T— 


will be (=. * 6G. 7 1 viz 2 Xx M — 44 pil. — 
7 5 4 7 „ VI 


wage — e 
VE + CELL e — Fed. | =E + 


1043, 


| [ZE ET, 23. Ley rs "* 


We muſt therefore campute one of the two ex -xpreſions 
e F in order io oben 
„ o * 


Mr Lagny's Matbodref Evirating 
ſecond near value of the fifth root of N, or 2, 1 we 


mall have firſt found 4, or a firſt near value f the ſaid 6fih 
root that is leſs than | its true e value, to 3 1 N 0 
exactneſs. | 


610 


Art. 11. Tbe m f a, or the gelt approximation to 
che fifth root of 2, may be found in che following manner, 


The fifth root of 2 is the ſecond of fix quantities in con- 
tinued geometrical proportion, of which 1 is the firſt, or 
leaſt, and 2 is the ſixth, or greateſt. Now the exceſs of the 
ſecond of theſe proportionals above the firſt, is neceſſarily 
leſs than the fifth part of the exceſs” of the greateſt above 
the leaſt, becauſe the exceſſes increaſe in the ſame proportion 
as the terms themſelves.” The exceſs of the greateſt of theſe 
x terms, to wit, 2, above the N of them, or I, is 1; 


ef which the fifth part is al, or —, or o. 2. Therefore the 
£xcels of the ſecond term a+ the firſt will be leſs than 
. or o. 23 and 1 the ſecond term iſelf will be 
Jeſs, than 1 - 15 or than 1,2, Let us chierefore ſuppoſe 


this ſecond 2 or the fifth root of As which we are ſeek . 
ing, to be equal to 1.1; and let us raiſe this number to 
the fifth — in order to try how nearly it approaches to 
the truth. p 


Now, if we raiſe 125 40 the fifth power, or multiply it 
fous times. into itſelf, we ſhall find that LIP is = 1.61051; 
-which- is conhderably leſs thaw 2. Therefore 1:1 muſt be 
conſiderably leſs than the true value of the gth- root of 2, 
But we have ſeen chat the ſaid true value mult be leſs than 
1.2. Let us therefore ſuppoſe it to be equally diſtant from 
1. 1 and 1. 2, or to be =: 1.18, and * Aer Was vu not 
be pretty near the truth, 


Now 1.15 oF, | S i ; 18 1 a little 


bigger than 2. 1 Wark be ſomeching greater 
than, the 3th root of 2. he os rene can be but _ 
f | - 


5 


— 


| By Roots of Numbers by Approximation, 521 


We will therefore, in the next place, ſuppoſe the id Ich 


root to be = 1.14, and raiſe this number to the fifth power, 

in order to diſcover whether the ſaid fifth power will be 
ter, or leſs, than 2, and conſequently whether 1,14 will 
greater, or lefs, than the fifth root of 2. 


Now, if we multiply 1.14 four times ſucceſſively into it- 
ſelf; we ſhall find that 1.14} is = 1.925,414,582;4; which 
is ſomewhat leſs than 2. Therefore the gth root of 2 will 
be greater than 1.14, but leſs than 1.15; and therefore 1.14 
will be a very convenient firſt near value of the 5th root 
of a, and will be very fit to be made the baſis of a further 
approximation to the true value of the ſaid 5th root, by 
ſubſltuting it inſtead of 4 in either of the two expreſſions 


a + — 725 and 2 +: EI which have been de= 
rived _ che foregoing Problem. 2 


Art. 10. No, if we ſuppoſe @ to be = t.14, we mall 
have aa = 1.2996, and a* = 1.481,544, and 4˙ = 1.925, 
414,582,4, e conſequently -N — 4 {= 2. ooo, ooo, ooo, o 


— 1.925, 414, 582,4) 0.074458 5,41 7.6, and N — 4 x 4 


(= 0.074,585,417,6 X 1.14) = 0.085,027,376,064, and 


iN (= 2 * 2) = 4, and 34* (= 3 X 1.925,414,582,4)= 
5.776, 243,747, 2, and 2N + 34 (= 4 + 5: 179,243374752) 


= 9. 776 a4, 47, and It e ee ay” 


'2n + 385 9.776243, 


1 Thenkns 4 e will be (= 1. "4 


+ 0.008,697,34) = 1.148, 697,343 and conſequently 


9905 697,34 will be very nearly” * to the 5m "9 | 
0 | | 


2, ; * E. I, 


This number hey ih 697,34 agrees whh chat found by 
Vieta, to wit, 1.148, 597, in all us ſeven pores, e Care 
ried to two more ſigures. 


The other expreſſion = oF * (==, ——, may be eau | 
10 follows, | 


e 5 Since 
. 


$22 Mr, de Lagny's Method of Extragting 


Since @ is = 1.144 we. ſhall. haye, 3s (A* 1414) = 
3.46, and 2. (=) = 0.855, and 8N (SS * 2) = 
16, and 34 S 3 * 1:925,414,582,4) = 5. 776,2430747; 


and 8N — 34 (= 16.000, 000,000, — $776,243,7472 
= 10:223,756, 252,8, and 804? (= 80 x 1 481,544) = 


118,5234520, and — (= 10.223,756,252,8 


5 ) =P 0.086, 


2855800, 240.40. and: w/ | 


- (= * o. 086259, 303240. 
400 = 0:293-699-34» and conſequently 2 = +v/ 22 


= 


(=.0.855 + 0:293,699,34) =, 1. of 34+ Therefore 
the fifth root of 2 will be very voy equal to . 


» «bh 32 Hon | . E. 2 


1 
* ww 


W e 25 8 
AME 1. 


ee hey it be nba to find the gh root of the 
number 307, 6828 2,1106, 15625. 


In order to find-a firſt near value of the W of this 
lo number, we ma j.begin by comparing it with the fifth 
powers-of the n obere 10, 100, and 1000, and the follou- 
ing powers 9: 10. Now the fifth power of 10 is 100,000 ; 
which is very much leſs. than the propoſed number : and 
the fifth power of roo is 10,000,000,000 ; which is was 
much leſs than the propoſed number: and the fifth 
of 1000 is 1000,000,000,000;000 ;. which is alſo 1 than 
he propoſed number: but the fifth power of ro, ooo is 
10, ooo, ooo, ooo, ooo, ooo, ooo; which is greater than the 
propoſed number. We may therefore conclude that 1000 
muſt: be lefs, and that 10,006 muſt be aa than the fifth 

| rod 


LA, 
= 4” 


aw 


root ofthe propoſed number. Therefore the fifth root of 
che faid number muſt be of an intermediate magnitude be- 
tween 1000 and 10, 00. ; e | 


Forther, the propoſed number 307,68282,1 1067, 15625 is 
greater chan 309,00000,00000,00000, cr than 30) X 1000}, 


Therefore the fifth root of the ſaid number will be greater 


than the product of the multiplication of the fifth root of 
307 by ic. We will therefore inquire. what is the fifth 
root of 307. Any Ad tage 
Now the fifth power of 2 is 32, and the fifth power of 3 
is 243, and the fifth power of 4 is. 1024, Therefore the 
fifth power of 4 is much greater than 575 and the fiſth 
power of 3 is a little leſs than 30). We may therefore 
conclude that the fifth root of 307 will be much leſs than 


4, and a little greater than 3; and conſequently the fifth 
root of the number 307,00000,00000,00000 will be much 


teſs than 0 X 1000, or 4000, and a little greater than 
3 X looo] or 3000. We may therefore reaſonably con- 
jecture that the fifth root of the propoſed number 307, 


68282,11063,15625, will be nearly equal to 3100. And 


accordingly, if we raiſe this number 3100 to the fifth power, 
we ſhall find the ſaid power of it to be = 286,291 51;00000,' 
00000, which is pretty nearly equal to, but ſomewhat leſs 
than, the propoſed number 307, 68282, 11067, 15625. There- 
fore 3100 will be a proper number to make the baſis of a 
further approximation to the true value of the fifth root of 


the ſaid propoſed number, by means of either of the two ex- 


— e @ N 


we vv | ö 
prefions above mentioned, to wit, 2 + 7 and 7 
I-33 f A | n 
+ * | 


Art. 14. Here then we bave N = 907,68282,11067,15625, 


and & = 3100, and conſequently a* = 286,29141,00000, 


00000, and ga* (= 3 x 286,29151,00000,00000). = 
858,874 53z06000,00000, and 2N (= 2 X 3895,08282, 
11067,15623) = 615,36564,22134,31250, and 2N ＋ 34 
TO he og 3X 2 ee 


$24 Mr. de Lagny's Method of Eura 


(= 616, 36564, 22134, 31250 + 858,87453,00000,00 doe 


S 1474, 2401), 22134, 3 1250, and N = & (= 30), 68282, 
11067, 15625 — 286,29151,00000,00000) '= 21,39131, 
11067, 15625, and N- x 4 (= 21,9131, 1106), 15623 
X 3100) = 66313, 6443,08 184, 37 500, and (= 
| 66313,06443,08184,37500\ — e e 
1474,24017,22134,31250 % eee 7＋ 2 Fo 
will be (= 3100 + 44.98) = 3144-98, which will there. 
fore be nearly equal to the fifth root of the propoſed num: 
ber 307, 68282, 11067, 15623. . R. 1. 8 


* The three firſt figures, 314, of this number 3144.98, or, 


rather, the fiye firſt figures of it, 3144.9, are exact, the 
error being only in the ſixth figure 8, which ought to be 
3 9 inſtead of an 8. For the exact root of the propoſed 
number 307, 68282, 1106), 15625 is 3144. 999,999, ad inf- 
nitum, or the whole number 3145, as will appear by raiſing 
the ſaid number 3145 to the fifth power. 0 5 


Art. 1 5. The other, or irrational. expreſſion for the ſe- 


cond near value of the fifth root of this numbet 307,68282, 


11067,1 5626, to wit, the expreſſion 2 + Ei weh 


be computed as follows. 8 „ 
f Since a is = 3100, we ſhall have 3a (= 3 x 3100 = 
9300, and X (= 22) = 2325, and @! = 2,97910,00000, 
and a* = 286,29151,00000,0000p, and 8oa* (= 80 x 
2,97910,00000). = 238,42800,0-000, and 8N (= 8 * 


307,68282,11067,15625) = 2461,46256,88537,2 5000, and 


34 = 858,87453,00000,00000, and 8N — 34“ (= 2461, 
46256,88537,25000 — 8$58,87453,00000,00000) = 1602, 


2 882 | By — gas 602, 8803, 88 830, 2 600 
88803, 88 537, 2 5000, and — (=: = _ 


; T2 7.5. Seo ab 4 ä 5 
= 0724396091, and. V/ Iv” = * 672429. 6091 | 
| | a DN 8 5 820. ol, 


* 7 n r 


-of-. | 4 py - ag * __ 
Roots of Numbers by Approximation. = $95 
„ 7 . 4 nee © ” > + 2 by. 4 193 * ö 4 
+ g 


inc or, and conſequently C + TE (= 2328 + 
$20.01) 3145.01. Therefore 3145.01 will be a ſecond 


near value of the fifth root of the propoſed number 30% 
68282, 11067, 15625. a. E. 1, | 5 „ 


Aft. 16. If we ſhquld chuſe to find the fifth root of this 
number 307,68 282, 1 106), 15625, by means of Mr. Raph- 
ſon's expreſſion for its yalue, to wit, the expreſſion 4 + 


—=, op a + 
a 


| being much ſimpler, and eafier to be remembered, than 


either of Mr. de Lagny's expreſſions, and likewiſe much 
eaſier to compute, ) the computation will be as follows. 
Since a is = 3109, we ſhall have a. = 9235,21000,00000, 
and 4 = 286,29151,00000,00000, and 58% = 46176, 
05000,00000, and N- 4 (= 307,68282,11067,15625 


E 286,29151,00000,00000) = 21,39131,11067,15625, 


„ 1, 39131, 11067, 156289 . 3 
po > to 46176,05000,00000 1 46. Therefore * 


2 oi 51 1 
ein be (= g100 + 46) = 31463 which therefore 


yill | be the ſecond near value of the fifth root of the pro- 
poſed number 307,68282,11067,1 5625, obtained by Mr 
Raphſon's approximation. a. B. 1. 1 5 


A SCHOLIUM. 
| —— 1 | 
This laſt near value of the fifth root of the ſaid propoſed 
number, which has been obtained by Mr. Raphſon's approx- 


imation, is greater. than its true value, 3145, by only an 
unit, or the 3145th part of the ſaid true value. So that this 


very ſimple method of approximating to the roots of num- 


bers 


' 


4 i 


bers may be juſtly confidered as extremely uſeful as well at 
\ eaſy. And, if this proceſs were to be repeated, by taking 
3146 for the value of a, and ſuppoſing a — x to be — 
to VN, (a, or 3146, being ſomewhat greater than the true 
value of the fifth root which we are in ſearch of,) and by 


computing the expreſſion 4 — = that would reſult from 


chat ſuppoſition, this ſecond proceſs would double the number 
of figures that are exact in 4, or 3146, or give us about four 
times the number of figures that were exact in 3100, or the 
former value of @; which is more than is done by either of 
| the two exprefl ont, 44-22 , and 2 * 1 


2N + 345 ? „ | Boa? ? 


given us by Mr. de Lagny : So that two ſteps of Mr. Kaph. | 


ſon's method of approximation are more than equivalent to 
one ſtep of Mr. de Lagny's method. It may therefore be 
doubted, whether Mr. Raph/on's method is not, upon the 
whole, to be preferred to Mr. de Lagny's, as Mr. Raphſon 
Himſelf always thought it to be. For he tells us in the Ap- 


pendix to the ſecond edition of his excellent Treatiſe, in- 


titled, Analyſis Aquationum Univerſalis, (which ſecond edition 


was publiſhed in the year 1697, ſeven years after the firſt 


edition of it, and five or fix years after the publication of 
Monteur dr Lagny's method, ) that he himſelf had had thoughts 


of reſolving the quadratick equation A ebe 
+ Ca” * 2 N., or a" L 4 2 ＋ n x — K 


« Mw 2 


# 
* 


„* N, in the imperfect manner adopted by Mr. 


| Lagny, in order to obtain his rational value of z, to wit, 


1 * . f . . k 
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, en 
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bers may be juſtly confidered as extremely uſeful as well ax 
eaſy. And, if this proceſs were to be repeated, by taking 
3146 for the value of a, and ſuppoſing a— x to be png 
to VN, (a, or 3146, being ſomewhat greater than the true 
value of the fifth root which we are in ſearch of,) and by 


* 


computing the expreſſion «4 — = => that would reſult from 


e 
given us by Mr. de Lagny: So that two ſteps of Mr. Kaph. 
ſon's method of approximation are more than equivalent to 
one ſtep of Mr. de Lagny's method. It may therefore be 
doubted, whether Mr. Raph/on's method is not, upon the 
whole, to be preferred to Mr. de Lagny's, as Mr. Raphſon 
himſelf always thought it to be. For he tells us in the Ap- 


pendix to the ſecond edition of his excellent Treatiſe, in- 


titled, Analyſis Æquationum Untverſalis, (which ſecond edition 


Was publiſhed in the year 1697, ſeven years after the firſt 


edition of it, and five or fix years after the publication of 
Monſieur d Lagny's method, ) that he himſelf had had thoughts 


of reſolving the quadratick equation A ＋ B 2 
+ Cato =N, ora + n A 2 + m x — * 
4 wn =N, in the imperfect manner adopted by Mr. 
| Lagny, in order to obtain his rational value of z, to wit, 
E. to wit, by ſubſtituting in the term 
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expreſſion fer the ſecond near value of the mh root of N. 
Mr. Raphſon (I ſay,) tells us that he * had bad Soughts 


of reſolving the quadratick equation z + mo” 2 + 
m * x 2 N in this' manner, in order to 
e s ſomewhat nearer to dhe truth than the 
fraction = 75 which he had obtained d by the reſolution 


of the was equation a + man” * 8 = N; but that he 
did not think proper to adopt this metliod, becauſe he 
thougbt his own method of ebe (which he pub- 
liſhed in the firſt edition of his Analyſis Aquationum Univer- 


alis, in the year 1690, — WIN! is-derived- from the 
ſimple equation = N,) the eaſieſt and 


cleareſt, and, upon the — fg 85 beſt, and firteſt for prac- 
Lice, that could be followed. His words, in his 3 


relating 


1 > x my *F . WT 15 1 So 


relating to this ſubject, are as follows. Au Dominus de Lagny - 
Libram. meum unquam viderat, nic-ne, pror cus neſcio. ' Quibiſes 
nodis non ſolùm ſua methodus, ſed et etidm aliæ quam. plurimæ, 
eodem prorrùs proceſſu, et-perpetud inde derivata graduum ſcald, 
inveniri paint, bujtſce Appendicit eſt aſtendere; idque, quam 
boſe equidem de gradatim inferendis (quas priùs rejeceram in 
Theoremate Vierzo,) poteftatibus olim cogitavi: Sed tamen non 
proſecutus fui ; utpote qui methodum meam, harum omninm fun: 
damentalem, veluti facillimam ſemper exiftimavi. Sub ſeguenti 
proceſſu earum omnium inventiontm indagare cuilibet liceat. See 
Mr. Raphſon's Aualyſis AZquationum Univerſalis, Edition 2 

1697, page 49. And again, in page 55, he concludes his 
Appendix with: theſe. words: Imumeras etiam' alias methaans 
et abbreviationes (novarum quidem methodorum nomine inſgni- 
endas,) adinvenire liceat; quæ tamen omnia fundamentali buic 
ſuperiorum poteſtatum imprimis rejectionis methode, poſteaque gra- 
datim retinendarum, innitantur. MVoſtram tamen ſimpliciſimam 


* * . % 
fore et facillimam,' cuivis pateat. 1 
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Art. 14. Let it be required to find the ſeventh root of 
the number 34,487, 717, 40, 30), 513, 182,492, 153, 94,673 
which, Mr. Bomycaſtle, of the Royal Military Academy 
ar Woolwich, in his Scholar: Guide to Arithmetick, page 
189, tells us, is 32017. N a 


This number muſt, in the firſt place, be compared witk 
the ſeventh powers of 10, 100, 1000, &c, to which it ap- 
proaches neareſt, in order to know between which two of 
thoſe numbers 10, 100, 1000, &c, its ſeventh root will lie. 
Now the ſeventh power of 10 is 10,000,000, which is very 
much leſs than tlie ſaid propoſed number; and the Des 
oo . | power 


power of 100 is 180,000,000,000,006, which is likewiſe 
much leſs than the ſaid propoſed number; and the ſeventh 
Dower of 1000 is 1000,000,000,000;000,000,000, which is 
likewiſe leſs-than the ſaid propoſed number; and the ſeventh 
power of 16,000 is 10,000,000,000,0003000,0003000;000,000, 
or 1 with twenty-eight cyphers annexed/to it; which is like. 
wiſe leſs than the ſaid propoſed number, which conſiſts of 
85 figures. . But the ſeventh power of 100,000 is 100,000, 
00,000,000,000,000,000,000,000,000,000, or 1 With 35 
cyphers annexed to it, and is therefore greater than the ſaid 
ropofed number, which conſiſts of only 32 figures. There- 
ore 10,000 will be leſs, and 100, ooo wil be greater, than 
the ſeventh root ot the ſaid propoſed number. Ne 


Further, the propoſed pumber 34, 48 17,46), 30), 513, 
182492, 13, 794, 673, is greater than the number 34480, 
©00,000,000,000,000,000,000,000,000,- or than 3448 * 
1000, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, or than 3448 
* the ſeyenth power of 10,000 : but the difference between 
them is not great. Therefore the feventh root of the ſaid 
' propoſed number will be greater than 10,000 times the ſe- 
venth root of 3448: but the difference between them will 
not be great. And conſequently, if we can find the ſeventh 
root of the number 3448 exact to two, or three, places of 
figures, we need only mvltiply the ſaid ſeventh root by 
10,000, in order to obtain the ſeventh root of 34480, ooo, 
ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, exact to two or three 
places of figures. And, when we have obtained the ſaid 
near value. of the feventh root of the number 34480, ooo, 
ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, the ſaid near value will 
likewiſe be a near value of the ſeventh root of the propoſed 
number 3448 7.717,46), 307, 613,182, 492, 163,794,673, and 
will be leſs than the true value of the ſeventh root of the 
ſaid pumber, and therefore will ſerve as a convenient baſis 
of a farther approximation to the true value of the ſeventh 
root of the faid propoſed number, by means of one of 
Monfieur de Lagiy's two expreſſions found above in the ſo- 
lation of the foregoing Problem. We mot therefore now 
endeayour to find a near value of the feventh root Fn 


© 
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Art. 18. The ſeventh power of the numher 2 is 128 

and the ſeventh power of 3 is 2187, and the ſeventh power 
of 4 is 16384, Therefore, ſince 3448 is 8 than 2187, 
or the ſeventh power of 3, but is much leſs than 16384, or 


the ſeventh. power of 4, it follows that the ſeventh root of 


3448 muſt be greater than 3, but much leſs thag 4. We 
may therefore reaſonably conjecture, that it will be nearly 


equal to 34, or 3.2. And accordingly, upon trial, we ſhall 


find it to be ſo. For, if we raiſe 3.2 to its ſeventh power, 
we ſhall find the ſaid power to be = 3435.973,836,8;z - 
which is lefs than 3448, but very nearly equal to it. There- 
fore 3.2 is a very near firſt value of the ſeventh root of the 
number 3448; and. conſequently 3.2 x 10,000, or 32000, 
will be a very near firſt value of the number 34480,000, - 
ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, and therefore will be 
alſo a pretty near firſt value of the propoſed number 
34487,717,467,307,513,182,492,153,7944073. We wil 
therefore ſuppoſe a to be = 32000, and proceed, upon that 


| ſuppoſition, to compute the two expreflions given in the ſo- 


lution of the foregoing Problem, for a ſecond value of the 
ſeventh root of the ſaid propoſed number that ſhall approach 
nearer than a, or 32000, to its true value. Theſe computa» 
tions will be as follows. | CE en ns 


Art. 19. The firſt, or rational, expreſſion; given in the 
ſolution of the foregoing Problem, for the ſecond near value 
of the mth root of any propoſed number N, is @ +, 
e Je dey INE 
—— — . Now, when m is = 7, this ex- 
i T Ai 9 | | * | 
of 1 . n | n — all x 2a = T8 
F 
„ 2a | 


N — 4 


Now, ſince N is, in this caſe, = 34:487,717,467,3074 
Ts, 31 2 513, 


$r35182,492,153;794,673 „and &'is'=" 92000, we ſhall have 
4 (= 320007) — 34.3 59,738, 368, ooo, ooo, ooo, ooo, ooo, 
090,000, and N — 47 | 
= 34,487, 717,467, 307, 613,182,492, 153, 794.673 
— 34,359, 738, 368, ooo, ooo, ooo, ooo, ooo, ooo, ooo) 


act 


127,979,099, 307, 513,182,492, 153,794, 673, and 


N—9"l x 4 (= 127,979,099-307) $13:182-492,153:794;673 
Xx 32000) = 87288 677,840, 421,839, 748,921,429, 
$36,000, und 3N (= 3 X 34,487,717,467,307,513,182, 
492, 13,794,673) = 103,463,152,401,922,539,547476, 
. 461,384,019, and 4 

(= 4 X 34, 359,738, 368, ooo, ooo, ooo, ooo, ooo, ooo, ooo) 
=, 137,438,945, 472,000, o00, oo, ooo, ooo, ooo, ooo, f 
and 3N + 4a 
(= 103,463,152,401,922,539,547,476,461,384,019 

＋ 137,438,945,472,000,000,000,000,000,000,000) 

= 249,902,097,873,922,539,547470,40 1,384,019, and 


* 7x 4 (= 1. 44095,331,177,840,421, 839,748,921, 420,430. ooo 


Ju T 24090 097. 573. 9,5 39.57 , 384819 oe 
nearly, #2992337) = 6, 99998. Therefore a + * 


240,902 n+ 4a” 
will be ( 32000 + 16.9998) = 32016.9998, nl conſe. 
quently the ſecond near value of the ſeventh root of the pro- 


poſed number 34,487, 717407307» 513,182,492, 153,794, 
673 will be 32016.9998. n 


This number is true in all the figures but the laſt, which 
ought to be a 9 inſtead of an 8, the true value of the ſeventh 
root of the ſaid propoſed number being '32016.999,999,999, 
999, we, _ infinitum, or the whole number 32017. 


Art. 20. © The ſecontl, or 8 8 © "mg given in 
the ſolution of the foregoing Problem, for the ſecond near 
value of the mth root of — propoſed number N, is 8 — 
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A Tu expeetion may be computed ; as follow. | 


2 5245 


SinceN 1s = 34,487,717,467,307,613.182,492,1 53794. 
675 and a is 32000, we ſhall have 54 ( 5 * 32000) 


1b 8 N ) = 26,666. 666,666, Ke, 


and 45 (= 3 ) = 33,5 54,432,000,000,000,000,000, 
and 2524* (= 252 X 33,554, 43 2, ooo, odo, ooo, ooo, ooo) = 


8,455,716, 864, Ooo, ooo, ooo, ooo, ooo, and a? (= 42,00 0 | 
2.3443 59,7 38,368,000,000,000,000,000,000,000,! and 545 


(= 5 X 34,339,738, 368, ooo, ooo, ooo, ooo, ooo, ooo, ooo) = 
171,798,691, 840, ooo, ooo, ooo, ooo, ooo, ooo, ooo, and 12N 
(= 12 X 34, 48,71, 467, 30), 995,684 8,726789 
= 413,852, 609,607,690,158,189,905,845,536,076, and 
12N— 54 (= 413,8 52,609,607,690,158,189,905,845,536, 
076 — 171,798,691, $40,000,000,000,000,000,000,000) 
12N — ga: ( I 242,053-917,767,690,158, 189,905, 845,5 36,06 

| 25265 1 i eee eee Ne 1 


28 $26,667 033799, and METS i (= V/ 28,626 067. 
033799) = = 33 50.333,38. | Therefore 5 + RES . 


25268 © 
will be (=. 26, 666.666, 66, &c, + 5350. PT = 32017. 


000,01 ; and conſequently 32017-000,01 will be the ſecond 
| near 


— 242, 053,91 7,767,690, 1 58, 189, 905, 845, 536,76, and | 


„ 


56 1 11 1 , 17 E the. 
near value of. che — root of the * number 


34:487,717+467+307+513-182,492, 153,794.67. „ @ WA 


This number 32017. 000,01 is exact in the firſt nine 
figures, 32017-0000, and errs only in the 1oth figure, 1, 
which ought to be a cypher, o, inſtead of a 1, becauſe the 


true valve of this ſeventh root is 320). O00, ooo, ooo, &c, 
; ad ae, er the wholg dumber 32017. | 
Art. 21 If we ſeek the value of this ſeventh root by 


Mr. Rapbſor's expreſſion a + 


a” hg 
ES 1 2 a 78 che 


computation will be as follows. 


Since à is = 32,000, we ſhall have 4 (= 76500 = = 
1,073,741,824,000,000,000,000,000,000, and 34 (= 7 
Xx 1, 013, 741, 824, ooo, ooo, ooo, ooo, ooo, ooo) = 7,516,192, 
768, ooo, ooo, ooo, ooo, ooo, ooo, and a (= 32, oooP) = 
34+3597 38,368,000,000,000,000,000,000,000, and N 1 
(S 34,487, 4.76.55 808493. 153,794,673 

2 34,359,738, 368, ooo, ooo, ooo, ooo, ooo, ooo, ooo) 

= 127,979,099,307,513,182,492,153,794,073, and 
1 — #7 — _127979:099%307513-182,492,15 3,794,673 
—_ Ne prays ©00,000,000,000,000,000 ) 


Therefore 4 + == is (= 32000 + 17.02) = 32017. 02; 


and conſequently 32017. 0 will be nearly equal to the 
ſeventh root of the propoſed number 34,487,717,467,307, 
$13,182,492,153,794,673 k. I. 

This number 332017. 02 is exact in the fix firſt figures 
32017. o, and errs only in the ſeventh figure 2, which ought 
to be a cypher inſtead of a 2, becauſe the true value of this 


ſeventh root is 32017. ee &c, ad RA, or the 
whole number $2017, 


hw I 7.02. 


4 4. This expreſion « + 2-5, or +, is 
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ſo. much ſimpler. than either of Mr. de Lagny's expreſſions 
above-mentioned, and ſo much leſs difficult to be computed, 
that I am inclined to agree with Mr. Rapihſon in thinking it, | 
upon the whole, preferable to them. But, perhaps, when a, ET 
or the firſt value of the root ſought, eonſiſts of only one EY 
figure, it may ſometimes be adviſeable to make uſe of one "i 
of Mr, de Lagny's expreſſions, in order to obtain a ſecond | 4 
near value of the root ſought, and then to make uſe of y 
Mr. ws dr expreſſion in order to obtain a third neat 2 
Art. 23. . Theſe four examples are, I. preſume, ſufficient 
to illuſtrate Monfieur de Lagny's method of extracting the mth 
root of any propoſed number denoted by the letter N, 'by _ 
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firſt near value of V N, which is ſuppoſed to be alread g 
known, is leſs than its true value; which is the caſe ſup- 
poſed. in the foregoing Problem. I ſhall therefore now 

proceed to conſider the other caſe, in which a, or the firſt 

near value of the mth root of the propoſed number N, is 

greater than its true value, and to inveſtigate fimilar ex- 

preſſions for a ſecond near value of the ſaid root that - ſhall 
approach neater than's to its true value. This may be done 

by a ſolution of the following Problem. 5 5 
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2 44. 9457 N pet Ws ET, number whatſoever, 
m any propaſed. whole 145 whatſoever ; and. let a 
2 a known, number that is nearly equal to, but ſomewhat 
greater than, the mth root of the given number N. It is 
—— to find a ſecond near value of the ſaid mth root of 
the.giyen number N, that ſhall approach much nearer to 
it than a; or the former near value of it that f is already 
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Let 2 be put for the unknowm difference between a, the 
firſt gear value of the mth root of the given number N, and 
the true value of the ſaid root. Then, fince à is ſup- 


poſed to be greater than N., and to exceed it by the 
difference 25 it follows that a 2 will be = N., and 


conſequently that 4 — 217 will be = 


But, by Sir 7 en refidiiat 5 10 in ihe firſt 
and fimple eſt caſe of It, to wit, the caſe of RR powers, 


mel 


72 if be = the ſeries o. 8 watt ot 


N 4 3 + Kc, continued to m + 1 terms; 
* ; ; or, 


— (7 


. 


Ru 0 


or, if, for the ſake of brevity, we ſubſtitute the capital letters 


A,B,C, D, E, F, &c, inſtead of the ſeveral numeral co- 


efficients 1, m, m * * 2 5 m X DD X 7 5 8 f X 


m2 1-3 „1 - M2, M—3 


71 e 


3 L | » N | s ; L * nn 1 WY . 
tively, 4 — A will be = the ſeries Aa — BE 


n ot 911 


4c B 2 + E 4 -F 2 


Ad Re + 9 2 — D 2 + EA N 


F 4. &c, continued to m + 1 terms, will be 


= N. This is the original equation, by the reſolution of 


which we are to find a near value of 2, and conſequently 
of a — 2, or a ſecond near value of N, which will ap- 
proach nearer to it than a, or its former near value. 

Art. 25. Now, ſince 2 is leſs, and uſually much leſs, 
than a, being about a Ioth, or a tooth, part of it, or ſome {till 


leſſer part of it, it is evident that all the terms in the afore- 


ſaid ſeries that involve zz, and 2, and 2, and the follow- 
ing powers of z, will be leſs, and uſually much leſs, than 


the term B , which involves only the ſimple power 
of 2. And therefore, if all the ſaid terms of the ſeries be 


neglected or omitted, and the two firſt terms alone, to wit, 


the terms Aa” — B 2, be retained, the ſaid two 


terms alone will be nearly equal to the whole ſeries, and 
conſequently to the given number N; and therefore, if we 


add Ba x to both ſides, we ſhall have A 4 ps nearly, = 
N + Be” x, and (ſubtrating N from both ſides, ) Aa” 
— N, nearly, 2B , or B 2, nearly, AE 
— N, and (dividing both ſides by be”: ) we ſhall have 
3 Z | - =" 
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4 * | 8 e 
, or (becauſe A is = 1, and B is 
Be pF: 


z, nearly, = 


\ ks 2 | » | as 
n, ) we ſhall have z, nearly, = —— - 3 which fraction 


Mm * 
may be derived from the known quantities N and a, by the 
common arithmetical operations of Multiplication, Subtrac- 
tion, and Diviſion. This therefore is an approximation to 


eo N . 
"2239S will 


4 
the" true value of 2, wind conſequently a — |< 
ma 


+ , 


be an approximation to the true value of @— z, or of ** N, 
or will be a ſecond near value of it that will approach nearer 
to it than @, or the firſt near value of it which was already 
known. And it will be ſtill ſomewhat greater (as the former 


value 4 was,) than the true value of N; as may be 
demonſtrated in the manner following. | 


The whole ſeries Aa — Ba®” N 
D. EA = Fa + &c, is = N. 
Therefore (adding Ba 2 to both ſides,) we ſhall have 
the ſeries F — Da"© 322 + EA 2 

— .* 525 + „ nt” "= and' (ſubtracting 
N from both ſides,) we ſhall have the ſeries A — N + 
8 e * ＋ EA + 24 A Ea z + 
3 B25 "2, os becauſe C4 *2* is greater than 


Da“ z?, and E *z* is greater than Fa 25, and, 
in like manner, every following term in the ſaid ſeries that 
is marked with the ſign +, is greater than the term imme- 
diately following it, which is marked with the ſign —, it 
follows that the ſeries A 4 "IN + Caf 4D, 

/ - + 
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＋ E24 — Fa“ z5 + &c, will be greater han its 
two firſt terms Aa” — N. Therefore Ba. 2 (which is 
equal to the ſaid fries, will be greater than = 8 LN; 


35 
Therefore 2 will be greater than = 5 == * conſe- | 


17 


greater cen 42 — 2, Or the true value of the mth root of che 
propoſed number „„ Oe... Db 


# 


T his Oy 4 — r is the expreſſion en oy 


Mr. Raphſon for PH Wann near value of the mth root of 
the given number N. And it is a very uſeful approxima- 
tion : for it uſually gives us twice as many figures of 'the 


true value of N exact as were exact in a, or the firſt 
near value of the ſaid mth root. And it is evidently the 


moſt ſimple and eaſy approximation to the value of _ ſaid. 
mh root that can 9 8 be imagined. 


Art. 26. But Mr. de Lagny, being deſirous of finding at 
once a {till nearer value of m mth root of the number N, 


retains the third term Ca , as well as the two firſt | 
terms A — Ba" 55 z, of the ſeries A a” — Ba" 2 
+ Co gd is Da®32 + Ea""tz+ — Fa 3 + 
&c, (which is equal to N,) and thereby converts the original 
equation Aa” — B 2 + Ca" * DA *. 
> TR E a 


* 


- 
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EA 2. — Fa“ + &c, = N into a quadratick 
equation, to wit, the equation Aa” - BA 'z + Ca 2 
= N, inſtead of converting it (as Mr. Raphſon does, ) into 


the ſimple equation Aa” — B 2 = N. And this 
. quadrarick equation he reſolves in two different ways, to wit, 

firſt, imperfectly, or inaccurately, and then accurately. By 
the former, or inaccurate, reſolution of it, he obtains a ra- 
tional expreſſion for the value of z, and conſequently an- 
other rational expreſſion for the value of 4 — 2, or for a 
ſecond near value of N, which is nearer to its true 
value than à, or the former near value of it, was; and by 
the accurate reſolution'of the ſame quadratick equation he 
obtains a ſurd, or irrational, expreſſion for the value of 2, 
and conſequently another ſurd, or irrational, expreffion for 
the value of @ — 2, or for the ſecond near value of V* N, 
that approaches much nearer to its true value than its former 
near value, a, did. Theſe reſolutions of the ſaid quadratick 


equation Aa — B 24 Ca” 22 = N, may be 
performed in the following manner. 

Art. 27. Since Aa” — B 2 + C nN. 
we ſhall have Aa + Ca =N + Ba 2, and 
Aa —=N PR Yam” „ al As” — N 
= 3 "x Cen”, or Bo nbu Con = 


Aa” — N; that is, z x Ba — 2 „ Ca * vill 


be = A a” — N, or 2 x[B 8" aw C 3 will be 
= Aa” — N. Therefore (dividing both ſides of the equa- 
tion by the compound quantity B — C 2,) we 
3 | 
ſhall have z = ——— 


34 — C4 


| Now 
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Now let 2 ==, or — —, (which has already been 
B 4 ma / £48 


ſhewn to be nearly equal to z,) be ſubſtituted inſtead of z 
in the ſecond term, Ca 2, of the denominator of the 


. a . a . A * 3 A — 
fraction laſt obtained, to wit, the fraction 


MT 2 — 2 


B a — Ca 22 


And we ſhall have z - 2. 


(becauſe A is 1, and B is m, 


m 
a — N - . , 
Z = ; which is 
OMG oa GO EE. ng 
ts * — N 
e bee N = 12 
— 2 4 0 1 
| 2m 2 
m a A 
wa wk 
21 
= 8 — "A 2mM—2 2m 2 7 —2 
. m* a a en 
Fn \ m—L 
m 2aa X Ma 
24 — NIX 8 — — 
2 2m* a — 2c a* + 2Cne 
. m 
mM 2a X ma 
— (3 — N X — 4 * a - = 
27 2 F- oo K 
. ama — 20 4%/ + 2CN@& 
„ 2 
=4a — N X = — 4 


2 — 20 + 2cx 


— 
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22 — N. * 2 


ams —2XmX——X@ + 2X#X=— xv 


=a — Nx | — — nn 
2 * — M N I 2 4 N m—I XVM 
— — | 2 . 
= 84" — MN x. — 2 — — 
N ma” — (n — „ 2 . i een 
x 24 
=8 N | c 


— 


2ma” — n 42 4 71 XN 


1 


„ 4 4 An N 


= "me dF Ne — 
; m +1] xa" + - XN ö 
8 — wx 12 


— 
— 


| E Therefore 2 will be = 
m—1| X x +m+1l x a” | 
. , or wy 
ml xXx + m+1 K a” m—1xn+m+1 xe" 
conſequently @ — z will be = | 


—y— — 


ee Og 24 xa” x 


* and 


2aXa" 2 n 


2 er e 2 — 5 Or 4 — — — 
1 m x N + m+ 1] X 4 m—I]xx+m+1|Xxa" 


- will be a ſecond near value of V N, or of the mth root 
of the propoſed number N. Q. E. I. 


24 n | 


Art. 28. The accurate reſolution of the quadratick equa- 
ton Ao” — 3B 2 ＋ CC Av¼m⁰ = N, may be per- 
formed as follows. | | 


ſhall have As” N. BE z, and 
Aa” =N + Ba*"*zZ—C e and Aa —N 


Since Aa — B gn + c. = is = N, we 


— 
* 


—=Ba""'z _ Can” It 4 „ 5 s —Ca"'s = 
Aa «of or (becauſe A is = 1, and e oY and C 
p=mx=)m""z—mx a" 2 2 = 2 


— N, . nnen both ſides by 2,) 2m 4 EN 


2 X 2 — N, and, (dividing 
both ſides of the equation 2 5 m x m—1 Xx 2 


5 
ö — 
\ N 0 
mT 


21a XZ 2xa” — 
- * 2 . 
m X M- II X a MN NX re 


2 a2 — „ 
mz 


— 22 = 
2 —— 


„or ( becauſe 

m X m—1 Xa | 
m 

a 3 24 8 2 Xa —N 

2 — YR — x 3 5 


—2 > 
ES kD 
WA f 


289 


n 


— — 


24 3 24 
Now — X X — 2z is 2 X — —. And, by 


Euclid's Elements, Book II, Prop. 5, the rectangle or pro- 


duct, under z and — , muſt be leſs than the ſquare 


* 


of half the line = Therefore the compound arcs | 


24% 


= — 2 will be leſs than the ſquare of half — 


than the ſquare of — or than . T on 


= 


, (which is equal to the . quan- 


2Xa" * 


Mz 


mX mel X 4 


tity = — x,) will alſo be leſs than 


=> 


— — 


hi m 5 
8 2 Xx 2 —N 

both theſe quantities = == = zz ad 

21 222 


8X m—1IXa 


7» or 


There f 


be ſubtracted from —<—. Let them be ſo ſubtracted. And 
_— 


then we ſhall. have — e eee 


3 A — Therefore che e e of the trino- 


mx m-TIXa 


mial — =? — _ + zx will be equal to the 


ſquare root of the compound quantity — 


8 m — 19 
3 
2 Xa —- M 


mxm=1 x a=? 7 
note the ſaid compound quantity by the capital letter P, the 


ſquare-root of the trinomial quantity =" _ — + z 
N 5 | m—1 


m — 1 


; or, if, for the ſake of brevity, we de- 


will be = SP. But, whenever z is leſs than — (as is 
commonly the caſe in theſe extractions of the roots of num- 
bers,) — — will be the ſquare- root of the trinomial 


quantity = SA Therefore — . — 2 will 


= vV P, _ conſequently = — will be = =FSP + z,andz 
will be = . — VP. Therefore a — z will be (= 4 — 


e — 425 + P; and conſequently S2 | 


NE 8 
ons 4A m * m—1 1 


will be a ſecond near es of N., or of the mth root 
or the given number N. „ 


+ * 2 


5 


A. 29. Wben m is = 3, the Buder of theſe two ex- 
preſſions, 


4 
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preſſions, to wit, the rational expreſſion a  .. 


_ ; 5 : ITS | * ＋ 5 9 
0 24 Xa —N 24 XK 4 -N 

will be = 4 — — nn e | 

| xa + we 7 " . 


aX 4 — 
— and the latter, or irrational;Sxpredlion, « 225 


a aa 2 X a3 -- a aa Per- 1 
2 2 N N 

(x 4a3 — 4N __ 4 6 — 443 + A Fe 'Y 

d 1 —_—_— ＋ _ )J=—= + 
* * . Therefore the two expreſſions for the ſecond 


near value of the cube - root of a given number N, when 4, 
or the former near value of it, 1s greater than its true value, 


are 4 a X = and _ + ==. 


N + 243 124 


Art. 30. And, when m is = 5, the former of the two 
det general expreſſions, to wit, the rational expreſſion 


5 
24 K „ — u 4% x . 
42— — will be (= 42. — 
2 - x x+; m+1 xa” | 4 o+ ba 
a X prawns 
8 — — 15 and the latter, or irrational, expreſſion, 
a aa 2 ur” | | 
r Wb 
== + V [== Soy EE" 3 ( 


@ + 8 2 X a5 —N 2 4 2 a5 — 
ET” is... LNCXE. 345 3. 18-4 


_— Wo 32 1025 2 
4 "LOG: 2 ION 332 — 1 10 


- than irs grue value, ae 4 | 
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ö | =P + ste 
—: =y + == 
＋ / 8 Tberchore che two expreſſions | for the ſe. 
cond near value of the fifth root of a, given richer N, 


Whch #, or "the fo former near value of the ſaid root, is a 


— 1 „„ 


ee. and if 
INS q * 


12 
SPI, _ — 


-- » 


5 ito Art. 31. And, SM m is = 75 wks 3 of the two 


5k ee ey 


oregoing general expreſſions, to wit, the: rational expreſſion 


1 


24 Xx al—yx 
˖ | 
., vil be (= a "a 
„ Hole * 7— 
= 2 — a w = * - and the later, ar irrational, expreſſion, 


bw * — — 
* 
; 


= 3 3 — will be 


— 


m X m-—1 X a 


e 3 


7 * G 45 1 6 2145 


2 ga oh 2147 2 COLETTE: — fi 7565 36 
2 + * 36 * 2145 30 K 210% = +y 36 X 2143 

2147. — 3647 + 363 36 — 1 a 

os be wa EET tn E DD = + 


| 36 x 214 X 2145 

e ITED n Ly TE Therefore the two ex- 
Ae 5 the 2 near value of the 7th root of a given 

number N, When 4, or the former near value of the (aid 


rooks bs; greater than is true value, 4 are 4 — * and 


I . * * 7 8 
ja o 


* 
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. — 2 — ted 


m X m—1 Xx * 


| have. Leen fond ty the a 1 Problem I, | wohi en K. | 


the Fir. near Value of N 1 N , bs ee e E rue 
— BY | 481 


ce 


EXAMPLE, bi 


Bos... 


* 2 


_ 


* Aa N 


"my 408 


* 2 5 } 8 Bus 


1 


122 e 5 2 — 8 — DE 382 
Art. 32. Let it be ATT de Bd che Kü rot Sf 5, 
which has been already inveſtigated by means af: adeties 
expreſſions. 1aveſtigated in Problem I, and found gn be 18 
1.148, 697,34. And let us ſuppoſe that we have already diſ- 
covered that this root is greater than 1.14, but leſs than 1.15, 
and differs leſs from 1. 13 than from 1. 14; ſs that 1. 15 may 
be taken for a, or its firſt near value. Then, by art. 30, 
the two expreſſions of the 8 near value of this root will 


be a = e and 2 E + . in which am 
# ON 69 8 
be ſubſtituted inſtead of N, and 1.15 inſtead of 2. 

"= Now; ſince N is = 2, and 4 is = 1.16, we wall häve 
| 2N (= 2 x 2) = 4, and & = 1.205875, and & = 
yen 2.011, 387,185, and & = N (= 2.011,357,187˙8.— nd, 
ald 2.000,000,000,0) = o. ol 135741875, and a X #,—N 
. (Si. 0.0t1,357,187,5) = 0.013,060,765,627, and' 
| = 3 2.011335, 1857 _ 48370 aged and 

2N + 34 (= 4 + 6.034,071,562,5) = 10.934,071,502,5, 
4 X — — 0.01 3,050, 75 5,615 
ole and +. — n DN _ o. oo, zol, 4, and 


. 4A 2 I comles- 


— 
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R Xia x g | 
ney a ” > (= tix 50,000,000 — 0.001, 
den = 1.148, 698,359. Therefore 1. 148, 698, z 59 will 

; a ſecond near value of the fifth root of the given num- 
ber 4 & R. 1. eee 
; And, ſince @ is = 1.15, and @ is = 1.520,875, and a5 
* = 2.011,357,187,5, and 34*1s = 6.034,071,562,5, we 
ſhall have 803“ (= 80 x 1.520, 875) = 121:670,000, and 
8N 3% (= 8 * 2 — 6,034,071,562,5 = 16,000,000, 
0005 — 6.034,071,562,5,) = 9.965,928, 437.55 and 
— (= Ne) = 0. o 1909, 496486, and 


0 121.670, 00 


8043 


PV SE (= Vo. og i909, 496486, = 0. 286, 198,351, 


and 34 (2 3 X 1.15) = 3.45. and — [= 5 20. 8625, 


and Sb — = 0.8625 + 0. 286, 198,351) = 
1:148;698,3 51. Therefore 1.148,698,351 will be a ſecond 
near value of the fifth root of the given number 2. 

ib oil | Q E. I. 


As theſe two approximations to the fifth root of 2, to 
Wit, 1. 148,698,359 and 1. 148,698, 35 1, agree with each 

other in the rk nine figures 1. 148,698, 35, we may rea- 
ſonably conclude that thoſe nine figures are exact, or are 
the firſt nine figures of a more accurate value of the ſaid 
fifth root. 


Art. 33. If we make uſe of Mr. Raphſon's expreſſion, 


- 2 ; ; ST. 2 a — x 
vit, a — ii or Fe, for the purpoſe of 
be * wht 


obtaining a ſecond near value of the fifth root of 2, after 
1-15 has been taken for @, or, its firſt near value, the com- 


* . 


| putation of it will be as follows. | 
Since @ is = 1.15, we ſhall have a+ = 1.749,006,25, 


-- 


and 4 . 2.01 1,3 57518, 5, and 5 (= 5 X 1.749, 006, 25 


mu, ;VÞ A, Br, toy — A 


FRI Y 


CD. oawwi_ 


+ ws X.cc _@<e<- CC Twas pf. 


the Roots of Nimbers iy dypretimation; = ap. 
= 5.745031, 5 and af — N (= at, — 


ws E * — n „ 0.010857 49% 
—— 0.01 1,357, 87,5. and _ (= + CEN gba, — 


| wy 2 -* E | | 
0.001,298,7, and a pay 72 (= 1.150,000,0 — 0.001, 


298,7). = 1.148,701,3. Therefore 1.148,701,3 will be the 
ſecond near value of the fifth root of 2, reſulting from 


Mr. Raphſon's expreſſion a — = k Ci nr 


This number 1. 148, 701, 3, is greater than the true value 
of the 5th root of 2, to wit, the number 1.148, 698, 3, but 
exceeds it by only the very ſmall quantity o. ooo, 03, 3. 


EXAMPLE II. 


—— 


Art. 34. Let it be required to find the 5th root of the 
number 2, 327, 8 34,5 59,873. 722 1 

Now this number, which conſiſts of thirteen figures, is 
greater than 100,000, of the fifth power of 10; and it is 
likewiſe greater than 10, ooo, ooo, ooo, or the fifth power of 
100: but it is leſs than 1, ooo, ooo, ooo, ooo, ooo, or: the fifth 
power of 1000. Therefore its fifth root muſt be greater 
than 100, but leſs than 1000. F 


Further, this number, 2, 327,834, 539,8 73, is greater than 
2,320, ooo, ooo, ooo, or than 232 X io, ooo, ooo, ooo, or 


than 232 X the fifth power of 100. Therefore the fifth' 


root of 2,327,834,559,873 will be greater than 100 X the 


fifth root of 232. But the difference will not be great; and 


conſequently, if we can find a number that ſhall be nearly 


equal to the fifth root of 232, we need only multiply the ; 


ſaid number into 100, and the product will Be nearly equal 
to che fifth root of 2, 3 20, ooo, ooo, ooo, and therefore will 


ke wiſe 


by | 
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likewiſe. be pretty nearly equal to the fifth root of the propoſed 
number 2,327,834,559,873, ſo as to be a convenient firſt 
near value of the ſaid fifth foot, and a ptoper baſis to found 
à further approximation upon to a ſecond near value of the 
ſaid fifth root, by either of the two foregoing expreſſions of 
Mr, de Lagny, which have been inveſtigated above in the 
Solution of Problem II, or by Mr. Raphſon's expreſſion. 
We will therefore endeavour to find the fifth root of the 
number 232. 8 | 


Art. 35. Now the fifth power of the number 2 is 22, 
which is much leſs than 2323 and the fifth power of 3 is 
243, which is a little greater than 232. Therefore the 
fifth root of 232 muſt be much greater than 2, and a little 

leſs than 3. We may therefore reaſonably conjecture that 


it will be nearly equal to 2 + , or 2.9. We will there- 


fore ſuppoſe it to be = 2.9, and try what the reſult of that 
ſuppoſition will be. | de 


Now the fifth ver of 2.9 is 205.11149, which is leſs 
Gyan 232. Therefore the fifth root of 232 will be greater 


2.9, And, as 232 differs much leſs from 243, or the 

the fifth power of 3, than from 205. 11149, or the fifth 
power of 2.9, we may reaſonably ſuppoſe that the fifth 
root of 232 will differ much leſs from 3 than from 2.9; 
and therefore we will ſuppoſe that it. is nearly = 2.98, 
and wall raiſe the faid number 2.98 to its fifth power, in 
order to examine the truth of the ſaid ſuppoſition. 


Now 2.9805 is = 235-007,282,396,8 ; which is nearly 
cegual to, but a little greater than, 232. Therefore 2.98 
' muſt be nearly equal to, but a little greater than, the fifth 
root of 232; and conſequently 100 X 2.98 muſt be nearly 
equal to, but a little greater than, the fifth root of 232 x 


10, ooo, ooo, ooo; or 298 mult be nearly equal to, but a 
little greater than, the fifth root of 2, 320, ooo, ooo, ooo. 


And, further, ſince 2.98 is the fiſth root of the number 
235.00), 282,396, 8, the number 100 x 2.98, will be the 
fich root of the number 235. 00, 282, 396,8 X 10,000,000, 

| | ooo; 


I oY OUT ( TS 


= A we: > ww. 3c MM 


* - 
cd SS 


- 
Gt _ 
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000; that is the number 298 will be the fifth root of the num. 
ber 2,3 501074, 823, 968, which is greater than the propoſed 


number 2,327,834, 595873. Therefore 298 will be greater 


than the fifth root of the ſaid number 2, 327, 834, 559,873. But 
it will be near enough to it to make it a very convenient baſis 
of a further approximation to the true value of the fifth root 
of the ſaid number, 2,327, 834, 559,873, by means of the two 


* 


and . T „ e 


—— 
8 3 : bu 4 5 
: — — wad 


Kaos? BOAR eee oh 
TO 2 + ga5 ? 


- Art, 36. Here ben we ſhall have N = 2,327,834559,873, | 


and 4 = 298, Therefore 4a* will be = 26,463,592, and 
a* will be = 7, 886, 1 50, 416, and 4 will be = 2,350,072; 


823,968 ; and conſequently a5 — N will be (= 2,350,072, . 


823,963 — 2,327,834,5594873) = 22,238,264,095, and 


4 — N x 4. will be (= 22,238,264,095 „ 298) =- 


6,627,002,700,310, and 2N will be (= 2 X 2,327,834, 
559,873) = 4,655,669, 119,746, and 345 will be ( 3 x 


25,350, 7 2, 823, 968) = 7, 050, 218, 471, 904, and 2N. + 34 


will be (= 4,665,669, 119,746 + 7,050, 218,471, 904) = 
11,706,887, 591, 630, and === will be (= 


| 2N ＋ 343 
6,62), 002, 700, 316+ gl —_ ; 8 N ; i 4 f 
1578 = 0. 566, 125, 605, and conſequently 


a X a5— M 


bog) = 297-433,874,395- Therefore 297.433, 874, 395 
vill be a ſecond near value of the fifth root of the — 


number 2, 32), 834, 559,87. E. 1. 


And ge will be (= 3 x 298) = 894, and © will be (= 


5 = 223.5, and & will be ( 298") = 26,463, 592, 
and 8N will be (= 8 X 2,32, 834,889,873) = 18,622, 
616,478,984, and 4 will be (=. 2981). = 2,380, % 


823,968, and 32 will be ( 3 & 2,3 500%, 823,968) 
7-050,218,471,904, and BN. — 3a“ will be ( 6.698 
95 p | HE | 7 9 


ELL will be (= 298. ooo, ooo, ooo — o. 566, 125, 
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616,473,984 — 7,050, 18,471, 904) = 11,65, 48, oo), obo, 
and 80 will be (= 80 „ 26,463,592). 251 — 097% 


wy * 3 it — 11,572,458,007,080 0 __ 
and = will be (= 2 878 ) = 6466.21, 


869, 86 g, 2, and 5 will be (= v/ $466.21656g, 
$632) = 752.933,866,199, and conſequently — + 


8 — 8 EE a — — 2 
A will be (= 223.5 + 72-933,866,190) = 
297.433,86, 90. Therefore 297.433, 866, 190 will be a 
ſecond near value of the fifth root of the propoſed number 
2,327,834, 59,73. d . J. 
Theſe two numbers 297.433, 874,395, and 297. 433, 866, 
190, agree with each other in the firſt ſeven figures 29). 
433,8. Therefore we may conclude that thefe ſeven figures 


are exact, or are the firft ſeven res of a more accurate 
value of the fifth root of the propoſed number 2,327,824, 


559,873. 
Art. 37. If we make uſe of Mr. Raphſon's expreſſion, 


. 2 — a5 — N | . 
to wit, 2 (=: OF 4 =" for the purpoſe of 
obtaining a ſecond. near value of the fifth root of the pro- 
poſed number 2, 327, 834, 559,873, after 298 has been taken 
for a, or its firſt near value, which is ſomewhat greater than 
the truth, the computation of it will be as follows. 


Since @ is = 298, we ſhall have 4 = 7,886, 150,416, | 


and 4 =. 2,350,072,823,968, and a — N (= 2,350,072, 
823,968 — 2,327,834,559,873) = 22,238,264,095, and 
5a* (= 5. X 7.886, 150,416) =- 39,430,752,080, and 
25 —N „ 22,238, 264,96 _ c 45 — * 
J (= se = 563,982, Be 7 
(= 298,000,000 — o. 563, 982) = 297.436, 018. There: 
fore 49.436, 18 will bs a ſecond near value of the fifth 
root of the propoſed number 2, 32 7,834, 5595873. &. E. 1. 
I , IS : g | The 
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Tue firſt five figures, 297: 43, of this number; 297. 436,018, 
olrained by Mr. | Raphion's expreſſion, are exact. 


And, if we wake 4 = 295. 436, and repeat the e 
tion of Mr. Raphſon's expreiſion, we ſhall obtain the value 
of the fifth root of the ſaid propoſed number 2,327,834, 


5595873, to a much greater degree of en This 
may be done in * manner following. | | 
If @ is taken = 297.436, we ſhall have 
a* = 7, 826,617,827. 880,165,417,216, and 
a = 2,327,917,900,253- 364, 88 1,035, 068, 176, 4 
N (= 2,327,917, 900, 253.304, 88 1,035, 58, 176 
—— — 2,327,834,559,873. ooo, ooo, ooo, ooo, oo 
= 83,340,380.364,881,035,058,176, 
and ga“ (= s * 7,826, 617,827. ann 


39,13 3,089, 1 39-400;827,086, o80, and conſequently © 


$3,349,380, 264,881,035,058,176, _ 
(= 39133-9089, 139. ede TY Rt 10 
hay? 


a3 — N 
f (= 297. 436,000,000 — o. 002, 129,662) == 


297.433,870,333, Therefore 297.433,870,338 will be the | 
more accurate value of the fifth root of the propoſed num 
ber 2,327,834, 589,873. Q. E. I. 


Of this number, 297.433, 8 70, 338, which we bave now 
found for the laſt near value of the fifth root of 2,327,834, 
559,873, L believe the firſt ten figures 297.453,870,3 to 
be exact, if no miſtakes have been made in the calculation. 
Yet Mr. Raphſon (from whoſe Analyſis Æguationum Univer- 
ſalis, Problem IV, page 12, this example is taken,) makes 
this fifth root equal to 297.43 3,874, 896. But I believe the 
four laſt figures, 4895, of this number to be erroneous; 
becauſe in Mr. Raphon's laſt proceſs, (of which this num- 
ber, 297. 433,874,895, is the reſult,) the value of g (which 
anſwers to @ in our notation,) was taken equal only to 
297-46, which is exact only in the firſt four figures 297.4, 
whereas in the laſt proceſs of the foregoing computation we 


4 B took 
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took a equal to 297.436, which is exact in the firſt five 
figures, 297.43 ; and conſequently the number reſulung 
from this ſuppoſition ought to be more exact than that 
which reſults from the other leſs accurate ſuppoſition made 
by Mr. Raphſon. But we may, at leaſt,” conclude that the 
firſt eight figures, 297.433,87, of thoſe two numbers, which 
are the ſamè in both, are exact, of are the firſt eight figures 
of a number approaching more nearly than either of them 
to the true value of the fifth root of the propoſed number 


2,327,834, 839,873. 


Art. 38. Theſe two examples will, L preſume, be ſuf 
cient to illuſtrate Monſicur de Lagny's method of extracting 
the mth root of any propoſed number N, by means of 
ES | | 24 Xa" —N 


m—1\x x TAI a" 


either of 'the two expreſſions, @ — - 


4 a WA | ad 2 X a LA h 
Fj 43 — T — * — W en UT 
m X m1 Xa 


or the firſt near value of V N, which is: ſuppoſed to be 
already known, is greater than its true value; which is the 
caſe ſuppoſed above in Problem Il, by the ſolution of 
which thoſe expreſſions were obtained. I have therefore 
nothing more to add concerning the explanation of Monfieur 
de Lagny's method aforeſaid. But I will juſt make another 
obſervation, or two, concerning the ſaid method of extract- 
ing the roots cf numbers, as compared with other methods 
of performing the ſune thing. 


- 


Obſervalicm 
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Obſervations on the ſeveral different Methods that may be taten 
For Extrafting the Roots of Numbers. 


| — — — — — — 2 

5 , 1 J YCLE EY bo, ES | 7 4 
| Art. 39. In the 1ſt place, then, it is manifeſt that, either 
of Mr. de Lagny's two expreſſions, the rational one and the | | 
| irrational one, for obtaining a ſecond near value of the root 1 


of a given number, when a former near value of it is al- 
ready known, is greatly to be preferred to the common, or, | 
rather, the old, method of extracting ſuch root, by which, | F 
with a great deal of trouble, we obtain only one new figure. 
0 of the root ſought by every new proceſs ; except, perhaps, 

| in extracting the ſquare-root of a number, which is eaſy. 

enough in the common way, (at leaſt for the firſt three or. 

four figures of the root ſought,) to make it unneceſſary ta 

haye recourſe to other methods. But in extracting the 

cube-root, or the fifth root, or the ſeventh root, or any © | 
higher root, of a propoſed number, the caſe is very dif- \ 
ferent, and it will be found highly expedient to have re- 

courſe either to Mr. de Lagny's method of extracting them, 

or to Mr. Raph/on's, or to ſome other method of performing 

the ſaid extraction. | 1 ee 1 


— 


Secondly, if the mth root of any number is to be found 
only to four, or five, figures, it will be moſt adviſeable to 
have recourſe to a Table of Logarithms for this purpoſe. 
For, by the uſe of ſuch a Table, we may always obtain any 
propoſed root of a given number exact to four, or five, 
places of figures, with very great eaſe, and without making. 
uſe of the proportional parts ſet down in thoſe tables, and 
which are neceſſary to the obtaining the ſaid roots exactly to 
fix, or ſeven, or. more, places of figures. Whenever there- 
fore we want to find the mth root of a propoſed number 
only to four, or five, places of figures, it ſeems beſt to 
have recourſe at once to a Table of Logarithms for that 

CO LOTTO | f WHT 1 enn c ann 


purpoſe. 


But, zdly, if we with to obtain the mth root of any hum- 
ber, exactly to nine, or ten, or more, places of figures, it 
5 | 4B 2 | will 585 


ions 
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\ will be convenient to have recourſe to either Mr. de Lagny's 
or Mr. Raphſan's methods of approximation for that pur- 
yole. And, if we wiſh to obtain the ſaid root exact only 
to nine places of figures, I ſhould think it would be ex- 
pedient to make uſe of Mr. Reph/on's expreſſion for that 
purpoſe, in preference to either of Mr. de Lagny's expreſ. 
fions, as being ſimpler and eaſier to compute than the lat. 
ter; but, if we wiſh to obtain the ſaid root exact to four- 
teen, or fifteen, places of figures, I ſhould think it would 
be moſt adviſeable to have recourſe to one of Mr. de Lagny's 
. - expreſſions for that purpoſe, rather than to make ule of 
Mr. Raphbjox's expreſſion, and repeat the proceſs a ſecond 
time, as was done above in art. 37. And of Mr. de Lagnys 
two expreſſions, the latter, or irrational, expreſſion will be 
found leſs troubleſome to compute, and, uſually, in a ſmall 
degree more exact, than the rational expreſſion. But it 
may often be prudent to compute them both, to be checks 
n each other ; and the number of figures in which the 
reſults of both expreſſions are found to agree, may be juſtly 
concluded to be exact. 


And, Athly, when we make uſe of either Mr. Rapbſon's 
or Mr. de. Lagny's methods of extracting the mth root of a 
given number, I conceive it will be always adviſeable to 
make uſe of a Table of Logarithms firſt, in order to obtain 
the firſt near value of the root ſought, from which we are 
afterwards to derive a ſecond and more accurate near value 
of it, by means of the expreſſions invented by thoſe ingeni- 
ous Gentlemen. This, indeed, is not abſolutely neceſſary, 
as it is always eaſy to find the propoſed root exact to one, 
or two, figures, by ſome very ſimple reaſonings and trials, 
as is ſhewn above 1n all the foregoing examples. But it will 
always be ſtill eaſier to find theſe firſt figures by the help of 
a Table of Logarithms, and we may find them by that 
means not only to two places of figures, but to five. 


End of the Trag, intitled, Mr. de Lagny's General Method of 
 Extracing the Roots of Numbers by Approximation. 
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Article 1. JN the foregoing Tra& I. have given a pretty 
I full explanation of Monſieur de Lagm's Method 

of Extracting the Roots. of Numbers by Approximation, 
and I have likewiſe mentioned Mr. Raphſor's more ſimple 
and eaſy, though leſs exact, method of performing the ſame 
thing. But both theſe methods may be applied to the re- 
ſolution of all ſorts of equations, thoſe which are called 
af:#ed equations *, or in which the unknown quantity occurs 

525 | in 


* This expreſſion of afeFed eguatiens ſeems to require ſome further expla- 
nation,” It _ ng by the celebrated Vieta, the great father 2 
reſtorer of Algebra. He has many expreſſions peculiar to himſelf, and which 
have not been adopted by ſubſequent Algebraiſts, Amongſt theſe are the 
following ones. He calls a ſet of quantities in continual geometrical pro 
portion, (ſuch as the quantities 1, æ&, x*, x3, *, a5, x*, x7, e, a ſet of 
ſcalar quantities, or magnitudines ſcalaret; and, when there are ſeveral of 
theſe ſealar quantities connected with each other by the ſigns + and —, 
or by Addition and Subtraction, (as in the compound quantity & + 
ax* — Þx3,) he calls the higheſt quantity, or that which is fartheſt in 
the ſcale of quantities 1, x, x*, &, , x5, 4s, x7, &c, (to wit, the 
Rex x5 in the ſaid compound quantity x5 + a — z,) the power of 

e fundamental quantity x, or of the ſecond term in the ſaid ſcale ; and 
he calls the lower ſcalar quantities, which are involved in the ſecond and third 
terms of the ſaid compound quantity & + az* — bx, to wit, the quanti- 
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in more than one term, as well as thoſe which are calleq 
pure equations, or in which the unknown quantity occurs in 
only one term, and which are reſolved by the mere extrac. 
tion of the roots of given numbers. And in all affected 
equations beyond biquadraticks, or thoſe of the fourth 
power, theſe methods of approximation are the only me- 
thods that can be taken for diſcovering their roots, or the 
values of the unknown quantities contained in them. And 
even in cubick and biquadratick equations, though parti. 
cular methods have been invented by Mathematicians, for 
- the accurate treſolutionm of moſt of d 2afes of theſe equa- 
tions, (to wit, the rules called Cardar's rules for the reſo- 
—_ of moſt caſes of —_ equations, and the rules in- 
vented by Lewis Ferrari of a in Italy, about the year 
1545, and explained h * Nasen Wen, * 
' year 1579, and thoſe afterwards invented by Mpn/ieur Des 
Cartes, and pubſiſned in Hs Geometry in the year 1637, 
i ii a er ye for 


_ 
* 


* $ 


ties * and &, (or, in our preſent language, the inferiour powers of x,) 
ſcalar quantities of a parodic . a, Sk power of Ay fundamental 
2 *. This word — I take to be derived (though Vieta does 
ot tell us ſo,) from the Greek words Tags and dds, which ſignify near and 
a way, or road, becauſe theſe inferiour ſcalar quantities, x and x, lie in the 
way as you paſs a in the ſcale” of the aforeſaid quantities 1, x, , 45, 
at, x5, , x7, &c, from to x5, which he calls tbe porver of x in the ſaid 
compound quantity #5 +-ax* - r. Theſe inferiour ſcalar quantitie; x3 
and &“ are therefore parodic, or ſituated in the way to, or are leading to, the 
+ Taid power, or higher ſcalar quantity, x5. He then proceeds to define a 
pure power and an affeted* power, and tells us, that @ pure power is a ſcalar 
quantity that is not affected with, or mixed with, any paredic, or inferiour 

: — quantity, and that an affefed power is a ſcalar quantity that is mixed, 
or connected by Addition, or Subtraction, with one, or more, 2 
or parodic, ſcalar quantities, combined with co-efficients that raiſe them to 
the ſame dimenſion as the power itſelf, or make them homogeneous to it, and 
conſequently capable of being added to it, or ſubtracted from it. Thus #5 


alone is a pure power of x, namely, its fifth power; and x5 + aa! — a3 | 


is aun affeaed power of x, namely, its fifth power aßected by, or connefied 
with, the two parodic, or inferivur ſcalar quantities, x* and &, which are 
multiplied into #þ and a, in order to make them home geneous 10, or of the 
fame dimenfion with, as itſelf, and conſequently capable of being added to it, 
or ſubtracted from it. See Schooten's edition of Vieta's Works, publiſhed 
at Leyden in Holland, in the year 1646, pages 3 and 4. 


This, then, being the meaning of the expreſſions @ pure power and an of- 


Fefed power, the meaning of the correſponding exprelſions of @ pure equa-, 
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for the reſolution of biquadratick equations, by the media- 
tion of cubick equations, ) it will be found that theſe methods 
of approximation will, for the moſt part, enable us to find 
the values of their roots to any propoſed degree of exact- 
neſs, with leſs trouble than the particular and accurate me- 
thods above-mentioned; which have been invented for that 


purpoſe. So that theſe methods of reſolving equations by 


approximation ought to be conſidered as of the higheſt utility, 
and as being abſolutely neceſſary to the completion of the 
Doctrine of the Reſolution of Algebräick Equations, which 
is the moſt important branch of the Science of Algebra. 
Da o, ods een n $40 ; 1 G e 210i o en 
Art. 2. But it is not ſo eaſy to determine, which of theſe 
two methods of approximation, Mr. Raph/or's, or Mr. de 
Lagny's, deſerves to be preferred to the other on theſe oc- 
caſions. Mr. Raphſon's is certainly much ſimpler than the 
other, becauſe it proceeds by conſidering the new, or tranſ- 
formed, equation, (reſulting from the ſubſtitution of 2 ＋ 2, 
nt Oi ame ana EMfgotbligt os int n 
tion and an.afefed equation follows from it of courſe : a pure equation ſighi- 
fying an equation in which a pure power of an unknown quantity is declas 
to be equal to ſome known quantity; ſuch as the equation x5 = 79 ; and an 
affeat:d equation ſignifying an equation in which a power of an unknown 
uantity affected by, or connected, either by Addition or Subtraction, with, 
— inferiour powers of the ſame unknown quantity, (multiplied ipto: pro, 
per co- efficients in order to make them homogeneous to the aid higheſt pow k 
of the ſaid unknown quantity,) is declared to be equal to ſome known quat N 
tity; ſuch as the equation x5 + 4 — br = 79. This I take to be the 
original meaning of the expreſſion an affected equation. But, as the lan 
of Vieta has not been adopted by ſubſequent writers of Algehra, I ſhould; 
think it would be more convenient to call them by ſome other name. An 
perhaps, thoſe of binomial, trinomial, quadrinomial, quinguinomial, and, in 
general, that of multinomial equations, would be as convenient as any. 
hus, xx-+ ax = rr, and x3 ＋ a =;r3, and x3 + e = 13, and a + 
4% = 1+, and x* + ar = , might all be called binomial equations, be- 
cauſe they would be equations in which a binomial quantity, or quantity con- 


fiſting of two terms that involved the unknown quantity #, is deelared to be 


equal to a known quantity; and, for a like reaſon, the equations & + ax* 
+ br = 13, and & — ax3 + b = r+, and. *“ + 4 + 83x =, and 
45 + ar + Pai = 75, and x5 + ax* — bars = i, and & + Pa? + c 
= 15, might be called trinomial equations. And the like names might be 
given to 3 of a greater number of terms. Dr. Hutton, I obſerve, 
in his excellent new Mathematical and Philoſophical Dictionary, juft now. 
publiſhed, (Feb. 2, 1795,). calls them 32 equations; which, is like- 
wiſe a very proper name for them, and leſs obſcure than that of afeBed 


4 C | or 
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or 4 — , inſtead of æ, in the original equation, ) as bei 
only a ſimple equation, and reſolving it — or — 
the mere operation of Diviſion; whereas, in Mr. ge Lagny's 
method, the ſajd new, or transformed, equation is conſider- 
ed as a quadratick equation, and reſolved accordingly; 
which, when à (or the fitſt near value of the root, that is 
ſuppoſed to be already known, ) is a number conſiſting of 
ſive, or ſix, figures, produces a great deal of labour, and 
often a great deal of perplexity. I am cherefore inclined to 
give che preference to Mr. Raphſon's method in reſolving all 
affected equations, more eſpecially when the number à con- 
ſiſts of more than two figures: but it muſt be confeſſed 
chat the celebrated Dt. Halley (who had much experience, 
and was an excellent judge of theſe matters,) was of a dif- 
ferent opinion, and gave the preference to Mr. de Lagyy's 
method, which he has therefore taken the pains to explain 
in a better manner than had been done by Monſieur de 
Lagnuy himſelf, and likewiſe to illuſtrate by examples, in his 
Tract in the Philoſophical Tranſactions, Number 210, in- 
«Roots of am Equations Generally, and that without amy pre- 
« vious Reduction, which was publiſhed in the year 1694. 
On the other hand we may obſerve, that Mr. Raphſon al- 
ways continued to give his own method the preference, after 
the publication of the tracts of Monſſeur de Lagny and Dr. 
Halley upon the ſubject, as well as before their publication, 
when he tells us he had himſelf had the thought of adopt- 
ing the principle which was afterwards followed by Mr. de 
Lag and Dr. Halley, of treating the transformed equation 
as a quadratick equation, but had. deliberately rejected it 
on account of the greater eaſe and ſimplicity of the other 
method, in which the ſaid transformed equation is conſidered 
and treated as a ſimple equation. And Sir Jaac Newton in 
his method of reſolving equations by approximation (which 
differs very little from Mr. Raphſor's,) ſeems alſo to prefer 
Mr. Raphjon's practice, of treating the transformed equa- 
tion as a mere fſimple equation, to that of Mr. de Lagny 
and Dr. Halley, of treating the ſaid equation as a quadra- 
tick equation, I therefore cannot but recommend it to all 
young Algebraiſts to ſtudy Mr, Raphſon's excellent Aa 
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tife on this ſubje&, intitled, Analyſis Aquationim Univerſalic, 
with great attention, and to endeavour to make themſelves 
maſters of it, by going carefully through all the examples 


given in it, and performing all the arithmetical operations 


contained in them. And 1 will venture ro fay that they 
will thereby acquire more uſeful knowledge in Igebra to- 
wards the buſineſs of reſolving affected, or compound, or 
multinomial, equations, chan by reading all that has been 
written by Harriot and Des Cartes, and his learned Commen- 
tator Van Schooten,” and all his other Commentators, and their 
numerous followers, on the boaſted doctrine of the Genera 
tion of Equations one from another, by ſuppoſing x — @ to 
be = o, and - 3 to be S o, and x - to be S o, and 
x + d to be o, and æ I e to be o, and fo on; and 
then multiplying the binomial quantities x — a, x — 3, X , 
# + d, x + e, &c, into each other, and likewiſe all the 
abſtruſe and intricate matter that has been delivered by Sit 
Jaac Newton, and Mr. Graveſende and Mr. Mac Laurin, and 
other learned Algebriiſts of modern times, on the invention 
of Diviſors, Which is 28 on that doctrine of the Ge- 
neration of Equations from each other. . ee 


Art. 3. Yet in reading this excellent Treatiſe of Mr, 
Raphſon, which 1 ſo much recommend, there will now and 
then occur ſome difficulties which are not inherent in the 
ſubje& irſelf, but which might have been avoided, if Mr. 
Raphfon had not unfortunately adopted the perplexing doc- 
trines of modern writers of Algebra, about negative quanti-. 
ties and negative roots of Equations. The quantities called 
negative are ſuch as it is impoſſible to form any clear idea of, 
being defined, by Sir Jace Newton and other Algebräiſts ®, 

* Quantitates vel Afirmativg ſunt, ſeu majores Nihila, vel Negative, 
Nibilo r 5 Univerſalr — Is 12% 4 ® 


When a greater quantity is taken from a leſſer of the ſame kind, the re- 
mainder becomes of the oppoſite kind. Mac Layrin's Algebra, page 5. 


An affirmative quantity is a quantity greater than nothing, and is known 
by this ſign, + ; a negative quantity is a quantity leſs than nothing, and is. 
knows by this 6gn, —--=>——Squnderſon's lgetre, Vol. I. page 50. entice 2. 
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to be ſuch. quantities as are leſs than nothing, or as ariſe from 
the ſubtraftion of a greater quantity from a leſſer, which is an 
operation evidently impoſſible to be performed : and, as to 
the negative roots of an equation, they are in truth the real 

and, poſitive roots of another equation conſiſting of the ſame 
terms as the firſt equation, but with different ſigns + and 
— prefixed to ſome of them; ſo that, when writers of Al- 
3 of the negative roots of an equation, they, in 
fact, jumble two different equations together, and ſuppoſe 
the propoſed, or firſt, equation to have not only its own 
og roots (which they call its affirmative, or poſitive, roots, 
but to have likewiſe the roots of a different equation, which 
they call its negative roots. Thus, for example, they would 
ſay, that the quadratick equation xx + 4x = 320, has two 
roots, to wit, the poſitive, or affirmative, root, + 16, and 
the negative root, — 20. But this latter number, 20, is, 
in truth, the root of a different equation, to wit, of the 
equation xx — 4x = 320. So that this kind of abſurd and 
fantaſtick language only tends to the confounding together 
the two different equations xx + 4x = 320, and xx — 4x 
= 320, and conſidering them as if they were one and the 
ſame equation. Now this perplexing language 1s unfortu- 
nately uſed by Mr. Raphſon in this valuable Treatiſe, and 
tends to throw an air of myſtery and obſcurity upon ſome 
of the Problems ſolved in it, from which they would other- 
wiſe have been intirely free. As a proot of the truth of this 
obſervation, I ſhall here inſert one of the faid Problems, the 
ſolution. of which is by this means rendered ſo obſcure, that [ 
had a good deal of trouble to find out the meaning of it; 
thopgh, if this language. had been avoided, and the proper 
and natural, language, belonging to the conditions of the 
Problem, had been uſed in its ſtead, there could not have 
been the leaſt difficulty in underſtanding it. This Problem 
is the 24th, in page 32 of the 2d edition of the book, and 
is, verbatim et litteratim, as follows. | 
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PROBLE M A XXIV. 


——By— — 


Eguationum Quintæ Poteſtatis Adfedtarum Solutio. | 


Proponatur — aaaaa + 7Jaaaga — 20a + 15548 = 10,000, 
Hoc eſt, — aaaaa + ba — cada ＋ das = fe 
Theor, # = f + g2zee + 0025 — beers — Ar 
deer + 24g — Kür — ar 


Sit Sore FOI 
f + gggg8 + , — 08889 — dgg = = 
Gees + 2g — 58888 = 3c = 9m) 1 $875,0 (+4=#2, 


* 
+44 


2 = =— 4,6 
# + geego + copy = bogey = dog = = 420, 36896 
r + 24g = See = gg = = » 16599736) — 420,363g6 (+ 2055 =# 
,s 
X: | IL 


6 


7 ve + Wee — e r = — H1960359465405025 
ly — $8899 3 = —7410,748) — 549 603594 ( (+,00080428=s 


K. 705880428 


„r = 445443195972 | 


To this ſolution 1 have, in my copy of Mr. Raphſony 3 
Tract, ſubjoined the following Note. 


Numerus 4.544,95. 2 eſt radix æquationis a + 74 + 
204 + 1554 = 10,000; quod hic obſcure innuitur ſub 
ſpecie radicis negative æquationis — 4 + 7% — 204 + 
1554 = 10,000, Omnes fere difficultates quibus permulti 
cultioris i ingenii viri ab Algebra diſcenda et excolenda deter- 
rentur, ex hiſce radicibus negativis et aliis quantitatibus ne- 


gativis, 
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gativis, ſeu (ut hodierni Algebræ ſcriptores abſurdè loquun- 
tur,) nihilo minoribus, ortum habent. 


In this Problem the letter à is uſed for the unknown quan- 
tity, or root of the equation, which is uſually denoted by 
the letter x; and the letter g is uſed for the firſt gear value 
of the root of the equation, which in the two foregoing 
Tracts has been denoted by the letter a; and the letter 1 is 
uſed for the difference between , the firſt near value of the 
root of the equation, and a, its true value, which difference 
has been denoted in the two foregoing Tracts by the letter 2. 
So that, if we expreſs the enuneiation of the foregoing Pro- 
blem in the notation that has been uſed in the two foregoing 
Tracts, it will be as follows. 


Proponatur — xxxxx + JxxXX — 20xXx + 18 == 10,000, 
Sive — * + 7x* — a0 + 15 = 10,000, 


Hoc eſt, — + bxxxx — cxxx + dxx = hr 
Sive — * + bf — (x ＋ df = . 


7 2 LES f + aa. + cana — aa = daa 
| "Theor. z = =p ey es 
FT + ca? — ba* — da* 

45483 + 2da — 5 — ca 


Art. 4. Here, then, the equation propoſed by Mr. Rapb- 
ſon to be reſolved, is ſaid to be — '#* + 7 — 20 + 
—#55xX = 10,000, or 155XX — 20x3 ＋ 7 — * = 10,000, 

t this is not the equation he reſolves; and, indeed, it is 
not a poſſible equation, becauſe the greateſt poſſible mag- 
nitude of the compound quantity 155xx — 20x* + 7x* — 
is that which it has when the infoitely ſmall increment 
of the binomial quantity 20x* + x* becames equal to the 
contemporary increment of the binomial quantity 15 5xx + 
, that is, (if we put &, or x with a point placed over it, 
25 the infinitely ſmall increment of x,) when 20 x 3x"% 


or Z = 


when 60 + 5x* is = 31ox + 28x*, or when 60x + 53 
is = 310 + 28xx, or when 5x* = 28xX + 69x is = 31% 
99-4 > 


+ 5’ becomes equal to 155 & 2xX + 7 X , or 


© = oa, £m oa 8m = aa <4 _ — a 7 RD. 


mY  « S 


A = .. _ qo A «x 
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br when *» '— 284% far is = 62, or when * — 5.6xx 
+ 12 is = 623 and, that is when'x is nearly = 6. I 1 At 
which time the compound quantity 15 5xx — 201 +, 7x% —, 
x* will be nearly equal to 2733, as will appear by fubſti- 
tuting 5.5 inſtead of x in the terms of the ſaid quantity 
15e — 20% -% — * : and this quantity 2733 (which 
is the greateſt poſſible magnitude of the compound quantity 
15% — 20 ＋ 7 &,) is very much leſs than 10, O00, 
or the abſolute term of the equation 15 f — 20% + 7 
— x5 = 10,000, and conſequently the ſaid equation is im- 
poſſible. But Mr. Raph/on, though be fets'down this equa · 
tion 15 3. 20 ＋ 7x* — 4 = 10, ooo, as the equation 
that is to be reſolved, yet really means to reſolve a- quite 
different equation, to wit; the equation that reſuks from 
ſuppoſing x to be a negative quantity, or from fubſtituting 
the powers of — x, to wit, + #x, — , + *, and — * 
in the terms of the ſaid equation 1 55x% — 20 + 7* — x8 
= 10,000,, inſtead, of the like powers of + x, to wit, 
+ *r, ＋ *, + 4, and + K by which fubſtitution the 
ſaid equation will be converted into the equation 155 * 
Dr x — #* == 10,000, 
or 155xx + 20 + 7 + * = 10,000, which is evi- 
dently a poſſible equation, and of which the root is 4.544, 
195,72, or the fame number which he obtains by his ſolu- 
tion of the Problem, and which, wich the ſign — prefixed 
to it, he ealls the negative root of the propoſed i 
155u% — 20x + 5 — * .= 10,000. Now all this per- 
plexity would have been avoided, if Mr. Raphſon' had pre- 
poſed at firſt to find the root, or, in the language of modern 
writers of Algebra, the affirmative, or poſtiue, root, of the 
equation 155x#, + 20x* ＋ J ＋ x 10, oo, or * ＋ 
7x* + 20 + :155xx = 10, ooo, which equation is evi- 
dently poſſible, aud can have only one root. And then 
all the ſteps of his ſolution would have been clear and eaſy, 
as will appear by reſolving this equation x* + 7x* + 20 
+ 155xx = 10,000 according to the principles of his me- 
thod ; which may be done in the manner following. 


The 
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The Refolution of the Aﬀeed Equation *. + 91% + 208 4 
' 155# = 10,000, by My. Raphſon's Method of Approxima. 


F , k 
„ 4 1 4 


Art. 5. In conſidering this equation * + 7 +. 20x? + 
155xx = 10,000, it is, in the iſt place, eaſy to ſee that x 
muſt be greater than 1. For, if we ſuppoſe & to be = 1, 
we ſhall have xx = 1, and = 1, and „ = 1, and x 

Iz and conſequently * + 7 + 20 + 155xx will be 
= IT 7 ＋ 20 + 155 = 183; which is very much leſs 
than the abſolute term 10, ooo. Therefore 1 muſt be much 


In the ſecond place, if we ſuppoſe x to be = 10, we ſhall 
have xx = 100, and * = 1000, and “ =' 10,000, and 
#*,= 100,000; fo that * alone will be equal to the abſo- 
lute term 10,000, and conſequently * + 7 + 20* + 
155x muſt be very much greater than the faid abſolute 
term; and conſequently 10 muſt be much greater than x. 


Thirdly, fince x: is leſs than 10 and greater than 1, let 
us ſuppoſe it to be equal to 5. Then we ſhall have xx = 
26, and * = 125, and x* = 625, and & = 3125, and 
conſequently & + 7 + 20x* + 155xx (= 3125 + 7 * 
625 ＋ 20 X 125 + 155 & 25 = 3125 + 4375 + 2500 
+ 3875) = 13,875; which 1s greater than the abſolute 
term 10,000. . Therefore 5 is greater than the true value of 
# in the equation x*-+ 9x* + 20x* + 155xx = 10,000. 


We will therefore, in the 4th place, ſuppoſe x to be = 4. 
And then we ſhall have xx = 16, and & = 64, and * 
= 256, and x* = 1024, and conſequently & + qx* + 
20x? + 155xx (= 1024 + 7 X 256 + 20 x 64 + 155 
X 16 = 1024 + 1792 + 1280 + 2480) = 6576; which 
is leſs than the abſolute term 10,000. Therefore 4 is leſs 
than the true value of x in the equation x* + 9x4 + 20 
+ 155xx = 10,000, | | 1 
| j 
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It appears therefore that the root of the equation & + 
„* + 20 + 155xx = 10,000, is greater than 4, but leſs 
than 5. And either of theſe values' might very well ſerve 
for a firſt near value of the ſaid root, or for the baſis. of a 
further approximation to it. Mr. Raphſon makes choice 


of 5z which is greater than the truth. 


Art. 6. Let us then ſuppoſe a, or the firſt near value of 
x in the equation x* ＋ 7x* ＋ 20x? ＋ 155xx = 10, ooo, to 
be =. 5 ; and let z be the difference by which it exceeds 
the true value of x. Then will x be = 4 — 2, and conſe- 


quently ax will be (5-8 — 2|*) = 44 — 242 + &c, and 
* will be (= 4 — 2) = & — ge'z + &c, and x will 
be (= a — 2.) = 4. — 482 + &c, and * will be (= 
a — 2) = & — ga + & c. Therefore x* + 7 + 204? 
Ed nde e e 
+ 74 Ke, 
+ 20 XK ga HC 
+ 155 X 44 — 243 + &, l 
4 — sax + Kc, | 
2 + 74 — 284% + &c, 
+ 204% — G6o04*'2 + &c, 
+ 15544 — 310az + &c. 


But * + 7 + 20%? ＋ 155xx is = 10,006, 


Therefore a* + 74+ + 204% + 15548 — 54. — 284% 
— 6a — 31a + &c, will alſo be = 10,000, and 
conſequently (adding 54*%2 + 284*'z + 6bod's + 3104z to 
both ſides,) we ſhall have 2 + 7a“ + 204 + 1554 = 
10,000 + 5a*z +. 284*3 + 604*2 + 310az, or (becauſe a 
is 5, and conſequently a5 + 74 + 208® + 1554 is = 
13,875, as has been ſhewn in art. 5,) we ſhall have 13,875 
= 10,000 ＋ 5 + 284% + 6oa*s + 310az, and con- 
ſequently (ſubtracting 10,000 from both ſides,) 3875 = 54"z 


+ 28a*2 + 6 ＋ 310 = 2 Xx + 284 + bod? + 3108. 
g i „ Therefore 


+ 156%x will be = 
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"10s do. ads cdl 6: 1 
Therefore © will be = p F r (= 


| $75 en 
cx 5 7 2 K Þ T 60 „ N + 370 K 5 8 


+ 3875__ — 1 
S* 625 + 28x 125 + 60x25 + 310x5, 3125 ＋ 3500 + 1500+ 1550 
— 5555 = o. 4. Therefore 4 — 2, or x, will be (= 4 
— 0.4 = 5.0 — o. 4 = 46; and 4.6 will be a ſecond 
near value of the root of the equation x* ＋ 7x* + 20 
＋ I55XX = 10,000 & E. I. 2 


We muſt next try whether this ſecond near value of x is 
greater or leſs than its true value; and for this purpoſe we 
muſt ſubſtitute jt, inſtead of x, in the compound quantity 
& ＋ 787 + 20% + 1553. 


Now, if we. ſuppoſe x to be = 4-6, we ſhall have x 
(= 4.6\') = 21.16, and x (= Tb) = 97-336, and x 
(= 4-08) = 447-7456, and & (= 4.8*) = 2059.62976, 
and 155xx (= 155 X 21.16) = 3279-80, and 20* (= 20 
X 97.336) = 1946.720, and 7* (= 7 Xx 447-7456) = 

3134-2192, and conſequently x* + qx* + 2048" + 155% 
(= 2059.62976 + 3134-2192 + 1946.720 + 3279.80) 
= 10,420.36896 ; which 1s greater than 10,000, or the ab- 


ſolute term of the equation & + 7x* + 2043 + 155xx = 


10,000. Therefore 4.6 will be greater than the true value 
of æ in that equation. 


FR Art. 7. To find a third near value of the root of this 
equation, let @ be ſuppoſed to be = 4.6, and 2 be the 
difference by which a, or 4.6, exceeds the true value of 


the ſaid root. . 

Then we ſhall have, as before, x = a — 2, and conſe- 
quently xx-(= 4 — ) = a8 — 24z + &c, and & (= 
4 — 2) = 4 — 34's + &c, and * ( — 2% = 4 
— 442 + &c, and * {= 4 — ) — a — 544; + &c, 


and 


1 __Wu.. n a A 
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and 74 (= 7 X FEI ES) = 16 — 2807 +, 


&c, and 205 (= 20 X 4 — 3% + c.) = 206% —bod'z. 


+ Kc, and 155%x (= 155 * 48 — 242 + Nen 2 5546 


31G + &c, and & + 7 + 20* + 155x 


2 — gaz + &c, 
— 74 — 2842 + &c, '/ 
+ 204% — 6od'z + &c, 
+ 15548 — 310 + &c. 
But x* + 7x* + 20 + Iggxx is = 10,000, 
| a* — 3a4˙ + &c, | 
: "MN 74 — 842 - &c, 1 +1 "4 
Therefore 4 | 1 5 . — 1 4 Ke, will likewiſe 
+ 15548 — 310% + &c, | 


| be =. 10,000, and conſequently (adding 54*z + 28a%2 + 


Go + 3Z10az to both ſides,) a* + 7a* + 204* + 15548 
will be = 10,000 + g + 2842 + 6og*z + 31a. 
But it has been ſhewn in the laſt article, that @* + 74. 
+ 204* + 15 aa, or 4.60 + 7 X 4-6 + 20 x 4.6 + 
155 X 4. is = 10, 420. 36896. | : 
Therefore 10,420.36896 will be = 10,000 + 5 + 


283˙ ＋ 604*%z + 3Ioaz; and conſequently (ſubtracting 
10,000 from both ſides of the equation, ) 420. 36896 will be 


= 54%z + 284¹ + 6od'z + 31oaz (= 5 X 4. b x 2 + 


28 X 4.0 „ 2 4 60 X 4.0 XK 2 ＋ 310 K 4.6 XK 2 2 


5 X 447-7456 x 2 + 28 X 97.336 Xx 2 + 60 x 21.16 
X 2 + 310 X 4.6 x 2 = 2238.7280 x 2 + 2725. 408 
* 2 + 1269.60 x 2 + 1426.0 x 2) = 7659.7360 X 2, 


| a - 1420.368988 | 
_ conſequently . will be (= 9 on = 0.0548, or 
nearly 0.055, Therefore x, or a — z, or 4.6 — 2, will 
be nearly (= 4.6 — 0.055,) = 4.545; and conſequently 
this number 4.545 will be a third near value of the root of 
the propoſed equation & + 7x* + 20x? + 155xx = 10,000. 
| Q i Is 
4D2 Now 
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Now let this number 4.545 be ſubſtituted inſtead of x in 
the compound quantity x* + 7x* + 20x* + 155xx, in or- 
der to diſcover whether the reſult will be greater, or leſs, 
than 10,000, or the abſolute term of the propoſed equation 
* + 7x* + 20x* + 155x#. 10,000, | | 


Now, if x be ſuppoſed: to be = 4.545, we ſhall have xx 
(= 4.545]*) = 20.657,02 65 and & (S 4.545“) = 93.886, 
178,625, and xt (= 4549. = 426.7 12,68 1,850, 625, and 
* (= 4.545) = 1939. 409, 139, 01 1, 090, 625, and conſe- 
quently 7& (= 7 x 426.712, 681,8 50, 625) = 2986.988, 
772,954,375, and 20x* (= 20. x 93:886,178,625) = 
1877.723,572,500, and 155xx (= 155 X:20.057,025) = 
3201.838,875, and x* + qx* + 20x* + 155xx (= 1939, 
409,139,011,090,625 + 2986.988,772,954,375 + 1877. 
723,572,500 +. 3201.-838,875) = 10,005 960,359,465, 
465,625; which is greater than 10,000, or the abſolute 
term of the equation & + 7x+ + 20x* + 155xx = 10,000, 


Therefore 4.545 will be greater than the true value of x in 
that equation. " | 


Art. 8. To find a fourth near value of the root of this 
equation x* + 7x4 + 20x* + 155xx = 10,000, let à be 
fuppoſed to be = 4 545, and z be ſuppoſed to be the dif- 
ference by which à, or 4-545, exceeds the true value of the 


11d root. 

Then we ſhall, as before, have x = 4 — 2, and conſe- 
quently xx (= a — 2) = 44 — 222 + &c, and * (= 
a—z2 = 4 — 34z + &c, and af (= = 2f) = & 
— 4a + &c, and & (= 4 — 25) = & — 54% + &c, 
and * (= 7 x 4. — 44 + &c,) = 7a! — 2892 + 
c&c, and 20 (= 20 X & — 34 + &,) = 200) — 
GO + &c, and 155xx (= 155 X 44 — 243 + &c,) = 
155 — 310az + &c, and conſequently & + 9x* + 20 
+ 155xx = - EIN | 


a 


as 23 ED IP 
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8 4 — | ga*2 +. &c, 
+ 7a* — 28a + &c, 
J 204) — GO + &c, 
+ 1554 — 31 + &c. 


But * ＋ 1 7 + 20x? * T55xx is = 10,000, 


"Therefore 45 ＋ 74% On 204®, ＋ 155 — 54% + ae 
28002 + &c, — a + &c, — 3103 + &c, will like- 
wiſe be = 10, ooo, and conſequently (adding 54*%z + 284'z 
+ 604%2 + 310% to both ſides,) a + 74 + 2083 + 
1558 will * 2 1 ene + 54'z + 28% + GO + 
$1042, 


But it has been esd . Aye ihe laſt article, that a + 7 + 
20% + 155ae, or 4.545% + 7 X 4.549, + 20 X 4-545] 


| + 155 * 4-545}, is = 10,005.960,359,465,465,625. 


Therefore 10,005.960,359,465,465,625 will be = 10,000 
+ 54% + 2842 + GO + 3loaz; and conſequently (ſub- 


tracting 10, ooo from both ſides,) 5.960,359,465,465,625 


will be = 54% + 2842 + 6od'z + 310az (= 5 X 4.54 5˙ 


x2 + 28 „ 4.545* K 2 + 60 X 4-545} X 2 + 310 
X 4-545 K Z = 5 X 420.712, 681,8 50, 25 X 2 + 28 
X 93.886, 178, 625 Xx 2 + 60 X 20.657, 25 X 2 + 
310 X 4.545 X 2 S 2133. 563, 409, 263, 125 X 2 + 2628. 
$13,001,500 X 2 + 1239.421,500 X 2 + 1408.950 X 2) 

= 7410.747,910,753,125 X 2. Therefore à will be (= 
5-960, 359-465465,625 
74¹0. 747,910,753, 125 
4545 — 2 will be (= 4. 545,000,00 — 0.000,804,28) 
= 4:544,195,72. Therefore 4.544,195,72 will be a fourth 
near value of the root of the propoſed equation x* + 7% 
+ 20x* + I55xx = 10,000. Q. E. 1. 


o. odo, 804, 28, and *, or 4 — , or 


This number 4. 544, 195, 72, agrees with the number 
found by Mr. Raphſon, in all its figures. 


Art. 9. The foregoing reſolution of the equation x* + 
* + 20x" oþ 15 5x% = 10,000, has been performed at 


great | 
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great length, in order to ſet forth, in as clear a manner as 
poſſible, the ſeveral reaſonings upon which the arithmetical 
operations uſed in it are grounded, as well as the ſaid ope. 
rations themſelves. © And by ſo doing the ſubje& is ren. 
dered ſo much eaſier than in Mr. Raphſon's very conciſe 


and compreſſed way of treating it, (in which all the reaſon. 


ings are dropped, and only the arithmetical operations are 
exhibited,) that, though the above reſolution. of the ſaid 
equation is three, or four, times as long as Mr. Raphfon's, 
yet I am fully perſuaded that it may be read and underſtood 
m a third, or fourth, part of the time that is. neceffary to a 
thorovgh comprehenſion of Mr. Raphſon's reſolution of it; 


even if he had not puzzled the matter by talking of the 


negative root of the equation — x* + 7x* — 2089 + 155% 
= 10,000, But that this may appear the more clearly, I 
will now repeat the foregoing reſolution of this equation in 
the ſtyle and manner of Mr. Raphſon, by omitting the ſe- 
veral 1 5. . fet forth in the foregoing articles, and 
making uſe of a Canon, or Theorem, for the purpoſe of 
computing the ſecond, third, and fourth values of 2, in 
the / manner as Mr. Raphſon has done, 


Art. 10. Since each of the three firſt ſucceſſive near values 
of x, or the root of the propoſed equation x* + 7x* + 20x 
+ 155xx = 10,000, from which the next near values of 
it are derived, to wit, the three numbers 5, 4.6, and 4. 548, 
and which are ſucceſſively denoted by the letter a, is greater 
than the true value of x in the ſaid equation, or than the 
root of the ſaid equation, it follows that the ſecond, and 
third, and fourth near values of x will, each of them, be 
ſucceflively denoted by the reſidual quantity à — 2; and 
conſequently, by applying the reaſonings uſed in art. 6, in 
order to obtain the values of z, and of 4 — 2, or x, we 
* ſhall find that z will be, ſucceſſively, nearly equal to the 

IE i . as a* + 2031 + 1554 — 10, 
value of the fraction — 12 LS ——— 7 . and, 
therefore, that a — 2, or x, will be, ſucceſſively, nearly 
equal to the value of the quantity à — the fraction 


gow! 
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| 4 Tee + I556* — 10,000 


a+76 +100 + 1559 = 1999. This, des, is the The 


rem, or Canon, by the application of which we are to com- 
pute the ſecond, and third, and fourth, near values of 


4 — K, or x, after taking 5 for the 255 near value of it, 
or for the firſt value of 4. | 


Now, if @ is = 5, we ſhall have . OS; widen 
4 + 74% + 2093 + 1554 — 10,000 = 3875 _ 
e f Goa + ji 957 Nog 4 
2 — K will be (= 5 — 0.4) = 4.6; which will therefore 
be the ſecond near value of x, or of the root of the nern 


* + 7 + 20 + 155 10, 00. 
Secondly, if a be = 4.6, we ſhall have z = 
45 + 7a* ＋ 2083 + 1 55a : — 19,000 — 420. 6895 
F + 2847 - + 60a* + 3108 78597968 = 0.0548, or, 
nearly, 0.055. Therefore a — 2 will be (= 4.6 —0,0 50 
= 4-545; Which will therefore be the third near value 972 


or of the root of the equation x* + 7x* + 208? + K go 
= 10,000, 


Thirdly, if 2 be = 4.545. we ſhall have 2 2 * 
G5 + 74% + 2043 + I55as — 10,000 __ 5: »960, 359465+465,625 

5 + 2843 + boa + 310s To 741047474910,753.125 M 
0.000,804,28. Therefore 4 — z will be (= 4.545 — 


0.000,804,28) = 4-544,195,72 3 which will therefore be 
the fourth near value of x, or of the root of the equation 


** + 7* + 20* + I55xx = 10,000. Q EL, 


Art. 11. Mr. Raphſon's Canon, or T heorem, for the value 
of z, is expreſſed more conciſely than the foregoing Theo- 
25 + 7% ＋ 2043 + 15 aa — 10,000 

rem, 3 = 7 I © ona: For he uſes the 
letters 5, c, d, and 7, for the co-efficients 7, 20, and 155, 
of the fourth, third, and ſecond, power of x in the equa- 
tion x* + 71 + 20x? Þ+ 155 e = 10,000, and for 10,000, 
the abſolute term of that equation, reſpectively; which pro- 
duces the following Canon, o or Theorem, for the value of z, 

to 
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+3) $egd +48 =f- 


that, though we may ſeem to gain ſomething in point of 
brevity by uſing this very general notation, we loſe as much 
in the article of perſpicuity, which is a matter of much 
greater importance. However, this latter reſolution of the 
equation & + q7x* + 20x* + 155x* = 10,000, which is 
expreſſed in Mr. Raphſon's conciſe ftyle and manner, and 


the foregoing more explicit reſolution. of it in art. 5, 6, 7, 


and 8, (in which the reaſonings, on which the ſeveral arith- 
metical operations are grounded, are diſtincty ſer forth and 
repeated,) are, both of them, the ſame in ſubſtance, and 
are, as I believe, the very beſt method that can be taken 
for diſcovering. the root of the ſaid equation. 


Art. 12. It has been obſerved above in art. 2, that Sir 
Iſaac Newton's method of reſolving numeral equations by 
approximation differed but little from Mr. Raphſon's, both 
methods being founded on the ſame principle of conſidering 
the new, or transformed, equation, (reſulting from the ſub. 
ftitution of a + 2, or 4 — 2, inſtead of x, in the original 
equation,) as a mere ſimple equation, or neglecting, or 
omitting, all the terms of it which involved in them any 
higher power of z than its fimple power ; which reduces the 
reſolution of all equations, of whatever orders, to the reſo- 
lution of a ſimple equation, or, rather, to the reſolution of 
ſeveral ſucceſſive ſimple equations, by which we make con- 
tinual approaches to the true value of the root of the ori- 
ginal equation. In this grand principle Sir Iſaac Newton's 
method and Mr. Raphſon's method perfectly agree; and, 


in finding the ſecond near value of x, or in making the firſt 


approximation to the true value of x, after having obtained, 


by conjecture, or trial, or in ſome other manner, the value 


of what has been here called a, or a firſt near value of x, 
or the root ſought, there is not the ſmalleſt difference be- 
tween them. But in the inveſtigation of the third, and 
fourth, and other following near valves of x, there is a little 
difference in their manner of proceeding, which the readet 
may be glad to ſee examined. I ſhall therefore now com- 

pare 


22321 ry 1 5 "I F 
5a“ + 46a3 + 3ca* + 2da But it appears to me | 
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pare the two. us together, in ihe caſe of a very e 


equation, by which Sir Iſaac Newton himſelf has Woge 
proper to illuſtrate his Methods: 


4 Compariſon between Sir Ilaae Newton's and Mr. Rapbſon's 
Methods of Reſolving Numeral Equations by Approximation. 
. "I : ; 434 x 1 — 


Art. 13. Sir lane Newton's Method of Reſolving Nu- 
meral Equations by Approximation, is explained by him- 
ſelf | in his curious little Tract, intitled, Araty/is per Æqua- 
tiones Numero Terminorum Infinitas, (which was written 1n the. 
year 1666, and communicated to Dr. Iſaac Barrow, and to 
Mr. John Collins, and to other learned men of that time, 
in che year 1669, by an example; which is as follows. 


Art. 14. Let it be required to reſolve the cubick equa- 
tion & wm 2X 5. | | 


Here, in the firſt olics:1 it is eaſy to ſee that x is Wider 
greater than 2, but much leſs than 3. For, if x is taken equal 
to 2, we ſhall have 2x = 4, and & = 8, and conſequently 
* — 2K * 8—4) = 4; which is leſs than 5, or the true 
value of & — 2x in the propoſed equation: and, if x is taken 
equal to 3, we ſhall have 2xy'= 6, and x* = 27, and conſe- 
quently & — 2x (= 27 — 6) = 21; which is very much 
greater than 5, or the true value of * — 2x in the pro- 
poſed equation. Therefore the true value of x in that equa- 
tion muſt be much leſs than 3, and a little greater than 2. 
Let it therefore be ſuppoſed to be equal to the quantity 
2 +2, in which z denotes the unknown quantity by which 
the true value of x exceeds 2.7 And let 2+ E be ſubſti- 
tuted, inſtead of x, in the propoſed equation * — 2x = 5: 
T his: may be done as follows. 


Since x is = = 2 + 2, gs ef have 10 * 5 0 
e both 4 E - * = 
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X 2 TBX2 N =8+3X4X2% 3 x 222 


+2) = 8 Þ+ 122 + 628 + 2 and 2 (= 2 x 2 +2) 
= 4 + 22, and conſequetitly x* — 2x {= 3 + 122 + 622 
12 — 4 — 2) = 4 + 10 + zz AT 2. But & — 2x 
is = 5. Therefore 4 + 102 + 623 + 2? will alſo be = 
5, and conſequently (ſubtracting 4 from both fides,) 103 
+ 622 + 2* will be = 1; and, (ſubtracting 622 + 2 
from both ſides,) 10z will be = 1 622 — 27. Therefore 


« #} 1 32 ho bzz * 23 1 L wb | u 
2 will be — — = — — — 2 0. =bzz 23 
10 10 5 10 10 3 


bux + 23 
10 


* 


that is, z is leſs than —, or o. i, by the quantity 


Therefore x, or 2 + , is leſs than 2 + =, or 2 + 0.1, 


or 2.1, by the ſaid quantiry = 2 ; which, on account of 
the ſmallneſs of z, (which is leſs than e will be a very 
ſmall quantity in compariſon of 2, or of _ and, 8 forliori, 


in compariſon of 2, and conſequently may be negleQed. 
And therefore 2.1 will be a ſecond near value of x, or the 
root of the propoſed equation x? — 2x = 5, that will be 
a little greater than its true value, but nearer to it than any 
other number that conſiſts of only two places of figures. 

| | . . 


This is the firſt ſtep of Sir Iſaac Newton's approximation 
to the root of the equation x3 — 2x = 5, after the aſſump- 
tion of the number 2, by conjecture and trial, for its firſt 
near value. And in this firſt ſtep of the approximation Sir 
Ifaac Newton's and Mr. Raphſon's methods exactly co in- 
ide. . Eh | PIC, 


Art. 15.” But in the next itep of the approximation to 
the value of æ, in the ſaid equation * — 2x z, the two 
methods are ſomewhat different from each other, though 
the number of new figures of the true value of x, that are 
exact in the next near values of it reſulting from yore Ne 
2 | | . 


N 
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thods, is the ſame. The difference between the methods in 
this ſecond ſtage of the approximation is as follows. 


Mr. Raphſon corrects the value of x, or the root of the 
original equation x* — 29 = 5, already found, to wit, 2.1, 
(and which is known to be ſomewhat greater than the truth,) 
by ſubtracting from it the unknown quantity by which ix 
exceeds x, and which we may call v, and ſubſtituting 2.1 
— v inſtead of x in the ſaid original equation, & — 2x = 

, whereby it is transformed into another cubick equation, 


in which v will be the only unknown quantity; and then he 
finds a near value of v by reſolving the ſaid transformed 


equation as if it were only a fimple' equation, or by ne- 
glecting the terms which involve the ſquare and cube of v 

on account of their ſmallneſs, juſt as we before neglected 
the terms 6 and z* in the foregoing transformed equation 
102 + 6z2 + 2? = 1 for the ſame reaſon. But Sir Ifaac 
Newton takes no further notice of the .original equation 
* — 2x = 5, till he has compleated the whole proceſs of 
his approximation; but, inſtead of the ſaid original equa- 
tion, he conſiders the former transformed equation, 102 + 


 bzz + 2 = 1, which was derived from it, and inveſtigates 


the value of its root, z, to a greater degree of exactneſs 
than that to which it was before obtained. And this he 
does in the manner following. Eg | 


Since it has been ſeen that 2 is leſs than o. 1, let the 
quantity by which o. i exceeds it be called v, fo that z ſhall 
be = o. 1 — v; and let 0.1 — v be ſubſtituted, inſtead of 
2, in the transformed equation 10Zz + 62 ＋ * = 1. 
This may be done as follows, | | 
Since 2 is = 0.13 — v, we ſhall have 

22 (= 0.1 -) = 0.01 — o. av + vv, 
and z* (= 0.1 — vÞ = 0.001 — 3X0.01Xv + 3X0.1 xv 
| | — vf) = 0.001 — 0.039 + o. zv — 2, 
and 102 (= 10 X 0.1 —v) = 1 — 10 
and 62 =_ 9.06 — 1.20 + 6vv, 


12 2 5 ob 44 
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and conſequently J 


10 | 1.00 — 10 5 | 
I +' 622} = 4 + 0.06 — 1.2v + 6 
11 | + 0.001 — 0.03v + o 3 — 9? 


wy | =1.061 — 11.230 + 6. 3v — v7, 
But 102 + 622 + 2* is = 1. 


Therefore 1.061 — 11.230 + 6.3 v — v* will likewiſe 
be = 1. And conſequently (adding 1 1.23v to both ſides,) 
we ſhall have 1.061 + 6.39v — U = 1 + 11.23; and, 
(ſubtracting 1 from both ſides,) we ſhall have 0.061 + 
6.3vv — v = 11.239, and (neglecting 6.3vv and v as in. 
conſiderable in compariſon of 0.061 and 11.23v) we ſhall 
have 0.061 = 11.23v, or 11.235 = 0.061 ; and conſe. 
quently (dividing both ſides by 11.23,) we ſhall have v 
0.061, _ | 
11.23 


— 
— 


= 0.0054. Therefore z, or 0.1 — v, will be (= 


o. 1 — 0.0054) = 0.0946, and conſequently x, or 2 + 2, 


will be (= 2 + 0.0946) = 2.0940. 2. E. 1, 


In this manner Sir Iſaac Newton finds the root of the pro- 


poſed equation x* — 2x = 5 to be equal to 220946, which 
is as near the truth as five figures can expreſs it. | 


Art. 16. He then carries the inveſtigation one ſtep fur- 


ther, by which he obtains the value of x exact to nine 


places of figures; and for this purpoſe he proceeds in the 
manner following. | a 


The laſt transformed equation was 11.2350 = 0.061 + 


6.35 v — v*; from which it follows that v is accurately 


- 0.061 „ 6.3% — v3 *' 6. 35 — v3 
equal to 123 + TA» or 0.0054 + hz? which 


is greater than 0.0054 alone, becauſe 6.3vv is greater than 
v. Since, therefore, v is greater than 0.0054,. let us ſup- 
poſe it to be = p.0054 + ww; and let this binomial quan- 
uty be ſubſtituted, inſtead of v, in the laſt transformed 
£quation 11,23V = 0,061 + 6.3vv — , or, rather, in the 
MM CR equation 
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equation 11 23 6. 3v + * = 6.061, confiting of the 
ſame terms as the former, but in which the terms. involving 
the unknown quantity v are all brought to the ſame ſide of 
the equation, and ranged according to the powers of v, 
beginning from-its loweſt. power, or the ſimple power o of *. 
This may be done in the manner following. | LEST 


Since v is = 0.90 54 + w, we ſhall have 


v (= 0.0054 ＋ u = 0. . oO + 2X0. ae 
= o. ooo, o29, 16 © 0.0108 X w 95 „ | 


and * (= 0.0054 + ] = 0.0054} + 3 * 0.5554 X = 
+3. x. 0,0054 x w* + w? 

:'0; ooo, ooo, 157,464 + 3 X ©. 000,029,16 * * 

+ o. o162 x w* + 6) 


= 0.000,000,1 57,464 + 0.000,087,48 * w + 
| 0.0162 Xx wh —— 


and 11,230 (= 11.23 X 0.0054 + db La = e ger 2 
11.23 X W, 


and 6. 3 (= 6.3 * 5.000,29, 10 ＋ oP * w + wu?) 
_ = 0.,000,183,708 + 0.068,04 x w + 6.3wwz 
and conſequently 11.23v — 6.3vv + v will be = _ 
0.060, 642 + 11.23 & w . | | 
— 0.500, 183,708 — 0.068,04 * w — 6.3 wy | 
+ 0.000,000, 157,464 + ©. 000,087,48 * wv + o. 0162 + 0) 
wy 1 0.060,642,157,464 + 11. 230, 08/48 K w + 0.01624* + av3 
— 0,000,183,708 | — 0,068,04 Xx w = 6.3 K W 


o. 060,458, 449,464 — 11. 162,4), 48 0 — 6.2838? +w. | 
But 11.230 — 6.399 + is = 0.061. | FT 400 


Therefore 0.060,458,449,404 ＋ 11. 162,047,48 * ww. 
— 6.2838 x ww + 0 will likewiſe be = 0.061; and 
conſequently (ſubtracting o. o60, 458, 449, 464 from both 
ſides,) 11.162, 047, 48 & w — 6.2838ww + w* will be [= 
0.061,000,000,000-— 0.060,458,449,464) = 0.000,541, 
$59,536 ; and (neglecting the terms 6.2838ww and w?, as 
1nconliderable in compariſon of 11.162,047,48 X w,) we 
ſhall have 11. 162,047;48 X w = o. oo, 541,550,536, and 
conſe· 
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confequently wW (=. e = . 0,000,048, 52, 
Therefore v, or 0.0054 + w, will be (= 0.0054 + 
0.000,048,52) = 0.005,448,52, and z, or 0.1 — v, will be 
(= 0.100,000,00 — 0.005,448,58) = 0.094,551,48, and 
x, or 2 + 2, will be (= 2 + 0.094,551,48) = 2.094, 
551,48; that is, the root of the propoſed equation x* — 25 
= 5 will be = 2.094,551,48. E. 1. | 


This number 2.094,551,48 is exact in all the figures, 
as will be ſhewn in a ſubſequent article. | F 


Art. 17. Having thus fet forth Sir Iſaac Newton's me- 
thod of inveſtigating the root of the propoſed equation x! — 
2+ = 5 to nine places of figures, we muſt now perform 
the fame thing by Mr, Raphſon's method, in order ta 
make a compariſon between the neceſſary aperations of the 
_ two methods, | | | 


Now Mr. Raphfon's method of approximating further to 
the root of the equation * — 2x = 5, after having found 
it to be equal to 2 + 0.1 — , or to be ſome what leſs 
than 2.1, is to put v for the unknown quantity by which 
it falls ſhort of 2. 1, and then to ſubſtitute the reſidual quan- 
tity 2.1 — © in the terms of the original equation & — 
2x = 5, whereby the faid equation will be transformed 
into another cubick equation, in which v will be the only 
unknown quantity; and then he determines the value of v 
by reſolving the ſaid transformed equation as if it was a 
mere ſimple equation, or by neglecting the terms in which 
the ſquare or the cube of » occur. This may be done in 
the manner following. . ; 


Since x, is = 2.1 — v, we ſhall have xx (=2.1 —v" 
2 2. 1b —2X2.1 XV + &c) = 4:41 — 4-2v + &c, 
and & (= 2.1 f = Zip - 3 XK 2. „ö v + & = 
9.261 — 3 X 4:41 x v + &c) = 9.261 — 13.23 X i 

: F . p . N ; | ge. 


/ 
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quently x* — 2x (= 9.261 — 13.23 X.v + & —= 4.2 
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Therefore 5.061 — 11.23 X v &c, will likewiſe be = 5, 
and conſequently (adding 11.23 X v to both ſides,) we 
ſhall have $.06t = 5 + 11.23 & v, and (ſubtracting 5 
from both ſides,) we ſhall have 11.23 x v = 0.061, and 
conſequently v (= 2 = 0.0054. Therefore x, or 2.1 


11.23 Was ; 
— v, will be (= 2.1 — 0.0054) = 2.0946; or 2.0945 
will be a third near value of the root of the propoſed equa- 
tion x — 2X = $5... th Bo Bn: | ; 


This third near value of x is the very ſame with -the 
third near value of it obtained above, in art..15, by Sir 
Iſaac Newton's method. EVE; e 24 


Art. 18. In this ſtep of the approximation, by which we 
obtain the number 2.0946 for the third near value of the 
root of the propoſed equation x* — 2x = 5, the principal 
difference between the two methods ſeems to conſiſt in this, 
to wit, that by Mr. Raphſon's method we are obliged to 
raiſe the two firſt terms of the powers of the compound 


quantity 2,1 = v, and conſequently to raiſe the powers of 


the number 2.1, which conſiſts of two figures; whereas in 
Sir Iſaac Newton's method of proceeding, we had occafion 
only to raife the powers of the compound quantity 0.1 — v, 
and conſequently to raiſe the powers of the number o. 1, 
which conſiſts of only one figure; which is ſomewhat eaſier 
than to raiſe the powers of 2.1. But both operations are ſo 
eaſy, that the difference of the labour of performing them 
is hardly worth conſidering. And,; with reſpect to the ſim- 
plicity of conception in the two methods, Mr. Raphfon's 
method ſeems to be preferable to Sir Iſaac Newton's; be- 
cauſe the former always refers to the original equation & — 
zu = 5, Whereas the latter method refers to the preceeding 
transformed equation 103 + 622 ＋ 2˙ -= 1, which bas 
TY | | more 
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more terms and larger co-efficients than the original equa. 
tion x7 — 2 =,5. ES ee bY 


Art. 19. But in the next ſtep of the approximation by 
Mr. Raphſon's method, we ſhall find the labour of raiſing 
the powers of the value cf -x alfeady found, to wit, the 
powers of 2.0946, to be conſiderably. greater than that of 
raiſing the powers of the laſt, preceeding ſupplement of it 
according to Sir Iſaac Newton's method, that ſupplement 
being only the decimal fraction 0.00534, in which there are 
only two ſignificant figures. This will appear by perform- 
ing this ſtep of the approximation by Mr. Raphſon's me. 
thod; which may be done as follows, << 


Art. 20. The laſt near value we found for x, or the root 
of the equation x*— 2x = 5, by Mr. Raphſon's method, 
was 2.0946, Now this near value of x is greater than its 
true value. For, if we ſuppoſe x to be = 2.0946, we ſhall 
have * (= 2.0946}) = 9.189,741,550,536, and 2x (= 
2 Xx 2.0946) = 4.1892, and conſequently * — 2x (= 
9.189,741,550,536 — 4.1892) = 5.000, 541, 350, 536; 
which is greater than 5, or the abſolute term of the equation 
* — 2x = 5: and conſequently 2.0946 mult be greater 
than the true value of the root of the ſaid equation. 

We will therefore ſuppoſe x. to be = 2.0946 — w, and 
ſubſtitute this reſidual quantity inſtead of x in the terms of 
the equation x* — 2X. 2 ˖‚ 

Now, ſince & is = 2.0946 — w, we ſhall have xx (= 
2.0946 — f = 2.0946] — 2 X 2:0946 X'w_+ &c) = 
4-387,349,16 — 4.1892 x w + &c, and * (= 2.0946 —w} 
=.,2.0946} — 3 * 2.0946 x w + &c = .9.189,741,550, 
536 — 3 x 4.387, 349, 10 x w, + &c) = 9.189,741,550,536 
— 13.162, 047, 48 x w + &c, and 2x (= 2 x 2.0940 — w) 
=-4.1892 — 2w, and conſequently & — 2x = *, 

*- 9.189,741,550,536 — 13.162,047,48 x 1 + 1 

— 4.189, 2 1 2. oo, oo, o X W -C?ꝗ 


= 5. ooo, 541, 550, 536 — 11.162,47. 48 K w ＋ &c. 


But 


at 


S 5, which is to be reſolved. 


— 


— 


" {felted Equations by Hpproi 6 n 15 
5 Therefore 5.5000, 641, 5 50, 536 — 11.162,047;48 * 95 + 


xc, will. be = 5; and conſequently (adding 11.162, 047, 48 
u to both ſides,) we ſhall have 5. o00, 541, 5 50,536 = 5 
+ 11.162, 047, 48 Xx w, and (ſubtracting 5 from both 


ſides, ) o. o00, 54 l, 650, 336 11. 162,047, 48 Xx w, or 11. 162, 


047,45. „ W = O. O00, 547, 350, 36. Therefore w will be 


— 9.00.4159 — Oo £2 ; and {e ent | 4. 
(= eas) 0,000, 048, 32 and conſequently &, 


or 2.0946 — w, will be (= 2.094,600,00 — 0.000,048,52) 
= 2.094, 551,48. Therefore 2.094,551,48 will be a fourth 


near value of x, or the root of the propoſed equation ** — 


„ . | | 
This fourth near value of is the very ſame with the 
fourth near value of it obtained above, in art. 16, by Sir 
Iſaac Newton's method. DEED 3 x 


Att. vr 1m i l ſtage of Mr. Raphſan's approxima« ; 
tion to the root of the propoſed equation * 2x = 5, we 
have been obliged to raiſe the powers of the number 2.0946, 


which conſiſts of five places of figures; whereas in Sir Iſaac 
Newton's way of proceeding we only raifed the powers of 
the decimal fraction 0.0054, which contains only two figni- 
ficant figures. But then in that. way of proceeding we were 


obliged to multiply v, or 0.0054 + w, into 11.23, and 


vo 
or 0.000,029,10 + 0.0108 x w + w?, into 6.3; whereds 
in Mr, Raphſon's way of proceeding we have only to rhul- 
tiply x, or 2.0946 — , into the very ſimple co-efficient 2. 
So that, upon the whole, the difference of the labour of 


© computation in the two methods is not very conſiderable, 


though it is rather leſs in Sir Iſaac Newton's method than 
in Mr. Raphſon's. But in point of ſimplicity of conteption 
Mr. Raphſon's method ſeems much ſuperiour to Sir Iſaac's, 
becauſe it never loſes ſight of the original equation & — 2x 


And, further, we may obſerve, in fayour of Mr. Raph- 


| fon's method, that it never-requites ws u raiſe any ü, 


4 


% 


586 


* 


On Mr. Raphſon's Metbod of Rejalving 


than the two firſt terms of the binomial and reſidual quanti- 
ties 2 + 2, and 2.1 — v, and 2.0946 — w, which are 
ſubſtituted inftead of '# in che original equation = 24 = 
5 3 whereas ih Sir Iſaac Newton's method it is neceſſary to 
raiſe the other. ternis of the binomial and reſidual quanti- 
ties 2 + 2; and o. 1 = , and\0.0054 + w; which increaſes 
the number and-intricacy of the operations of the inveſti. 
gation. And therefore; upon the whole, I conſider Mr. 


Raphſon's method of approximating to the values of the 


roots of ſuch 


ton's. 23 


. . » 


— 
— — 


11 
* 41 = * 


equations as preferable to Sir Iſaac Neu- 


* * 


»„— 


g 4 Pre of the Exattueſs of tbe Number 2.094, 551, 48, that 
has been found by the foregoing Methods of Approximation for 
the Root of the Equation x- — 2x = 5. 


4. 


8 


— TEC TINHOInIanaramemay— emer nn 


- Art, 24, It remains that we prove the work to have beet 
rightly performed, or that we, ſhew that the laſt number 
2.094, 551,48, obtained by both theſe methods, is a very 
near. value of the root æ of the propoſed, equation * 2x 


* 1 


end und heit encrhadcof doin 


2 K. and that, we determine to how many figures it is 
ekact. 2 | 


Now the pl 


this 1s to 


ſubſtitute the number 2.094, 5 51,48, inſtead 05 x, in the 
compound quantity & — 2x; in order to diſcover whether 
the quantity reſulting from this ſubſtitution will be greater, 
or leſs, than 5, or the abſolute term of the propoſed equa- 
tion x*;— 2 2 5: and, if it ſhall appear that the ſaid re- 
ſult is greater than 55, we may conclude that the ſaid num- 
ber 2.094, 651,48 is greater than the true value of x in the 
ſaid equation; and, if it ſhall appear that the ſaid reſult is 
lefs, than 3, we may conclude that the ſaid number is leſs 
than, the tfue value of &. And, when this has 


en thus 


| diſeo · 


1 . Abt. a A __ bs 4 cnc hs s @& Am 


"EE. EE. at. ALLA; 


— 


| difcovered, we miſt; in the next place, endeavour” to ” 


bee kran 5 nes tient 


rermine to how many figures this number 2.094, 381,48 cor 


incides with the more accurate value of *: and, for t 


purp poſe, we muſt, if this number be leſs than 2 inererle if 


2 the addition of an unit in the laſt place of figures and, 


it be greater than æ, we muſt diminiſh it By the. fame 


ſmall quantity, and then ſubſtitute the new number thereby 


obtained, to wit; 2.094, 351,49, Or 2.0 „a inſtead 
of x, in the compound quantity — 2: 


Hoon 
appear that the value of that compound quantity ling 


from that ſuhſtitution is greater, or leſs, than 3, wermay 
conclude that the number 2. 094, 55 1, 49, or 2. 0945551 67s 
is accordingly greater, or leſs, than the true value of x 

che Equation x* — 2K 5, and conſequent] that the 155 
true value is of an ihigribedito magnitude between 2 


551,49. and 2.09435 51,48, bak E e 


3.093755 1547. P whe Fett Ak Tek 


47 %* ; : 3 230771 2 


1 if vo take * = a 2.094451; we : tall have 4450 n | 


2 N. "4 4 


= 4.387, 145,902, 370, 190,4, 8 e 0 | 


and wh = 0 189,102,942,78 $ArrStogror 27924 X 
and 2x = 4-189, 102,96, . . 

and conſequently | 

* 2 2 e e which 
number, is ſomewhat leſs than 5,.or the abſplute term of 
the propoſed equation & — 2 = 5. Therefore 2.0943 


551,48 muſt be ſomewbat leſs than. the true value of x in 
5 laid equation. 


* 


: Nita 41-55 | 44A 
Secondly, ſince ; x. is 888 ED 209445, 3 we oc? 
now compare it wit 
number inſtead of it ge the compound quantity * — . 


Now, if x is taken = 3.094,551,49, or 4- 094551948 4 


o. 0.900,000,01, we {ball have. x? (= 2.994, 551,48} +3X 
2.094, 551 480 ©0:5600{000,01" + 1 * 2.094,57, 48 3 


9 SING + $686,900,01 == 9.489, 102.9427 Kc, « 
| CERES. ol 3 * 


2.094, 55 1,49, by 1 . 


mne * 2 


—— 


1 8 0 wy ten abt 2 x 
o „„ — —ỹ. — r 


3.x * 258 'X o. oo, ooo, oi. o. ooo, o 
| 29-009,000,000, &c 9.169, 02,42, &c. + 
- 134 1,437,706, Kc X o. oo, ooo, oi .+ 9. Oo. ooo, ooo, & 
+ ..9-299,000,000, & =. 9.189,102,942,, &c. + o. ooo, 
000,131, & C * D Þ+ . ooo, ooo, ooo, &c) 
=. 9189, 735 d ax (A & 4.094,55 1, 49) = 
1 z and con equently * — 2x:(= 9- 189,103.07, 
— +1%9, pU = . $-299,900,99, . &c.; which. is 
eater than g. Therefore 2.094,55 , 49 mult. be greater 
e the equation x 2x.= 5. 


Bur it has been hen that 2:694;557,48 4s leſs than de 
aid true valge. 107 Ray 


F Therefore the true 2 — 1 * in the equation * 2x 
, will be of an intermediate magnitude between 2.094, 
$5148 and 2.094, 551,493 and cqn 
the number 2.094,5 51,48, which we — by the fore, 
going proceſſes of Sir Iſaac Newton's and Mr. Raphſon's 
methoqs of approximation for a fourth near value of the root 


of the equation eee e 


e 


- 1 - 


of Dis fl, or the Firſt way Pale of the Rod | 


bu an ins Dinan, in WM FP: ily 


141 0 19 ale —— . I 3 4 


Art. 2 3: There is anothet $ifieule that occurs „ 
in_reſolving high equations by approximation, whether by 


Sir Iſaac ten method Or. by Mr. Raphſon' 8; Which in- 


deed are ſubſtantially the fame.- The difficulty 4 mean, is 


t that. of findin the firſt near value of che root ſought (which 

8 have calle 4 in this A 

figures, in order ta tnake it the baſis of a further approxima- 
yon to the true. yalye of the ropt by. either of wels methods 

ok app roximation. Now, \ the equation is known to 
e * IF) but * affirmative _ 

3 for 


quęntly all the figures 


iſeourſe,) * one, or two places of 


| 
55 
; 
| 
f 
— 
8 
9 
1 
r 


(for all other roots are not worth conſidering, ) this difficalty = 
will not be great; becauſe. it will always be eaſy to find a 
tolerably near value of the root by conjectures Wy | 
and particularly by ſuppoſing x, or the roat of the propoſe 


equation, firſt, to be equal tO I, and 2dly, to, be = 10, 5 
and 3dly, to be equal to ſome ſhort intermediate number 


conliting af only one figure, or, if the root appears to be 
greater than 10, by ſuppoſing it to be equal to 100, or 200 
and afterwards ſuppoſing it to be equal .zo ſore ſhort inter- 
mediate number conſiſting - of two figures; as was dong 
above in art. 5, in finding the firſt near value of „ in the 
equation & . 7 + 20 ＋ 16 ππτ = 10,009. But, 
when the equation conſiſts of terms connected together part · 
ly by the ſign , and partly by the ſign -, and conſe - 


quently it may, for aught we know to the contrary, have two, 


or three, or four, or more real and affirmative roots, which 
may be of very different magnitudes, the aforeſaid method 
of conjectures and trials (though by no means uſeleſs,) is 


leis expeditious and ſatisfactory in aſliſting us to find the firſt 
near value of one of the roots than in the former caſe; and. 


we are often puzzled to know which of the roots it would 

be moſt expedient to begin to inveſtigate. Now, in moſt 
of theſe caſes, I believe, it will be adviſeable to begin by 
inveſtigating the leaſt root, and for that purpoſe to expunge 

from the equation all the terms that have the ſign pre- 
fixed to them, and to find, to about two places, or, at moſt, 
to three places, of figures,” the root of the remaining qua- 
tion. For- this root will always be leſs than the leaſt root 
of the original equation, if it really has (as it appears to 


have,) more than one real and affirmative root; or it will 


be leſs than the only root of the original equation, if (not- 


withſtanding the appearances to the contrary,) it really has 
but one root, When the root of this ſecond, or curtailed, 


equation, has been diſcovered, it may be called a, and 

made the ground-work of an approximation to the leaſt root 

of the original equation, and the binomial quantity a + 2 

may. be. ſybſtituted in the original equation inſtead of x, 

and the transformed equation thence ariſing may be reſolved 

as if it was à mere ſimple equation, agreeably to Mr. * 
| | L Fs. or CA on's 


899 On Ms. Raphſon's Method of: Reſolving; Ke. 


bones method of approximation ; and che value of x thereby 
obtained, being added to a, will give us a known value of 


4. 2, or a ſecond near value of the leaſt, or the only, root 


of the propoſed equation: after which we may proceed to 
find the ſaid leaſt, or only, root of the propoſed equation 
by a further proſecution of Mr. Raphſon's method of ap- 
proximation above-deſcribed.” This method of finding a firſt 
near value, a, of the leaſt root of a propoſed equation that 

ſeems to have more than one real and affirmative root, is 
explained more at length in the third volume of the Collec- 
tion of Mathematical Tracts, called Scriptores Logarithmici, 
in my Diſcourſe on the Reverſion of Infinite Seriefes pub- 
| liſhed in that Volume; to which J refer the reader. 8 
the ſaid zd Volume, pages 724, 725, 726, 727, & c. 

to page 761. And, with this improvement of it in the caſe 
of equations that have, or ſeem to have, more than one real 
and poſitive root, I believe it may ſafely be affirmed that 
Mr, Raphſon's Method of Reſolving Affected Equations is 
the beſt General Method of effecting that purpoſe in all 
4 above quadraticks that has hitherto been diſco - 


* 


\ 


7 


— 
4 


| End of the Obfervations on Mr. Raphſon's Method of | 


Ryfolving Aﬀelied Equatioys by Approximation, 


5 


. * ; 
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or THE | 


WARE AND CUBE ROOTS OF THE Nat, 5 | | 
. -.., NUMBERS 1, 2, 3, 4, 5, &c, to 1 _.* 
vr Table XIX. of Mr. James Dodſon's valuable 7 ables Ta 


Computation, zntitled The Calculator, that were 5 
| , publiſhed in the Tur 1747. 5 Ys 


1 Root. e Rr. { No. 80. = Cube * e TOY Koa | 
1.060,000|L1090,000\| 3115.567,76413-141,381]| 517102503 
1:414421411-259,921]| 326.556, 8843.1 74, 802] 6217.874,008[3.9 
1.732,05 1.442, 2500 3315 1255553 3207,34 8 2837254039 f 
2.000, oooff. 587, 4010 345.830, 99203. 239,612 648.000, 00 4.000 
52.236, 681.709, 976 35.916, 08003. 271, 066 Ae 
2.449, 4901.8 17,121 365.000, ooc3. 301,927 6 9.124,38 0 
712.645,75 101.912,93; 376.082, 76303. 332,222 678.186,353 4.061,84 
802.828, 427%. 000, O00 386.164, 4143•3 1975} 688.246,2 1104.08 1,65 
| g/3.000,000[2.080,084 3919.244,998|3.391,211 698.306,62 4 101, . 
1003. 102,278 2.1544435 _ 4016. 32445 5513-4191952 7008. 366, 60004. 121,285 
1113.316,625|2.223,980 6.493,124|3-448,217]| 7118.420,1 ge 
123.464, 102.289, 4280 420ö. 480, 74 103.476, 027 728.48555 | 
I3 1.97880 2.351,3350 431955 74393˙ 503,308 73ʃ8˙ 544004 
1413-741 — 712-410, 142||-44 9.538.280) 53,3480 7418.602, 32514.198, 33 
n 1 


[5]. 8 


5 * 1 
p * „ PRI * N . * n * SITS E 4 
PT CE. r OE ad r derne ein; ec 4% — 


* 


— 5 2 „ „„ 


> + 
0D w 


153.872,98 302.466,12 45 6.708, 20403. 1 593 7513.660,25 
1604. 000, 0002. 5 19,842 tis 782, 33003. 583, 04 Il 708.7 17,708 


174.123, 1062. 571, 282 476 5555 65 503. 508,826 796.3 8.37496“ 1 


1804242, 402.520, 741 486.928, 203 3.534,24 888 76104.272,65 | 
1914-358,899|2.668,402|] 49]7.000,000{(3.65 9,305 791g -888,194|4-290,841 i 
_2014-472,136[2-714,418|| 50j7.071,068[3.684,031|| 80 | 


«9444 27214+308,B5 
214.582, 5702. 758,923 517.141, 42803. 708, 430] 8 19.000, o004. 326,749 
224.690, 41602. 802, 039 527.211, 10303732, 511 8219.955,385|[4-344-481 | 
2314.795483212-843,$67]| 537.280, 1103.7 56,2860 8309. 110, 4344.32, 1 
244-898, 979.884, 499 547.348, 4693.79, 763 849.165,15 104.379,819 
2515-000,000[2.924,018|| 5 5.416, 19803. 802,953 859.219, 5444.39, 830 
265.099, 0202. 962, 496 56.483, 3 1503.82 17 869.273, 51804414, 05 
275.196, 15 203.00, 000 57.549.834 3 848, 8719. 3272379/4431,047] | A 
2815.291,503/3-036,589|| 5817.015,773/3-870, 7 8819.3 . 4447/7 % /%c f/9%ꝙꝗ0 8 
295.385, 1653.72, 317 597.68 1, 146.892, 996 899.433,08 14.404.745 
e 3.1% 32 60.745,06 3.9 14,867 909.486,83 34.481, 405 
8g. Roots Cube Rt. No.] Sd. Root. Cube Rt 1 Sq. Root. Cube Rt. 


5 * |» 
* 8 [ } 
' £ 
Lo 


| 4 = 


*% 


„ TABLE of Shuark eas dale. Ron, Ee 
{No JE Root: | Cube ee GOES 


339-39214+497-942|1121{11.000,00/4.945,088 I51112.288, 211. 
+5 149357/1122111.045,36/4.959,67 5 152]12.328,83]5 
643,651 4.530, 65 5/2 11.188480 19053 tz. 369, 3206. 
69 3604.5 46,836 12411135, 53049 6,631 15412. 409, 675. 
1562, 903 1251 f. 180,345. 600,000 15 512.449, 90 
9609. 92258 778,857 28011. 224,975. 013,298 150/12. 490, 00 ß. 36 
584.594, 701 [27/11.269,43 5402 +526} . 6 g ; 
12 2/11.313,7115.039,084 12-569,81]5. 
9-949,87414-626,06;|fr2 11.357, 8206. 247741115911 2.609, 52 
10.000,00[4.641, 689 $:0954797[[160/1 2,649, 1115. 


161.2. 688, 585. 


a 4 ' 

987.5481331 1.532, 615.104,469 163/12.767,r515. 
134½11.575, 846.11, 2 30.6 12. 806. 255. 
135111.618,9515.129,928|| 165/12. $323 
130 . 66 T, 30 5.142, 563 fr 
| *7474459%| 13711147047 F*I55,7371 [16 8 
10. 39a, 3004. 762, 203001; 11. 4% 5. 167,649 1/16 12.96 7,4805. 
4%,3114-776,8561[139/t1.789,83\5.180, 101 16 | 
nete. 488, 914. 4911.83 2, 1 81927494 17ofr 


111 1.8885 105, 89614/4787 $-204,828[[171|13.076, 70/5, 
112010. 30 


3-01]4-820,284j[142[11.916, $-217,103|[172]13,114,88|;.c6 
11.958, 26056. 229,321 173/13.152,9 55. 
12. ooo, oo $+-241,482 17413. 190, 9105. 
2:04145915+25 32588] [175113+228,7615.593,44 
14612. 083, 0656. 265,63 170113.266,50[5.604,07 
16,69 f. 8 147 12.124,36. 277,632 
1810. 862,78 14812, 16 ed | 
5 


12.200, 56,5. 301,459 
912.2474 23122293 
Root. | Cube Rt. 


* 


455 9 5 , » 4 n 
* ; a : | . N „ 
N l ; . 
| v gs 
| or THE : 
k 3 . } 4 x 
SQUARE - ROOTS AND RECIPROCALS 
| f ALL NUMBERS, _ 
From 1 to 1000. i ch | 
Computed by Dr. CuarLes HuTron, Profeſſor of Matbematicks 
1 the Royal Military Academy at Woolwich in Kent. Ns 
4 G | 
: | - a : g , 1 
7 | k : | | 
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7. 141,426, 425,5 
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Reci TR pr * 
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9 4 «Pp 1858 0,9 
„ |. * | »2 80,109, 9, 
30.333,33353 e dedeh ; 15 e e | 
410425 © | _ | +2-000,000, 7 N 7.416,198 48771 . 
8 ee eee It ; I , 
TH 21553 4.773 51 
6b, 566,6 2.4494 dene | 
pong) iy e 5 erties 7.749,534.435•3 
70.142, 85771 3 * Mt \7.615,773» 1959] 
| las +, | 2-82 1 +7] $919.016,949,0]. 7. 681,145,747»9f 5 
90. 111,111, F 298 1 6019.916,666,6] 7.745005, 592 | 
100.1 ee eee 64,016,393, 7-810,249,67 12 
11/2,099,999,0] f. 30 101 615,˙1 6200.0 16, 12,0 7.874.008 74,0 
120 . 08g, 333,3 7 hs 13 6300.01 59873,0]. 7.937425 3493 312] 
130.076, 923, uy 308 8 2 0. 01 5,62 5, e 4 [> 
1 00 86658 37 —_— 6510.015»384,6| 8.062,257,74%3f 
| 1519.9 6,66, 3 * e 0.015,151,5 8. 124,038,404 
10000254 8 625, 67.014.925, 8.18 5,3527779 
170.05 8, 82 3, 5 55 285 0 ere 246,211,212 by 
+? 9 + *8.808.043 J 6900.014402, 9.80 858•80 8590 
19 .052,031, „ 5 700145285, 8.366, 500, 265,34 
20005 610.0 1 0 1 5 IJ 71.014,84 8.426, A Pi, 
n = 4 rhe I 720. 013,889,80 8.48 5,281,374, 
220. 045,455] 4. voy © 623-3] | 23%6 70 | 881 ; 
230.043. pp 4+ 985 3 7 0.013, 5 13,5 8 02, 325,26 78 2 N 
24.041. 56 IR ee. | 7519.013»33333] 8.660,2 54, 387% f 
| 20.036 5 4, q-019,51306 + f ge 8274s To 8 | 
| 260.038,4 5 *. — , _ | 7710.012,987,0] 8 2 43872 
bi ny Ae 02,6221] | 7809. 012,820,508 1855 700, 66,3] of 
2 N 5 e e Fong 7910,012,658,2| 8. $38,194, 417-3 ; ; 
. 8 . jt ts 575˙¹ Soſc.o12,5 een 0 
3 . — 15 . 64,3628 81 0.012,34577 „ 70 | 
NN ” 4 8424075 820.012,19, 9.055,385, 138,11 | 
| 32 0.031, 25 46 5 5 52,6465 a 8300. 971% 9. 110-433-5799? 1 N 
1 5. r x 840.011, 904, 9. 165,251,389; | 0 
35s. 7046 87978%/% nñ er 2758484 5 5 
1 | 00040 0.011,27, 818, ; 
NOI 6.82,7625308] | Ae 7 ein. 1 
3800. 026, 31 6,8 6. 164,414, 00, 8 ee 3o0 6 „ | 
5230, 0 ko, 3s 9 a N 
%%% ˙Ü . [IONS 1225 79 | 
Ih 3 2 88 oy 51 1 6 4 $39 17 ; | 
44885855 6.480, 740,698.44] 920.010, 869,6 9.591, : 
: — . — teten . 93 A 14 9. 43,650,761,0 | 
| — —_ 33+2494580, 7 J 94j0-010,038,3 9953597145 pl 
| W br Rnd 612 203,325 | 9510-010,526,3] 9.746,794:344-% | 
2 9,4] 6 6, 7 851 by 4 900.010, 410,0 9.797, 9 u, by 
? 902110 8 We 9 0.010,309,3 9.8055 $7,801, | 4 
"i e . we 23053 95 9.010, 204, 9. 8994944936 en 4 
; 49 8 . 0 eee e 8 
eee eee . 2 
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596 TABLE of Square-Roots and Reciprocal.” 


0, iprocal | Square Root. No.] Reciprocal | Square Root. © 
101. oog, 900, ro. o49,87 5, 21,1 [15110.006,622,5 12.288, 205,72 
roa ſo. oog. 03:9 10.099, 504, 938,4 15 200. 006, 578,91 2. 328, 828, 05, 
roz o. oog, 208, 710. 148,891, 565,1 15 300. 006, 535, 9.12. 369, 3 16,80, 0 
[104[0.009,615,410.198,039,027,2 15419.006,493,5/12-409,673,646,0| 

105.0. 009, 523,8|10.246,950,766,0 155%. 006, 451,612. 449,899,508, 
1060. 00, 434,0 10. 295, ö 30, 14 t, o 1 56/0. o06, 410, 312.489, 995, 900, 
oo. oo, 345, 80 10.344, 080, 432,8 9,412.5 29, 964, 8b, 
toð 0.009, 2 59,2 10. 2006.84 I 58 0.006,3 29,1 12.569,80; 090, o 
109Þ.009, 174, 30 10.440, 306, 508,9 1990. 006, 289, 3 12.609, 520, 212,9 
1000. dog, O90, 910. 488,088, 48 1,7 1600. 006, 5 12.649. 1 10,640, 
111 e 10.535,65 3,75 2,9 161.006, 211, 212.688,57, 540,4 
ft 2ſo. oo8, 928,610. 583, 05, 244,3 116200. 006, 172, 8 12.7222, 001, 
113.0. O08, 849,610. 630, 145,8 12, 1630. 006, 135,012.67, 148.3348 
140. 008,71, 910.677, oy8, 252,0 1640. 006, o), 5 12.806, 248,474, 
t 50. 08, 695, 710.723, 805, 294,8 56 50. o06, 060, 612.845,32, 578,7 
150. 008, 620, 7 10.770, 32,6 14, 3 4660. 006, 024, 1 2.884, 098,26, 
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1 17/0.008,547,0110.816,65 3,826,4] . 12.922, 84083, 3 
1.180.008, 474,5 10862, 780, 491,2 168.005, 952, 412.961, 481, 396,8 
108.008, 403, 4 10. 908, 7 12, 1 14, 1690. 005, 91), 213. O00, ooo, O00, 0 

4 | 2000. 008, 333, 310.954, 41, 150, v 170. oo5, 882, 413.038, 404, 8 10, 
. 12 10. 08, 254, 511. 000, ooo, ooo, o 1710 05,848, off 3.076, 696, 8 30,6 


12200. 008, 196,7 11.045, 361,017, 1720. 005, 8 14, 0. 3. 1 14,877, 048, 
1230. 008, 130, 01 1. 090, 5 36, 506,4 17 300.005, 780, 313.152, 946, 438,0 
12400. oo8, ob, 5 f 1. 136,528,725, 174%. 005, 747, 113. 905,958, 
aan e ee 13.228, 7565555, 
426 . 00), 936, 5 f f. 224,972, 160,3 175.005,68 1, 8/1 3.266, 499, 161, 
27.00, 874,01 1.269,42 3,669, 17% .005, 649, 713.304, 134,695, 
Ii28ſo. 007, 812, 5 11. 313, 708, 490,0 1780. 005, 618, 013.341, 664,004, 
1290. 007, 75 1, 9 11.35 778 16,691, 6 1790-05, 586, 6013.3 79,088, 160,3 
t 3000. 007,592, 3 11.401, 54,251, 180.05, 5 55, 5113-416,407,86;,0 
Iiziſo. oo), 633, 11.445, 23,142, 3. 18 10. 005, 524, 913.453,62 4,047, 
"= 1 320. 009, 5 75,(11.489, 125, 293, 1820. 005, 494,5 13.490, 37,563, 
13300. 007,5 18,8}1 1532556235947 18300. 005, 454,5 13.5 27,749,258. 
13400. 005, 462,7 117,836, 902,8 1840.00 5, 434,813. 564, 6 50,900, 
ls o. 007, 407,011. 618,956, 38,6 185.005, 405, fz. 601, 470, 508, 
1360. 007, 352,91 t. 661, 903, 789, 7 180.0. 005, 376, 313.638, 181, 697,0 
50.05, 299, 31 1.704, 699,91 1,1 1870. 005, 347, 613.674, 794,331, 
0.007, 246, 411.747, 344, 380, 8 1880. 005, 319,1 13.711, 300, 200,8 
o. o07, 194, 2 11789, 826, 122,6 1890.00 , 291, 013.747,72 7, 084,9 
. 007, 142,911. 832, 1 59, 566, 2 190. 005, 263, 2 13. 784,048, 752, 
14100. 007, 92, 21 f. 874, 342,087 ½ ęʒr⁴. 0.005, 236,013. 820, 274, 00 1, 1 
o. oo), o42, 311.916, 375,287, 8 920.005, 208, 313.856, 406, 460,6 
o. O06, 993, 11.958, 260,743, 193.005, 181, 313.892, 443, 989,4 
o. 006, 944, 4 12-000,000,000,0 1940006, 154, 6ſt 3.928, 388,277, : 
0.005, 896, 612.041, 594, 578, d 195.0. 005, 128, 2/t 3.964, 2 40, 043,8 
o., 849,3 1 2.063, 045, 973, b 197%. o0;, 102, oft 4. ooo, ooo, ooo, o 
o. oo, 802, 12. 124, 355,653, 19705, 76, 174.03 5, 668, 844, 
0. 006, 7 56, 12.165, 62 5, 060, 6 19800. 005, og, 5 14.071,24, 27 
0.006, 711, 4 12. 200, 55 5,615, 3 19900. 005, o: 5, 114. 106,735,979) 

Ji goſo ob. C6, 511 2. 247,448, 13,0 209%. 05, 114.142,135,023," 
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No. Reciprocal | Square Root. —— Reciprocal | Square Root. 
201 O. 004, 975 114.177,44, 878,8 25 10. 003, 984, 1 1 $-842,979-£17.8 
20. 004, 990, 44.212,70, 403, |25210.003,908,315.874,507,500,4 
o. oo, 926, 114. 247,806, 848,8 25300. 003, 952,615. 905,973.70, 
20400. 004, 902, 014.282, 856,85 7⸗1 2 540.003, 937,015.93 ,„377,450, 
o. oo4, 875,014. 317, 82 1, 063,3 255.003, 921, 615.908,71, 422, 
o. oo, 8 54,4 14. 352, 00, og 2560. 003, ob, 3 16. 000, ooo, ooo, 0 
0,004, 830, 914.387, 404, 5669.9 257 O. 003, 891, 116.031,21, 541,9 
o. oo4, 80, 714.422, 205, 101, 25800. 03, 876, 016.062, 378, 404, 2 
o. oog, 784.) 14-456, 832, 29478 25900. 003, 861, 016. 093, 476,939. 
o. 004, 75 1, 914.491, 376,746, 2 2000. 003, 846, 216.1 24,5 15,496, 
o. 004,739, 314-525, 8 39, 046,3 201.003, 831, 416.1 5,404, 421, 
o O04, 717, 014.560, 219,778, ( 2620. 003, 816, 816. 186,414,056, 
3.0. 004, 594, 814-594, 19, 19-3 263% 904.9853 10.219,27, 40, 
1400. o04, 67 2,9 14.528, ) 38, 8 38, 3 26400. 003, 787, 816.248, 70, 809, 2 
o. 004, 65 1,2 14.662, 878, 298,6 2650. 003,73, 616.278, 820, 696, 
o. 004,529, 614.696, 938, 456, 260.0. 003, 59,416. 309, 606, 430,3 
2170. 004, 508, 314.7 30,9 1, 82, 22070. 003, 745, 316.340, 134.538, 
o. o04, 587, 214. 764, 823, 060, 2 208,0. 003, 73 l, 316.3 70, 705, 543, 
o. 004, 566, 214.799, 648, 586,9 269.0. 003, 717, 516.401, 219,406, 
22000. 004, 545,414.83 2,396,974 270. oog, 703, 716.43 , 76, 725, 
22 100. 004, 5 24, 914.866, 068, 47,3 1271 0.003,690,0116.462,077,033 2 
2220. 004, 504, 514.899, 664, 42 5, 27200. 003, 676, 51 6.492422, 502, . 
22300. O04, 484, 3014. 933,184,523, 10 2730. 003,563, 16.522, 711,641, 
22400. ooa, 464, 314.966, 620,547) 274-003, 49, 616.5 52, 945,3 50,9 
225. 004, 444, Alf 5. ooo, ooo, ooo, o 2750. O03, 630, 3 10. 683, 123, 95 1,8 
22600. 004, 424, 815. 033, 296, 378,4 1276 0.003, 623, 216.613, 247,72 5,8 
22200. oog, 405, 315.006.519, 173,3 {277 o. oog, 610, 116.643, 316,97 771 
2280. oo4, 386, 015. 099,668, 870, 5 278/0.003,597,1 16.673, 332, 000, 5 
2900. O04, 366, 815. 132, 745,90 2790. 003, 584, 2 16.703, 293, 088, 
2 zoſo. oo4, 347, 815.155, 750, 888, 1 2800. 003, 571, 416.733, 200, 630, 
23100. 04, 3 29, 01 5. 198, 684, 1 53, 28 100.003, 558, 716.703, 054, 614,2 
232 0. 004, 3 1093 15.231,540,21157| |282|0.003,540,1116.792,855,523,7 
23300. 004, 291,8 15.264, 337, 522,5 28 300. 003, 5 33, 610.822, 603, 841,3 
2340. oo4, 273, 515.297, 058, 540,8 2840. 003, 52 1, 116.852, 299, 540,4 
2350. O04, 26 5,315.3 29,709, 716,8 285 o. 00g, 508,8 16.88 1,943,016, 1 
23600. 904, 237, 315.362, 291,495.) 280.003, 496, 516.914, 534.5 25, 3 
4237.04, 210,4 5304, 804, 318,3 28) O. 003, 484, 316.941, 74,340, 
23800. 004, 201,7 15427, 248,620, 9 28800. 003, 472,2 16.970, 362,748, 5 
23900. 004, 184, 115.459, 624, 833, 289.0. 003, 400, 217. ooo, ooo, ooo, q 
[1240 0-004,166,6|15.491,933,384»5| 29000. 003, 448, 3 17. 029,386, 365,9 
24100. 004, 149, 415.5 24, 174, 690, 3 2910. 003, 436, 417.058,72 2, 109, 
242 t 32,2 15.556, 349, 186,1 2920. 003, 424, 617.088, oo, 490, 
24300. 004, 115, 215.588.457, 268, 1 2930. 003, 413,017.11, 242,68, 6 
2440. 004, 098, 41 5.620, 499, 35 1,8 2940. 003, 401, 417. 140, 428, 199, 
.47¼004.0 1,615682, 475,842, 5 295.003, 389,817. 175,564,037, 
124600. 004, 065 5.684, 387, 141,4 290,003,378, 3 17.204.550, 534, 
24710.004,948,6|15.716,233,04555 2970. 003, 367,017. 233,587, 939, 
24800. 004, 032, 3 15-748,0153748,0 298 0.003, 355,7 17.202, 76,50 l, 
400.04, 0 16, 1]15.779,733,838,17] [299 . 03.344,5 7.2916 15,8578 
J250{0.ncg, 15.811,388,200,8] 41300'0.003,333,3 17.320,508,075,7 
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$98 TABLE of Square-Roots and Reciprocals. 


* No. Reciprocal 


"Square Root. | 


0.003, 322, 317.349.351, 5 72,9 
0,003,311,3]17-378,147,196,9 
o. O03, 300, 3017406, 895, 185,5 
o. 003, 289.5 7.435,95, 774.2 
D. 003, 278.717.404, 240, 196, 6 


. O03, 268, 017.492, 855, 684, 
0.003, 25753 
0.003, 246,8 
0. 003, 236,2 
o. oo 3, 22 5,817. 606, 8 16,861, 
o. 003, 215,417.63, 192, 088, f 
o. O03, 205, 117.663, 521, 732, 
o. oog, 194,91 7.691, 806, 013, o 
0. 003, 184, 717.7 20, 45, 146,7 


o. O03, 104,617. 776, 388, 8 34,6 
o. 003, 1 64,017. 804, 493, 814,8 
o. oo, 144.7. 832, 554 500, 


o. oz, 1163017. 916, 472.867, 2 
o. oog, 105.617.944, 358, 444.9 
o. oo. og. 972, 200,5 5, - 
o. oo3;, og 6, 418. ooo, ooo, ooo, o 
o. O03, 076,918.02), 75, 377,3 
0. 003, 67,5 18.065, 470, o8 5, 3 
o. o0 3,05 81018. 083, 141, 320,0 
0.003, 48:8 18.110, 770, 275, 3 
o. oo3, o395 18. 138,357, 147, 
0.003,03023}15. 105, 902, 124,0 
0.00302 12118. 193, 405, 3087 
o. O03, ol 250.18. 220, 8%, 168, 3 
o. oo 3, oo 0.18. 248,287, 500,9 
0.002,99470[18.275,066,882, 5 
0 002, 98571 18.303,05, 217 
0.002,976»2118.330,302,779,8 
0.002,967»4/18.3 15 5947 $07) 
o. 002, 958,1 8.384, 776,3 10, 
o. o02, 94979 5 | 
o. 00, 941.218.439, 0 

o. 002, 932,018.40, 185, 312,6 
o. 02, 924015. 493, 242, 008, 9 
0.002, 915518 520, 250,177, 
o. 002, 907,018. 5 47, 230, 991, 
o. 002 898,018. 574, 175,621, 
o. oo2, 890, 21 8.601,07 5, 237,7 
o. ooa, 88 1.818.627, 930, lo, 2 
o. oo2, 873,618.65 4.7 58, 106, 2 
4900. 002, 865,318.68 1,5 41,692, z 


5 
17.521,41 5,467, 0 
17.549,28, 774,8 
1778,39 5,837, 


617. 748,230,349, 


17.860, 571 999,5 
F 17.888, $43,826,0| 


5 
8,91 4,6 


0.002,8579! 14.708, 286,934.9| 1 


| Square Rot- 
9,011$.7344993,995,2 
0.002,840,9118.761,663,030 
18. 14,887,722, 
18.94 1,443,681, 


g. O02, 809, o 


$9444 34027,7 
920,887,928, 4 
18.947,295,321,5 
18.973,665,961,0 
19.000,000,000, 
19-026,297,590, 
19.052, 58,88, 3 
19.078, 784, oz8,; 
19.104,973,174, 5 
19.131, 126,469, 
19.157244, 060, 
19-1 3.326, 093, 
19.200, 372,7 12,; 
19.235,384, 061, 
19.201, 300, 284, 
19.287, 301, 522, 
19.31 3, 20), 915, 
194339905 347 $144 
19. 304,916,731, 
19.390,71, 429, 
19.416,487, 838, 
19-442,222,095,2 
19-407,922,333,9 
19.493,588,089, 
19-5$19,221,295,9 
19.544.820, 85, 
19.5 70, 38 5, 790,8 
19.595,917,942, 
19.621, 416,870, 3 
19.640, 882, 704,4 
19.572,3 15.5725 
19.607,15, 003, 
19.723, 082, 923, 
19.748, 417,658, 1 
19.77 357 19493393 
19.798, 989,873, 
9.824, 22, 601,0 
19.849,433,241,; 


19.899, 748.742, 1 
19.924, 8 68, 845,2 
19.949,93 7,343, 


19⸗974,984, 35,4 
20.000, o00, ooo, 9 


359,002, 785.5 
3 


2 


2 


o. 002,624, 
0.002,01140 


O.CO02, 59774 


9.002, 5 84,0 


o. O02, 557.5 
0.002, 551,0 


O0. 002,51 8,9 


ww 


TABLE of Square-Ruots and Reciprocalr. 890 


Reciprocal | Square Root. | 


No. Reciprocal | Square R oot. i 
45 140,002,217,3/2 1. 2 30, 700, 58, 
| 0.002,212,4|2 1. 200, 291,62 5, 5 


0.002, 205, 52 1.283, 706,663. 


20.099, 751,242, 
20. 124, 611,797, 5 

20.140, 441,7, 6 
20. 174, 241, 001, 8 

20. 199, o0, 8 706,7 

20. 22 3, 748, 416, 2 
20.248, 456, 731,3 
20.273, 134,932,7 
20.297, 783, 130, 2 
20.322, 401, 432,9 
20.346, 989, 949,4 
20.371, 548,787, 5 
20. 396, 78, 54,4 8 
20.420, 577,856, 


9.002, 202,02 1.307, 275,752, 
0.002, 10%, 802 f. 330,7 29,0% 


O. 002, 183,4 


o. oo, 1306, 8 
20. 469, 489, 490, 


21.354, 1 66, 504, 
21.377.588. 326,4 
21.400, 934, 559, 
21.424,28 6, 285,6 
21.447, 610, 589, 5 
21.470, 910, 553,0 
21.494, 185,25 7:0 
21.5177434,791,4 
21.540, 65, 228, 9 
21. 563,858,656 2,8 
21.587.033, 1449 
21.610, 182,785, 
21.633, 30), 65 250 


900.002, 132, 221.656, 40, 827, 
0. 002, 127,2 1.679, 483, 388, 


20. 493,901, 531, 
20. 5 18, 284, 5 28, 
20.542, 638, 584, 2 
20. 556, 963, 801, 2 
20.50 1, 260, 282,0 
20.615,28, 128,1 
20.639,76, 440, 
20.663, 978, 3 19, 8 
20.688, 160, 865,6 
20.712, 315, 177,2 
20.736, 441,353,3 
20.760, 5 39,492, 0 


475.002, 105, 


O. O02, oz, r 


0.002,074 
20,808,65 2,046," - 


20.832,666,656,0 
20.8 56, 65 3, 614, 6 


20. 880, 61 3,01), 8 o. O02, o5 7, 6 


20.976, 176, 963, 4 
21. ooo, ooo, ooo, o 
21.023, 796,04 1, 0 
21.047,65, 179,8 
21.071, 307,505, 
21.095,23, 109,7 
21.118, 12, 031,9 


o. O02, O40, f 


0,002,028, 4 


21.702, 5 34, 414. 

21.285008 
21.748, 563, 1705 
21.771, 541,057: 1 
2 1 
2 1.817,424,2 29% 
21.840, 329, 667,8 

21.863, 2 11,1092 
21.886, 068, 62 872 
21.908, 902, 300,2 
21.931,12, 199⸗ 

2 1.95 4498, 402; T 
21.977, 200, 9758 
22. Oo, ooo, ooo. 
22.022,71, 545 pi 
22.045,407,08 $19 
22.068, 06, 4905 

22.090,22, 3 
22.113. 344,387 
22.135404 3,02 12 
22.168, 519,806» 

22.181,073,01 28; 
22.203, 603, 311, 2 
22.226, 110, 70,9 
22.248, 595,461, 3 / 


60. 02,0 16,2 22.271, o5½, 45 1,%4|- 


21.142, 374,11, 9 


21. 189,620, 1 00,4 
21.213, 203, 43570 


o. o, oo, o 


45010.002,222,2 


22.293,49%,509,b). 
22.315,913,004,4 
22.338, 307,903,9 


22.390,079+77520] 
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500.001, 976,3 


: | 529 


5440. 001, 838, 223.323, 80 
545/0.001,834,9123-345,2355059,9 
546(0.001,331,5123.396,642,891, 1 
-10.001,828, 2j23.388,031,1279,1| - 
5480. 001, 824, 8.2 3. 409, 309,82 1,4 
5 400.001, 821, 5 3.430, 740,027, 
IE e EA 8.22. 


0.00 1, 902,0 
ö 6,001,988, 112 2.42 7,661,492, o | 
22-449,944, 320,6 


0.00 1,9 56,9% 2.605, 309, 110, 
o. 001, 963,122.62 476,998, 


o. 001, 9194 22.825424, 42 1, 
o. oo t, 9 5,722.84), 31 31), 6 


ger 0.01, 901, 122.934,69, 882,4 
80.001, 803, 9 2.98, 2 50, 586 


400. 001,851 


"Square Root. | | 


— ——— 
o. 001, 990, o 


n 


22.383,029,285,6 
22. 405,356, 502,4 


0.00 1,984, 
0.001, 980, 122.472, 205, 5 442 
22.494.443, 7 58,4 
0.00 1, 97 2,422. 516,50, 498, 4 
9.894.968, 878.3795 
0.01, 964,6 2.501025, 345,4 
o. 00 1, 960,8 22.583,19, 58 r,; 


9.001, 940, 32.649.503, 305, 8 
0.001594 5,5 22.671, 68,097, 5 
001041, 22.693, 611, 435,8 
8.001, 938, 022.7 15, 633, 283, 2 


rendes 22:737,0344001, 


0.001, 930,522. 789,673,383, 
0.001, 926,822.78 1,571,499,8 
o. 001, 92 3, 122.803, 508, 502, 


o. 001, 92, oſ Z: 2.869. 193, 2 62,1 
0,001,908, 4 22.891, 036, 284, 5 
o. 001, 904, 822.912, 878, 474,8 


5.001, 897, f 2.956, 480, 566,5 
72 


.00 1,890, 423. 000, ooo, ooo, o 


0.001, 886, 8 2321 eg 
o. oor, 883, 223.043.437, 243, 


o. 001, 879, % 3.065, 125,18, 
o. 001, 876, 2|2 3.086,92, 761, 2 
o. 001, 872, 3. 108, 440, 016, 6 
o. 00 1, 969, 223. 130,06), 012 
o. 001, 965, 23.15 1,673, 80 ;, 
o. 001, 862, 2. 3.173, 200, 452, 5 
o. 001,858, 73.194,82), o09, 5 
Nasr 23.2 16,373, 32, 
851, 8023.23), 900, 05), 2 
o. 001, 848, 402 3. 259,406, 699, 2 
o. 0013845, 0: 3. 280, 893, 45 3,6 
o. 001, 841, 602 3.302, 300, 396,5 
7557974 


— 


5790. 001,727, 
5800o. 001,724, 1 


Square Root. 


[0.00 ld 14.9 
o. 00 1, 811,6 
o. oi, 808, 3 
0.001, 805, 1 
o. 001, 801,8 
60.001, 798, 6 
9.001, 795,3 
001,792, 
01, 788,9 
001,785, 
0.001 57825, 
0.00 1,7 79,4 
0.001, 76, 2 
9.001, 773, o 
9001, 769,9 
—— 
0,001,703, 
8 
001, 757,8 
10-001 575454 
0.001,75 1, 3 
720.001, 748, 3 
0.001, 745, 2 
0. 001,742, 2 


570.001, 736,1 


800.001, 730,1 


0.00 1,72 ½ 
582.001, 718, 


594 0.001, 683,5 


o. 001,7 39,1 5 3-979 157»016,6 
977,001,733, 1h 4.020, 82 4.208, 


3001, 715,324•149, 392793 55 
N 1 0.001,712,3 
158 800.001, 709,4 
—— 24.207, 43658730 


23.473,89, 188,6 
23. 494,680, 249,9 
23.5 75,952, 032,6 
23. 537,204, 5 91 5 

23-558,437978, 

23-579,052,245,1 
23.000, 847, 442, 

23.622, 03, 622, 
23.643, 180, 835,1 
23-064,3199132,4 
23-685,438,564,7 
ee 


23.729, 921,035, 
23.748, 684, 174,1 
23.769,72 8,648, 0 
23.790, 754, 506, 
23.811,61, 799, 
23.832,50, 575,0 
23.85 3,720,883 

23.874,72, 772, 
23.895,06, 200, 
23.916, 21,486, 

23.937418, 40% 
23.958, 297, 01, 


24. 000, ooo, ooo, o 


24.041, 6305 60,3 
24.062, 418,83 1,0 
24.083, 168,390, 
24,103,941 309 
24.1 24, 6765 103, 


24.166,94 
24-186,77 3524419 


587 001,703, 624. 228,082,870, 2 
5880. 001, 700, 24.248, ) 11, 306, 
001, 697, 824.269, 322, 199,0 

59000. 001, 694, 924.289,91 5703. 


001, 692, 0024.3 10, 491,502,;3 
001,89, 14.331,50, 121, 
5930.00, 680, 3 


24.351,591,323,8 
43 72,115,213 


901, 680,7 
960.001,77, 


24.392, 621,835, 
24. 413,111,231, 


0015 5) 5,0024.433, 583,445, 

1,672, 224.45 4,038, 521,3 
0.001, 660, 424.474,70, 501,0 
0-001,666,6124.494, 89742753 


* 


' TABLE of Square-Roots and Reciprocals. 60 


* te 


No.] Reciprocal | Square Root. Na.] Reciprocal } Square Root. | 
{1601 5,001,563, 5 15,301, 344. 05 110,001,530, 1 25.5 144701 , - 
50200. 001, 661, 124.5 35688, 202, 52.001, 533,75. 590 
50 300001, 688, 4 24.55 ,058,3 l 5,6 65 300.001, 631,4 255388645 
604. o01, 65 5, 624576, 411,454 654/0.001, 529, 1025 573,% 05. 
60510.001,65 2,9124-590,747»75 235 65510.001,5 26,7]25-592»967-78492 
600.0. 001, 650, 1124-61 7,007,2 50,2 b; 610.001,52444]2 5-01 2-490,94%7} * 
507 o. 001,647, 24.637, 369,989, 5 | 6570.00 1, 5 22, 145.632,01 130 of 


6080. 001, 644,7 24.657, 556,01 1,9 6580. 001,5 19,825.65 1,510,676 
JI 0,001 $42,046 592 358.5 a 659 0.001,51 7,5 29.670,05, 306 5 
1000. 001, 639,3 24.698, 178,0, 600. 00 1, 515, 105.6904084 7,3 
61 10.001, 636, 724.718, 414, 188,6 561 204. 
51200. 001, 634, 004.738,63 1 
61300. 001, 631, 324.7 58, 836, 806, 3 
514,0, 001, 628, 7% 4.7709, 023, 386, 
51 80.001, 626, fz 4.799, 19315 3513 
616.001, 623, 424.8 19, 3477292, 
5170. 001, 620, 3 
51800. 001, 618, 124.85 9, 605, 789, 3 668 45 
61900. 001, 615, 54.879, J 10, 609, 865.034, 
62000. 001,612, 9024. 899. 709. 195, | 
62 100.001, 6 10, 324.919,81, 588,8 
52 20. o0t, 60%, 7 4.930,927,826, 
52 300. 001, 605, 1. 959,967, 948, 
5240. 001, 602, 6%½ 4.979, 991, 903, 
52 fo. 0 t, 6 25.000. oo, ooo, o 
520. 001, 597,45. 10,992, o05, 
527. 001, 594, 92 5. 539,968, ob 1,1 
5280. 001, 592,412 f. 059, 928, 172, 3 
5290. 001, 589,8 5.079,87, 408, o 
53000. 001, 587, 302 5. 099, 800, 796, 
03 10.001, 584,8 25.119, 713,374,2 
6320. 001, 682, 3la 5. 139, 610, 180,0 
6330. 001, 579,802 f. 150,491, 250,8 


o 
Fy 


962,79 £ 


676.001, 479,3 
677.0. 001, 477, 16.019 
6780. 001, 474, 90 0.08, 433, 13a, 
8 26.07 6, 809, 620, 
20.095,76, 701, 
26.1 18,189, 71 


26.134, 268,090, 


5340. 001, 5, 302 5. 179, 3 56,620, 1 26.1 53,393,661 
635 — 25-199,200,33G,7 0.00 1,459,926. 172, 504, 656, 
530.001, 57 2, 35. 219,040,425, Dh 


0370.00 1, 560, 92 5.238, 858,928, 2 
638 — 25.258,661,380,6 
63900. 001, 54, 9028. 278,449,310, 5 
0.001, 562, 52 5. 298, 221.28 1,3 
10.001, 560, 102 5. 3 17, 97,802, o. ot, 447, 226. 286, 878, 8 56, 2 
001, 557,625.33, 7 18,918,5 65920. 001,445.10. 305, 892,87 5,9 

3.0. 001, 5 ä 55, 22 5. 357, 444, 666, 2 59300 001,443,026. 324, 893, 162, 2 
0.001,552,8/25.377,155,080,9 [9.001+440,9126.343,899,744,6 
001, 550, 425. 390, 850, 198, 4 59 5,0. 001, 438, 826. 362, 85 2,652, 9 
001, 548, oz 5. 410,5 30, of 4,3 596.0. 001, 435,80 26.38 1,811,916, 5 
001, 545,625. 436, 194, 684, 0 6970. or, 434.720.400, ) 57, 564, 9 
01,543,225. 45 5,844,122, J698ſ0. 001, 432, 76.419, 689, 67, 
01, 540,805.47 5,478,405, [69910.001:430,6/26.438,608, 132,8 
-001,5 38, 5125.495,097558,0 oo(0.001,428,6\26.457,513,11c 

| 4 H 


$10.00 1,45 7, 7126. 191,001,707, 
— w_ 10,68 

. 00 1,45 3y5| 20-2237 $4,097,2] 
my 0.001345 1,4 26.240;09.496/8 


LIC) 


N00, 440,326. 267,851, 003, 
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i . Dl 


——— T — ̃ 2 f§¶ o 1A — 


Square Root. 


No. Square Root. 
7. oo l, 426, 5 20.470, 404, 689, 29.404, 379, 212,1 
oa. oo, 424, 526.495, 282, 5 99,0 27.422, 618,401, 6 
Voz a 01, 422, 56.5 14, 147, 10, 27.440, 845, 408, o 
; 1704/0:001,420,5|26.532,998, 322, 8 27.459, 008, 35,5 
: 479510-001,418,4|26.551,836,094,7 27:477,263,328,1 
700. oo :, 4 16, 426. 5 70, 660, 5 11, 2 27.405,54, 169, 
472710-001,414,4|26.589,471,600,6 27.513, 032, 984,4 
708.0. oo, 472, 426.608, 260, 391, 3 27.531,99, 795,0 
5090. 001, 40, 426.62 7, ß 3, 91m, 4 27.549, 54,629 
ioo. oot, 408, 526.645, 825, 188,9 27.568, og), 504, 2 
: 7 10%. 00 1, 406, 5 26.664, 583, 25 1, 9 2.586, 225,44 
72.01, 404, 526.583, 328, 128, 3 27.004, 347,483, 
7130 ot, 302, 5.26. 702, 5, 845,6 27.622, 454,033, 
7A. oon, 400, 626. 20, 778, 43 1,8 27.040, 54%, 922,2 
7150.00, 308,6, 6. 739,483,914, 2 27.658, 633,371, 
e oο, 390,026. 758, 176, 320,5 27.676, 705, oob, 
7p. ool, 394,26. 77, 85 5, O78, 27.694, 764, 848,3 
iso. 001, 392, 826.795, 522,013, 9 27.712, 812,921½ 
79.0, 390, 826.8 14,175,355, 27.7 30, 840, 24), 
20⁰ o. 001, 388,8 26.832, 8 15, 730, o 27.748, 873, 85 1, 
F 22110;0041,387,0]26:85 1, 443, 164, 2 27.766, 886, 53,8 
Haza ο, 385, 261870, o5 7, 685, 27.784, 887, 9)8, 9 
' 172 510:001,383, 1066. 888,659, 3 19,5 27.802, 87, 548,0 
' 1724/22001,381,2 26.907, 248, og4, l 27.820,85 5, 486, 
{ 1725]5:00 1537943 20.925,824,035,7 27.838,821,814,2 
| 4726/0:001,377,4/20.944+387,170,6 25-856,776,5 544 
1727|a.001,37555|26.962,937,525,4 27.874, 19,729, 
72800. 00 L, 373, 0 b. 98 1,475, 125,5 27892, 65 1, 362, 
$729 o. 00137127. ooo, ooo, ooo, o 27.910, 571, 73,9 
| 7300.1, 309,927. 018, 5 12, 172, 2 27.928, 480, 087, 
173110.001,363z0[2 7.037, 01 1, 669, 2 27-940,377,225,0 
72 D., 366, 10 7.05 5,498, 5 16,9 807.964, 262, 908,2 
7330 1,364,327. 073,972, 741,4 27.982,13), 159,3 
| 17 3410-00 362,47. 092, 434, 368, z 28. oc, ooo, ooo, o 
535. 00, 3605 fa 7. 110, 83, 423,5 28.017,85 1,452, 
| {73610,001»358,7]27-129,319,93235 28.035,091,537,8 
\ [73/1200 143 50,9]27: 147374 3,92 1,0 28.05 3,520,278,2 
| 7380. 001,355.02 7. 106, 185,414, 4 28.071, 337, 688,1 
739,001,383,2 27 184.5 54,438, 1 28.089, 143, 810,4 
741,351, 27.202, 941,01, 5 28. 106, 938, 645,1 
741.001, 349, 527.221, 315,177, b 28.124,22, 220,9 
742, f, 347,7 27.239,60, 943,8 o. 001, 262, 628.142, 494,5 80 
114312-001,345»9[27-25 8,020, 340, 9 28.150, 25 5, 680, 
.o, 344, 17. 276,363, 394,0 o. 00 1, 259, 428.178, 005, 60), 
745.001, 342,3 27.294,88, 127,9 28.195˙744,359,7 
740.001, 340,57. 3 l 3, ooo, 567,5 28.213,47 1,950) 
747-00 l, 338,7 2/.331, 300, 737,4 28.231, 188,427 
748. o01, 336,9 27.349, 588, 662, 28.248, 893, 783, 
7490. 00 1, 335, 107.367, 864, 300, 8 o. 001, 2 51, 628.200, 588, ogo, 2 
7560.00 1733373 27.380, 127,875, 3 z00ſo. O0 1, 25 28.284,27 524735 
—B— db ha EAR . 


& : 


TABLE of Square-Roots and Reciprocals. 603 
Vo; Keciprocal | Square Root, _ No.] Reciprocal Square Root. | 
0.001, 248, 428.301, 943, 390,2 D. 00 1, 175,129.11, 904, 291, 

o. 001, 246, 928.3 10, 604, 5 17,0 9.001, 173, 729.189, 039, oz8, 7 
0.00 1,145 3028. 337,254,530, 6 0.001, 172,3 6 78% 3 
0.001, 243, 828.3 54, 893, 75 7,5 o. 00 1, 171, 029.223, 278, 392, 4 
o. 001, 242,2 54531805 25.0921, 169, 629.240, 383, 034, 4 
o. o0 1, 240, 28.390, 139313332 8500.00 1, 108, 229.257,47 7,076, 7 
0.00 1, 239,2 28.407, 745,422, 85719- 001,166,9 29.274562, 336,5 
ort, 237, 628.425, 340, 80), 1 8580.00, 165,5 2 637,031, 
o. 001, 236, 128.442,92 5, 306, 7 8590.00 1, 164, 1029. 308 570177, 
0. oo r, 234.62 8.460, 498,941, 850 0.001,162,8] 29.325, 5655972 
o. 001, 233, 028.478,06 1,73 1,8 86 100.001, 161, 429. ee | 
120,001, 231, 528.4956 13,50), % 86200. 001, 160, 129.359, 287 84955 
81300. 00 f, 230, 0028.5 13, 154,858, 8 86310001, 158, 729.376,851, 643, 
1400.00 1, 228, 528.5 30,68 5, 235,4 8640.00 1, 15 7, 429.33, 8765913, 
81500. 001, 22), 028.548, 204, 847, 2 86 50. 00 1, 150, 129.410, 882, 339, 
160.001, 22,52 3.7887. gere 8060. 001, 154,7 29.427,877,939,! 
001, 224, o 71 $83,211,855,9 8670.00 t, 153,429. 4875085 3.728 | 
900.001, 222,5 28.500, 699,292, 2 8680.00 1, 1 52, 129.4678 39,725, 
e 28.618, 176,042, 5 8690. 001, 150,729.47 8, 805, 946,0 
82000. 00 1, 210, 528.63 6,642, 126, 6 700.001, 149, 429. 457762, 47 
82 100.001, 218;0 W 65340974503.b 87100. 001, 148,1 29.512709, 126, 
8220. 001, 216,28 010,542,373 87210.001,146,8[29.529,646,120,5 
8230.00, 215,1 28.68, 976,57 5,6 8730.00 1, 145,529. 54%, 2553065 
8240.00, 213, 6028. ue eee 8 187400. 001, 144,2 29.563, 490, 99 
82 50.001, 2 12, 128.722, 8 13,232, o. 00 1, 142, 9ſa9. 580,398,915, | 
826.0. 00 1, 2 10,62 8.7 40, 215,26, 44 0.00 1, 141, 629.597, 297, 173,9 
527,0. oo 1, 200, 228.7 5), 60), 689, 877%. 001, 140, 329.614, 185,789, 
8280.00, 207, 728.774, 989, 139,9 9.001, 139, 029.63 1, 064, 780, 1 


| 82910,001,206, 3 28.792, 360, 7:8 910.001,147,7129. 6279325373 
8zoſo. o0t, 204, 8028. 809, 720, 58 · 


/ 
rr —— ot”. * 


— 


_ 6 


8800. 00 1, 136, z 28 00457931945 74 f 
83 100.001, 203,4 28.82), 000,8 10,8 88 100.001, 13 93 681,644,159 44 
83200. 001, 201, 928.844, 410, 203, |8820.001,133,8 5 698, 484, 809,8 
83300. 001, 200, f 28.861, 739,379, 3 88 300.00 1, 132,520.71 $,315,916,2 
83410.001,199,0[28.879,058, 1 56,4 8840.00 1, 131, 229.732, 1 78.4270 0 
8350. 001, 19), 68.806, 306, 5 35 88 50 001, 129,9. 29.748, 949, 561,3 


836.0. 001, 196, 228.913, 564, 589, 
530.001, 194.728.930, 952, 283,0 
83800. 001, 193, 3028. 948,229,052,3 
839.001, 191, 9028.90 5,490, 1 539 
o. O0 1, 190, 528.982, 75 3, 492,4 
$41]0.001, 189, 1]29.000,000,000,0| 
842[0.001,187,6|29.017,236z257,1 
8430.00 1, 186, 229.034, 402, 281,9 
| 844. 001, 184, 8029.05 1,678, o92, ). 
| 84510.001,183,4|29.068, $83,707,5 
8460. 00 1, 182, 029.086,05, 144,5 
8470. 001, 180, 629. 103, 204, 42 1, 


8860.00 1, 128,7 29.765, 52, 132,3 
887/0001, 12, 429.782, 54 843 
88800. 00 1, 126,1 A 851,5 
8890.00 1, 124,0 16 865985 581 
89000. 00 1, 123,5 29.832867 0,4 
89 100.00 1, 122, 329.849, 62 3, 113,2 
89200. 001, 121, 129.866, 369, 046, 1 
189300. 001, 1 10,8 29.883, 105, 595,0 
48940. o0 t, 118,629. 899,832, 775,5 
895%. 001, f 17, 3029.9 16, 550, 603, 34 
896% 001, 116, 129.933, 259,094, 2 


| | 897]0-001,114,8|29, 949,958, 263, ! 
| 8480. 001, 17, 229.1 20, 439,557, | Jo 001,113, 29.966,48, 127,5 | 

| 8490. 001, 177,929. 137, 604, 568,” 39900. 001, 1 12, 329.983, 328,01, f 
| 87 . 2.0 —— 184.760. 474.2 22.21.1121 2282 5822050 


v4 


No.] Reciprocal | "Square Root. _ 
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* 100. 001, 109, 9030. 016, 662, 03, 
50: ſo. 01, 108, 630. 03 3,3 14,8 36,4 
903,0. oon, 109, 430.049, 96 8, 402, 6 

0419.001, 106, 230.056, £92,756," 


| > 22088.87.388•5 


001,103,8 30.099, 833,8 

o. 001, 102, 5130.1 16,440, 692,8 
08. oo, 101, 9: 133,038,346, 
og. oo, 100, 1030. 149, 626, 86 


3 
C8 


 [$19|6,004,098, 0-166,206;25h:0 


11.001,97, 730182, 76,645, 


7¹⁵¹ 


0.001,074,30-S12,292,604,8 
00, 7 8 de 
e. oo, 71, N30. 545,048, 698, 
(0-001,070,7(30-561,41 3,5 794 
500.001, 009, 5130.57 7, 769, 702, 
30.594, 117, 81, 
30.510,45. 730%0 
130.626, 785, 652, 2 

643,106,892, 


0,00 I 065. 


-001,002,7130-07 5,723,300, 
0.001061, 30.092,01 5506, 
0. oo, 060, 4030. 708, 305,065,6 
01,059, 30 · 724,884, 99 l, 5 
o. 001, 058, 230.740, 852, 297,0 
o. 01, of 7, 130.75 7, 112, 998, 5 
0. 001, 056, oſ.g0. 773,365, 106, 9 
. 0 5 588.686. 7 
o. 001,053, 7030. 805, 843, 601, 5 


5£[0.001,05 2,0130,822,070,01 4, 
—— a 2 


197 6.001025 081.42 49092, 


ew es 30.659, 419,433, 6 


No. | Reciprocal | Square Root. | 


95 10.001, 05 1,5 30.338,20, 90,2 
952.001,50, 430. 854,497,241, 
55 oe 3 30.570,96, 06 
0.001, 048, 2 30.886, 890, 423, 
95%. 001,047, 130.903, o)4, 280, 
95610.001,046,0130.919,249,667,; 
957 $:001,044»9130-93 5.4 16,5 
95800. 001, o43, 
959.001, o42, 8 30.963, 725, 134, 
0.001, 041, 6 
96110.001,040, 1. O00, ooo, ooo, 
96210.001,039,5[31.016, 124.838, 
9630. 001, o38, 4 1.032, 241, 298, 
954,0. 001,03), 3031. 068, 349, 392,5 
0.001, 036, 33 1.064, 449, 1 34, 


9 
9680. 001, 03 3, 131. 1 12, 6 2,2 
96g 001,038, 31.128, 4055 
97 0.001, o3o, II 44:82 31004, 

31.1 5872, 901, 
31.276, 914,530 
31.192, 947,921, 


001,025, 6 1.224, 989, 992 
97000. 001,024,603 1.240, 998, 0g, 
9770. 001, o23, 531. 256, 999, 216,2 
97800. 001, 022, 531.272, 991, 542, 
97900. 001, 02 1,503 1.288, 97 5,694, 
001, 20, 431.304, 951, 685, 
601, 019,43 1.320, 919, 520, 
9820. 001,01 3 31.336, 879, 232,0 


001, 015, 231.384, 709, 653,0 


0.001, 014, 2 3 1. 400, 630, 930, 
001,013, 23 1.416, 5 56, 144,8 


98800. 001,012, 1031.432, 46), 291,0 


989 
99000. 001, 010, 131.404. 265, 445,1 
9910. 001, oo, 103 1.480, 152,477, 


9940. 001, oo6, o.; 1.5 27, 765, 540, 
99500. 01, o05, q 1. 543,20, 597, 
| 4 1.559,47, 76,1 
997ſo. 001, 003, os; 1.575, 300, 80), 


99200. 00 1, 008, 103 1.496, 031, 496,0 
993 0.001 007,0 3 1.5 1 1,902, 5 1 352 | 


= 
998{0,001,002,0(31.591,137,99749 
99910.001,001,0 bob go1,250 
l 


— . 


CE 43 
% 2 
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Dr. Hur rox's Account of the foregoing Table of the Reciprocals 
and the Sguare- Roots of the Natural Numbers 1, 2, 3, 4, 5s 
6, 7, Ge, 10 1,000, given at the end of the Fourth Volume 
.. of bis Colleftion of Mathematical Problems and Tratts, in- 
titled Miſcellanea Mathematica, publiſhed in Four little 
Volumes, Duodecimo, in the Year 1775. | e 


OF the preceeding Table, the uſe is evidently to ſhorten 
arichmetical calculations, and will appear eminently great to 
thoſe mathematicians and others who are {ALD con- 
cerned in ſuch kinds of computations. The ſtructure of 
the table is evident; the firſt column contains the natural 
ſeries of numbers from 1 to 1,000, the 2 the reciprocals, 
and the gd the ſquare-roots of the ſame, numbers, very ac» 
curately calculated and printed. Theſe reciprocals and roots 
are the reſults preſerved of many years occaſional and agci- 
dental calculations in various ſubjects: in frequently making 
fuch computations, I found that I had often to make divi- 
fions by, and to extract the roots of, the ſame numbers; and 
as it ſeemed probable that this might be the caſe with ma 
for many years longer, I formed the reſolution of  preſery+ 
ing all ſuch roots and reciprocals as I ſhould occaſionally 
produce in my calculations, that I might have them always 
ready on any future occaſian ; which I did, by entering them 
always in a little book, ruled for the purpoſe, till I have at 
laſt collected to the number of 1,000, as above; and I 
now publiſh them here in this cheap and eaſy manner, that 
they may be of like uſe to other perſons as to myſelf. In 

the numerical calculations of ſuch kinds of problems as 
have appeared in this Miſcellany and the Diary, the uſe of 
this table will be found to 'be very great, becauſe of the 
frequent diviſions and extractions of roots which are to be 
made: and the manner and caſes of applying theſe numbers 


are 


606 Dr. Hutton's Acctunt of the geg Table, Ge. 


are generally evident; only it may be rematked, that the 


column of reciprocals (which are no other than the decimal 
values of the quotients reſulting from the diviſion of unity, 
or t, by each of the ſeveral numbers, from 1 to 1 ,000), is 


not only uſeful in ſhewing by inſpectio the quotient when 


the dividend is unity, but is alſo applied with much advan- 
tage in turning many diviſions into multiplications, which 
are much eafier performed than the equivalent diviſions. For, 
if we multiply any propoſed dividend by the reciprocal of 
the diviſor (as found in the table,) the product will be the 
quotient ſought ; which .is the caſe mentioned in p. 54 of 
my Menſuration, where this table of reciprocals was pro- 
miſed to be inſerted at the end of that Work; but it was 
then ſuppreſſed, as the book had been unavoidably extended 
to ſo great a ſize, and becauſe it could properly enough be 
omitted, as being no part of the ſubje& of the book. This 
table of reciprocals may alſo be applied to good purpoſe” in 


| ſumming the terms of many converging ſerieſes, as in the 


2d ſolution of Queſt. 106 of this Miſcellany, in which 
few of the firſt terms are to be found by diviſion, and then 
ſummed ; for the quotients of ſuch diviſions are here ſhewn” 
by inſpection. | A 


The reciprocals are carried on to 7, and the roots to 10 


places of decimals, each being put down to the neareſt 


figure in the laſt place, that 1s, when the next figure beyond 
the laſt put down in the table came out a 5, or more, the 
laſt figure was increaſed by 1, otherwiſe not; excepting in 
the repetends which occurred among the reciprocals, where 
the real laſt figure is always put down. The reciprocals which 
in the table conſiſt of leſs than ſeven figures, are thoſe which 


terminate and are complete within that number; ſuch as. 3 


the reciprocal of 2, . 25 the reciprocal of 4, &c. 
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